ARCHIVUM MATHEMATICUM (BRNO) Tomus 40 (2004), 219 – 227

EXISTENCE RESULTS FOR BOUNDARY VALUE PROBLEMS FOR FOURTH-ORDER DIFFERENTIAL INCLUSIONS WITH NONCONVEX VALUED RIGHT HAND SIDE

A. ARARA, M. BENCHOHRA, S. K. NTOUYAS AND A. OUAHAB

Abstract. In this paper a fixed point theorem due to Covitz and Nadler for contraction multivalued maps, and the Schaefer’s theorem combined with a selection theorem due to Bressan and Colombo for lower semicontinuous multivalued operators with decomposables values, are used to investigate the existence of solutions for boundary value problems of fourth-order differential inclusions.

1. Introduction

In the past few years, by means of fixed point argument and the monotone method, combined with the upper and lower solutions method, several papers have been devoted to the study of boundary value problems for fourth order ordinary differential equations on real compact intervals (see for instance, [1], [2], [4], [7], [9], [14], [15] and [16] and the references cited therein). However very few results are devoted for similar problems with multivalued right hand side. Recently, by means of the Ky Fan fixed point theorem Švec [18] gave an existence result for the fourth order differential inclusion:

(1.1) L_4y(t) + a(t)y(t) ∈ F (t, y(t)) , for a.e. t ∈ [0, T ]

(1.2) L_iy(0) = L_iy(T ), i = 0, 1, 2, 3,

where

L_0y(t) = a_0(t)y(t) , L_iy(t) = a_i(t)(L_{i−1}y(t))^′ , i = 1, 2, 3,

L_4y(t) = � a_1(t) � a_2(t) � a_1(t)(a_0(t)y(t))^′

�_′�_′�_′

2000 Mathematics Subject Classification: 34A60, 34A34.

Key words and phrases: differential inclusions, contraction multivalued map, fixed point, decomposable values, measurable.

Received June 24, 2002.

a_0(t) = 1, a(t) ≥ 0, a_i(t) > 0, i = 1, 2, a_1(t) = a_3(t), continuous on [0, T ], F : [0, T ] × R → P(R) is a multivalued map with nonempty compact and convex values and P(R) is the family of all nonempty subsets of R. The aim of this paper is to generalize Švec’s result in considering a nonconvex valued right hand side. This paper will be divided into three sections. In Section 2 we will recall briefly some basic definitions and preliminary facts from multivalued analysis which will be used throughout. In Section 3 we establish two existence theorems for the problem (1.1)- (1.2). The first one relies on a fixed point theorem due to Covitz and Nalder [6] for contraction multivalued maps. In the second we use the Schaefer’s fixed point theorem combined with a selection theorem due to Bressan and Colombo for lower semicontinuous multivalued operators with nonempty closed and decomposable values.

2. Preliminaries

We will briefly recall some basic definitions and facts from multi valued analysis that we will used throughout this paper.

C([0, T ], R) is the Banach space of all continuous functions from [0, T ] into R with the norm ‖y‖_∞ = sup{|y(t)| : 0 ≤ t ≤ T } .

L^1([0, T ], R) denotes the Banach space of functions y : [0, T ] −→ R which are Lebesgue integrable normed by

‖y‖_L1 =

�_T 0 |y(t)| dt .

AC^i(J, R^n), i = 0, 1, 2, 3 is the space of i-times differentiable functions y : J → R^n, those i^{th} derivative, y^{(i)}, is absolutely continuous.

Let (X, | · |) be a normed space. Let P_{cl}(X) = {Y ∈ P(X) : Y closed}, P_b(X) = {Y ∈ P(X) : Y bounded}, P_{cp}(X) = {Y ∈ P(X) : Y compact}. The multivalued map F : [0, T ] → P_{cl}(X) is said to be mesurable, if for every y ∈ X, the function t −→ d(y, F (t)) = inf{|y − z| : z ∈ F (t)}

is measurable.

Let F : [0, T ] × R → P(R) be a multivalued map with nonempty compact values. Assign to F the multivalued operator

F : C([0, T ], R) → P(L^1([0, T ], R))

by letting

F(y) = {w ∈ L^1([0, T ], R) : w(t) ∈ F (t, y(t)) for a.e. t ∈ [0, T ]} .

The operator F is called the Niemytzki operator associated to F.

Let (X, d) be a metric space induced from the normed space (X, | · |). Consider H_d : P(X) × P(X) −→ R_+ ∪ {∞}, given by

H_d(A, B) = max � sup_{a∈A} d(a, B), sup_{b∈B} d(A, b) � , where d(A, b) = inf_{a∈A} d(a, b), d(a, B) = inf_{b∈B} d(a, b).

Then (P_{b,cl}(X), H_d) is a metric space and (P_{cl}(X), H_d) is a generalized (complete) metric space [13].

Definition 2.1. A multivalued operator G : X → P_{cl}(X) is called a) γ-Lipschitz if and only if there exists γ > 0 such that

H_d(G(x), G(y)) ≤ γd(x, y) , for each x, y ∈ X ;

b) a contraction if and only if it is γ-Lipschitz with γ < 1.

Our considerations are based on the following fixed point theorem for contraction multivalued operators given by Covitz and Nadler in 1970 [6] (see also Deimling, [8] Theorem 11.1).

Lemma 2.2. Let (X, d) be a complete metric space. If G : X → P_{cl}(X) is a contraction, then Fix G ≠ ∅.

Let A be a subset of [0, T ] × R. A is L ⊗ B measurable if A belongs to the σalgebra generated by all sets of the form J ×D where J is Lebesgue measurable in [0, T ] and D is Borel measurable in R. A subset A of L^1([0, T ], R) is decomposable if for all u, v ∈ A and J ⊂ [0, T ] measurable, uχ_J +vχ_{[0,T ]−J} ∈ A, where χ stands for the characteristic function.

Let G : X → P(X) a multivalued operator with nonempty closed values. G is lower semi-continuous (l.s.c.) if the set {x ∈ X : G(x) ∩ B ≠ ∅} is open for any open set B in X.

Definition 2.3. Let Y be a separable metric space and let N : Y → P(L^1([0, T ], R)) be a multivalued operator. We say N has property (BC) if

1) N is lower semi-continuous (l.s.c.);

2) N has nonempty closed and decomposable values.

Definition 2.4. Let F : [0, T ] × R → P(R) be a multivalued function with nonempty compact values. We say F is of lower semi-continuous type (l.s.c. type) if its associated Niemytzki operator F is lower semi-continous and has nonempty closed and decomposable values.

Next we state a selection theorem due to Bressan and Colombo.

Theorem 2.5. Let Y be separable metric space and let N : Y → P(L^1([0, T ], R)) be a multivalued operator which has property (BC). Then N has a continuous selection, i.e. there exists a continuous function (single-valued) g̃ : Y → L^1([0, T ], R) such that g̃(y) ∈ N(y) for every y ∈ Y .

For more details on multivalued maps see the books of Deimling [8], Gorniewicz [11] and Hu and Papageorgiou [12].

3. Main Result Before stating and proving our main results we present the following auxiliary lemma which will be used later.

Lemma 3.1 [18]. The boundary value problem (3.1) L_4y(t) + a(t)y(t) = 0 , for all t ∈ [0, T ] .

(3.2) L_iy(0) = L_iy(T ) , i = 0, 1, 2, 3 , has only trivial solution y(t) = 0, on [0, T ].

Definition 3.2. A function y ∈ AC^3((0, T ), R) is said to be a solution of (1.1)– (1.2) if L_iy(0) = L_iy(T ) i = 1, 2, 3, and there exists v ∈ L^1([0, T ], R) such that v(t) ∈ F (t, y(t)) a.e. t ∈ [0, T ] and L_4y(t) + a(t)y(t) = v(t) for a.e. t ∈ [0, T ] .

The first result of this section is based on the fixed point theorem for contraction multivalued operators given by Covitz and Nadler in 1970 [6] (see also Deimling, [8] Theorem 11.1).

Theorem 3.3. Assume that the following hypotheses

(H1) F : [0, T ] × R −→ P_{cp}(R); (t, y) −→ F (t, y) is mesurable for each y ∈ R; (H2) There exists a function l ∈ L^1([0, T ], R^+) such that

H_d(F (t, y), F (t, y)) ≤ l(t)|y − y| , for a.e. t ∈ [0, T ] and all y, y ∈ R and H_d(0, F (t, 0)) ≤ l(t) a.e. on [0, T ] ,

are satisfied. Let G^∗ = sup{|G(t, s)| : (t, s) ∈ [0, T ] × [0, T ]} and l^∗ =

�_T 0 l(s) ds.

If G^∗l^∗ < 1, then the problem (1.1)–(1.2) has at least one solution. Proof. For each y ∈ C([0, T ], R) the set F(y) is nonempty since by (H1) F has a measurable selection (see [5], Theorem III.6) i.e. there exists a function v ∈ F(y). Then we seek a solution y(t) of the problem (3.3) L_4y(t) + a(t)y(t) = v(t) , for a.e t ∈ [0, T ] .

(3.4) L_iy(0) = L_iy(T ) , i = 0, 1, 2, 3 . From Lemma 3.1, the solution of the problem (3.3)–(3.4) is given by

(3.5) y(t) =

�_T 0 G(t, s)v(s) ds .

Consider the multivalued operator N : C([0, T ], R) −→ P(C([0, T ], R)) defined by: N(y) = � h ∈ C([0, T ], R) : h(t) =

�_T 0 G(t, s)v(s) ds, v ∈ F(y) � . It is clear that the fixed points of N are solutions to (1.1)–(1.2). We shall show that N satisfies the assumptions of Lemma 2.2. The proof will be given in two steps.

Step 1. N(y) ∈ P_{cl}(C([0, T ], R)) for each y ∈ C([0, T ], R). Indeed, let (y_n)_{n≥0} ∈ N(y) such that y_n −→ ỹ in C([0, T ], R). Then ỹ ∈ C([0, T ], R) and there exists g_n ∈ F(y) such that for each t ∈ J,

y_n(t) =

�_T 0 G(t, s)g_n(s) ds .

Using the fact that F has compact values and from (H2) we may pass to a subsequence if necessary to get that g_n converges to g in L^1(J, R) and hence g ∈ F(y). Then for each t ∈ [0, T ]

y_n(t) → ỹ(t) ∈

�_T 0 G(t, s)g(s) ds .

So ỹ ∈ N(y), and in particular, N(y) ∈ P_{cl}(C([0, T ], R)).

Step 2. There exists γ < 1, such that H_d(N(y), N(y)) ≤ γ‖y − y‖_∞ for each y, y ∈ C([0, T ], R).

Let y, y ∈ C([0, T ], R) and h ∈ N(y). Then there exists v(t) ∈ F (t, y(t)) such that for each t ∈ [0, T ] h(t) =

�_T 0 G(t, s)v(s) ds .

From (H2) it follows that H_d(F (t, y(t)), F (t, y(t)) ≤ l(t)|y(t) − y(t)| .

Hence there is w ∈ F (t, y(t)) such that |v(t) − w| ≤ l(t)|y(t) − y(t)| , t ∈ [0, T ] .

Consider U : [0, T ] → P(R), given by U(t) = {w ∈ R : |v(t) − w| ≤ l(t)|y(t) − y(t)|} .

Since the multivalued operator V (t) = U(t) ∩ F (t, y(t)) is measurable (see Proposition III.4 in [5]), there exists a function v(t), which is a measurable selection for V . So, v(t) ∈ F (t, y(t)) and |v(t) − v(t)| ≤ l(t)|y(t) − y(t)| , for each t ∈ [0, T ] .

Let us define for each t ∈ [0, T ]

h(t) =

�_T 0 G(t, s)v(s) ds .

Then we have

|h(t)−h(t)| ≤

�_T 0 G^∗|v(s)−v(s)| ds ≤ G^∗

�_T 0 l(s)|y(s)−y(s)| ds ≤ G^∗l^∗‖y −y‖_∞ .

By an analogous relation, obtained by interchanging the roles of y and y, it follows that H_d(N(y), N(y)) ≤ G^∗l^∗‖y − y‖_∞ .

Hence N is a contraction and thus, by Lemma 2.2, N has a fixed point y, which is a solution to (1.1)–(1.2). □

We present now a result for the problem (1.1)–(1.2) in the spirit of the Schaefer’s theorem.

Theorem 3.4. Suppose that the folowing hypotheses

(H3) F : J × R −→ P(R) is a nonempty compact valued multivalued map such that:

a) (t, y) → F (t, y) is L ⊗ B measurable;

b) y → F (t, y) is lower semi-continuous for a.e. t ∈ J; (H4) there exists a function h ∈ L^1(J, R^+) such that

‖F (t, y)‖ := sup{|v| : v ∈ F (t, y)} ≤ h(t) for a.e. t ∈ J and for y ∈ R

are satisfied. Then the boundary value problem (1.1)–(1.2) has at least one solution.

Proof. (H3) and (H4) imply by Lemma 2.2 of Frigon [10] that F is of lower semi-continuous type. Then from Theorem 2.5 there exists a continuous function f : C([0, T ], R) → L^1([0, T ], R) such that f(y) ∈ F(y) for all y ∈ C([0, T ), R). Consider the following problem

L_4y(t) + a(t)y(t) = f(y)(t) , t ∈ [0, T ]

(3.6) L_iy(0) = L_iy(T ) , i = 0, 1, 2, 3 .

(3.7)

It is clear that if y ∈ AC^3([0, T ], R) is a solution of the problem (3.6)–(3.7), then y is a solution to the problem (1.1)–(1.2).

Transform the problem (3.6)–(3.7) into a fixed point problem. Consider the operator N : C([0, T ], R) −→ C([0, T ], R) defined by:

N(y)(t) =

�_T 0 G(t, s)f(y)(s) ds .

We shall show that N is a completely continuous operator. The proof will be given in four steps.

Step 1. N is continuous.

Let {y_n} be a sequence such that y_n → y in C([0, T ], R). Then

|N(y_n)(t) − N(y)(t)| ≤

�_T 0 |G(t, s)||f(y_n)(s) − f(y)(s)| ds

≤ max

(t,s)∈[0,T ]×[0,T ]

|G(t, s)|

�_T 0 |f(y_n)(s) − f(y)(s)| ds .

Since the funtion f is continuous, then

‖N(y_n) − N(y)‖_∞ ≤ G^∗‖f(y_n) − f(y)‖_L1 → 0 as n → ∞ . Step 2. N maps bounded sets into bounded sets in C([0, T ], R). Indeed, it is enough to show that for each q > 0, there exists a positive constant ℓ such that for each y ∈ B_q = {y ∈ C([0, T ], R) : ‖y‖_∞ ≤ q} we have ‖N(y)‖_∞ ≤ ℓ. We have:

|N(y)(t)| = � � � �_T 0 G(t, s)f(y)(s) ds � � � ≤ G^∗

�_T 0 |f(y)(s)| ds ≤ G^∗

�_T 0 h(s) ds := ℓ .

Step 3. N maps bounded sets into equicontinuous sets of C([0, T ], R). Let τ_1, τ_2 ∈ [0, T ], τ_1 < τ_2 and B_q be a bounded set of C([0, T ], R). Let y ∈ B_q .

Then

|N(y)(τ_2) − N(y)(τ_1)| ≤ � � �_{τ2} 0 G(τ_2, s)f(y)(s) ds −

�_{τ1} 0 G(τ_1, s)f(y)(s) ds � � ≤ �_{τ2}

τ_1

|G(τ_1, s)||f(y)(s)| ds + �_{τ2} 0 |G(τ_1, s) − G(τ_2, s)||f(y)(s)| ds ≤ G^∗

�_{τ2}

τ_1

h(s) ds +

�_{τ2} 0 |G(τ_1, s) − G(τ_2, s)|h(s) ds.

As τ_2 −→ τ_1 the right-hand side of the above inequality tends to zero.

As a consequence of Steps 1 to 3 together with the Arzelà-Ascoli theorem we can conclude that N is completely continuous.

Step 4. Now it remains to show that the set

E(N) := {y ∈ C([0, T ], R) : y = λN(y) , for some 0 < λ < 1} is bounded.

Let y ∈ E(N). Then y = λN(y) for some 0 < λ < 1. Thus for each t ∈ [0, T ]

y(t) = λ

�_T 0 G(t, s)f(y)(s) ds .

This implies that for each t ∈ [0, T ] we have

|y(t)| ≤ G^∗

�_T 0 |f(y(s))| ds ≤ G^∗

�_T 0 h(s) ds := ~K .

Set X := C([0, T ], R). As a consequence of Schaefer’s theorem ([17] p. 29) we deduce that N has a fixed point y which is a solution to problem (3.6)–(3.7). Then, y is a solution to the problem (1.1)–(1.2). □

References

[1] Aftabizadeh, A. R., Existence and uniqueness theorems for fourth-order boundary value problems, J. Math. Anal. Appl. 116 (1986), 415–426.

[2] Agarwal, R., On fourth-order boundary value problems arising in beam analysis, Differ.

Integral Equ. 2 (1989), 91–110.

[3] Bressan, A. and Colombo, G., Extensions and selections of maps with decomposable values, Studia Math. 90 (1988), 69–86.

[3] Cabada, A., The method of lower and upper solutions for second, third, fourth, and higher order boundary value problem, J. Math. Anal. Appl. 248 (2000), 195–202.

[5] Castaing, C. and Valadier, M., Convex Analysis and Measurable Multifunctions, Lecture Notes in Mathematics, vol. 580, Springer-Verlag, Berlin-Heidelberg-New York, 1977.

[6] Covitz, H. and Nadler, S. B., Jr., Multivalued contraction mappings in generalized metric spaces, Israel J. Math. 8 (1970), 5–11.

[7] De Coster, C., Fabry, C. and Munyamarere, F., Nonresonance condition for fourth-order nonlinear boundary value problems, Int. J. Math. Math. Sci. 17 (1994), 725–740.

[8] Deimling, K., Multivalued Differential Equations, De Gruyter, Berlin, 1992. [9] Del Pino, M. A. and Manasevich, R. F., Existence for a fourth-order boundary value problem under a two-parameter nonresonance condition, Proc. Amer. Math. Soc. 112 (1991), 81–86.

[10] Frigon, M. and Granas, A., Théorèmes d’existence pour des inclusions différentielles sans convexité, C. R. Acad. Sci. Paris, Ser. I Math. 310 (1990), 819–822.

[11] Gorniewicz, L., Topological Fixed Point Theory of Multivalued Mappings, Math. Appl. 495, Kluwer Academic Publishers, Dordrecht, 1999.

[12] Hu, Sh. and Papageorgiou, N., Handbook of Multivalued Analysis, Volume I: Theory, Kluwer Academic Publishers, Dordrecht, Boston, London, 1997.

[13] Kisielewicz, M., Differential Inclusions and Optimal Control, Kluwer, Dordrecht, The Netherlands, 1991.

[14] Korman, P., A maximum principle for fourth-order ordinary differential equations, Appl.

Anal. 33 (1989), 267–273.

[15] Ma, R. Y., Zhang, J. H. and Fu, M., The method of lower and upper solutions for fourth-order two-point boundary value problem, J. Math. Anal. Appl. 215 (1997), 415–422.

[16] Schroeder, J., Fourth-order two-point boundary value problems; estimates by two-sided bounds, Nonlinear Anal. 8 (1984), 107–114.

[17] Smart, D. R., Fixed Point Theorems, Cambridge Univ. Press, Cambridge, 1974. [18] Švec, M., Periodic boundary value problem for fourth order differential inclusions, Arch.

Math. (Brno) 33 (1997), 167–171.

Département de Mathématiques, Université de Sidi Bel Abbès BP 89, 22000 Sidi Bel Abbès, Algérie E-mail: benchohra@yahoo.com ouahabi ahmed@yahoo.fr

Department of Mathematics, University of Ioannina 451 10 Ioannina, Greece E-mail: sntouyas@cc.uoi.gr