Annales Academiæ Scientiarum Fennicæ Mathematica Volumen 28, 2003, 169–180

FINITE REPRESENTABILITY OF THE YANG OPERATOR

Antonio Martínez-Abejón and Javier Pello

Universidad de Oviedo, Departamento de Matemáticas, Facultad de Ciencias E-33007 Oviedo, Spain; ama@pinon.ccu.uniovi.es

Abstract. We study the finite representability of the operator T^{co}: X^{∗∗}/X −→ Y^{∗∗}/Y in T : X −→ Y and its consequences in operator semigroup and operator ideal theory. The results obtained involve a delicate study of the second conjugate T^{∗∗} .

1. Introduction

For every operator T : X −→ Y acting between Banach spaces, we can associate the operator T^{co}: X^{∗∗}/X −→ Y^{∗∗}/Y , defined by T^{co}(x^{∗∗} +X) := T^{∗∗}(x^{∗∗})+ Y . The operator T^{co} , introduced by Yang [18], has been successfully applied in the study of several operator semigroups related to the class of tauberian operators. Here, the notion of semigroup is considered in the sense of [1], where it has been introduced as a natural counterpart to the notion of ideal of operators. Let us list some fields where T^{co} has been applied:

(a) exact sequences in Banach spaces and generalized Fredholm operators [18]; (b) asymmetry between tauberian operators and cotauberian operators [2]; (c) weak Calkin algebras [8]; (d) strongly tauberian operators [14];

application (c), developed by González, Saksman and Tylli, is remarkable because it exhibits the rich interplay between operator ideals and operator semigroups. We also recall that tauberian operators play an important role in Banach space theory (see for instance [15]).

The purpose of our paper is the study of the finite representability of T^{co} in T and its consequences in ultrapower-stable semigroups and ideals. Those classes of operators are interesting because they can be defined locally, in terms of the action of their operators on finite-dimensional subspaces. Examples of ultrapower-stable classes of operators are the ideal of uniformly convexifying operators [10], and the semigroup of supertauberian operators, which was introduced by Tacon [17] in order to obtain a class of tauberian operators stable under duality.

2000 Mathematics Subject Classification: Primary 46B07; Secondary 47L20, 47B99. The first author was supported in part by DGI (Spain, Grant BFM2001-1147) and the second author by FPU Grant (Spain, M.E.C.).

170 A. Martínez-Abejón and J. Pello

Section 3 starts recalling the definitions of operator finite representability that we need: local supportability (that generalizes Bellenot finite representability), which presents good applications in semigroup theory, and local representability (that generalizes Heinrich finite representability), which is applicable in ideal theory. Both finite representabilities are independent [12]. The last section contains the main results. Indeed, in Theorems 3.7 and 3.8 we prove that, given any operator T , the Yang operator T^{co} is both locally supportable and locally representable in T . As a consequence, we prove in Proposition 3.9 that if S is an ultrapower-stable semigroup which is either left-stable and injective, or rightstable and surjective, then T^{co} belongs to S provided T ∈ S . An analogous result is obtained for ultrapower-stable, regular ideals. Those results are achieved after giving in Theorem 3.4 a very strong result about finite representability of T^{∗∗} in T . Actually, the fact that T^{∗∗} is Heinrich and Bellenot finitely representable in T is already known, but we obtain some additional properties which are essential in the proof of Theorems 3.7 and 3.8.

In the following, capital letters X, Y, . . . stand for Banach spaces; B_X is the closed unit ball of X , and S_X is the set of all norm-one elements of X . The successive conjugate spaces of X are denoted X^∗, X^{∗∗}, X^{∗(3)}, X^{∗(4)}, . . . . The action of f ∈ X^∗ on x ∈ X is denoted ⟨f, x⟩; the linear subspace generated by a subset A of X is denoted by span(A), its norm closure is denoted by Ā, and its norm interior, by int A. Given a bounded linear map (operator in short) T : X −→ Y , its kernel and range are respectively denoted by N(T ) and T (X). The class of all operators from X into Y is represented by L (X, Y ). If E is a closed subspace of X , I_E represents the natural embeddings of E into both X and X^{∗∗} . We say that P ∈ L (X, Y ) is a projection when Y is a closed subspace of X , P |_Y = I_Y and P^2 = P .

Given an ultrafilter U on I , the ultrapower X following U is the quotient space l_∞(I, X)/N , where N := { (x_i)_{i∈I} ∈ l_∞(I, X) : lim_U ‖x_i‖ = 0 } ; [x_i]_i (or [x_i] if there is no confusion) denotes the element of X_U whose representative is (x_i)_{i∈I} ; its norm is lim_{i→U} ‖x_i‖ (or lim_U ‖x_i‖ for short). Given an operator T ∈ L (X, Y ), we denote by T_U ∈ L (X_U, Y_U) the operator that maps every [x_i] onto [T (x_i)]. More details about ultraproducts may be found in [9]. An ultrafilter U on I is said to be countably incomplete if there is a countable partition of I , {I_n}^∞_{n=1} , disjoint with U; that is, I_n /∈ U for all n. All ultrafilters throughout this paper are countably incomplete.

Given d ≥ 1, an operator T ∈ L (X, Y ) is said to be a d-injection if d^{−1} ≤ ‖T (x)‖ ≤ d for all x ∈ S_X . An operator T ∈ L (X, Y ) is said to be a metric injection (or isometric embedding) if T is a 1-injection; T is said to be a metric surjection if T^∗ is a metric injection.

2. Background

In this paper we deal with two types of operator finite representability: lo-

Finite representability of the Yang operator 171

cal supportability (Definition 2.1(b)) introduced by the authors in [12], and local representability (Definition 2.2(b)), introduced by Pietsch [13]. These types of finite representability respectively generalize Bellenot finite representability (Definition 2.1(a) and [5]) and Heinrich finite representability (Definition 2.2(a) and [10]). It is important to bear in mind that Definitions 2.1 and 2.2 are mutually independent, namely: Bellenot finite representability does not imply local representability, and Heinrich finite representability does not imply local supportability [12]. We note that the notions of mere local supportability and local representability extend the definition of crude finite representability for Banach spaces, introduced by James.

Definition 2.1. Let T ∈ L (X, Y ) and S ∈ L (W, Z) be a pair of operators; (a) T is said to be Bellenot finitely representable in S if for every finite dimensional subspace E of X and every ε > 0 there is a (1 + ε)-injection L ∈ L (E, W ) satisfying | |‖T x‖ − ‖SLx‖ | | ≤ ε‖x‖ for all x ∈ E ; equivalently, there are (1 + ε)-injections U ∈ L (E, W ), V ∈ L ( T (E), Z ) so that ‖SU − V T |_E ‖ ≤ ε; (b) given d ≥ 1, T is said to be locally d-supportable in S if for every ε > 0 and every finite-dimensional subspace E of X there is a (d + ε)-injection U ∈ L (E, W ) and an operator V ∈ L (T (E), Z) satisfying ‖V ‖ ≤ d + ε and ‖SU − V T |_E ‖ ≤ ε. Definition 2.2. Let T ∈ L (X, Y ) and S ∈ L (W, Z) be a pair of operators; (a) T is said to be Heinrich finitely representable in S ∈ L (W, Z) if for every ε > 0, every finite-dimensional subspace E of X and every finite-codimensional subspace F of Y there is a finite-dimensional subspace E_1 of W , a finite-codimen-sional subspace F_1 of Z and a pair of surjective (1 + ε)-injections U ∈ L (E, E_1), V ∈ L (Z/F_1, Y/F ) so that ‖V Q_{F1} SU − Q_F T |_E ‖ ≤ ε, where Q_F and Q_{F1} are the natural quotient maps;

(b) given c > 0, T is said to be locally c-representable in S if for every ε > 0 and every pair of operators A ∈ L (E, X), B ∈ L (Y, F ) with E and F finitedimensional spaces there is a pair of operators A_1 ∈ L (E, W ), B_1 ∈ L (Z, F ) satisfying ‖A_1‖ · ‖B_1‖ ≤ (c + ε)‖A‖ · ‖B‖ and BT A = B_1SA_1 .

When we do not need to specify parameters d or c in the above definitions, we will just speak of local supportability or local representability.

3. Finite representability of the operators T^{∗∗} and T^{co} in T

There are several proofs and versions of the fact that, for every operator T , T^{∗∗} is Bellenot finitely representable in T . The first is given by Bellenot, but Basallote and Díaz claim that it contains a gap, so they provide us with a second demonstration [3]. Behrends [4, Corollary 5.4] gives another proof which yields some additional exact conditions. Nevertheless, his proof is only valid when T is tauberian, which is an important lack of generality from the point of view of our

172 A. Martínez-Abejón and J. Pello

paper. In our Theorem 3.4, we improve the proofs mentioned above by showing that T^{∗∗} is Bellenot finitely representable in T for every operator T and obtaining additional properties. In fact, we obtain the exact conditions (a) and (b), which are essential in order to prove that T^{co} is locally supportable and locally representable in T , and also, we get the conditions (d) and (e), which play an important role in part (b) of Proposition 3.9, where we study surjective, right-stable semigroups. We start with a chain of lemmata.

Lemma 3.1. Let E be a finite-dimensional space with dim E = n and let 0 < ε < n^{−1} . Then every ε-net in S_E contains a basis whose coordinate functionals are norm bounded by (1 − nε)^{−1} .

Proof. Let E be an ε-net of S_E . By Auerbach’s lemma, there is a biorthogonal system (u_i, h_i)^n_{i=1} in S_E × S_E∗ . For every u_i , we choose e_i ∈ E such that ‖u_i − e_i‖ ≤ ε. We define the operator L ∈ L (E, E) by L(e) := ∑_n i=1⟨h_i, e⟩e_i . Note that L(u_i) = e_i and ‖I_E − L‖ ≤ nε, so L is an isomorphism and {e_i}^n_{i=1} is a basis of E . Moreover, given e = ∑_n i=1 λ_ie_i ∈ S_E and writing u := L^{−1}(e) = ∑_n i=1 λ_iu_i , we get ‖e − u‖ ≤ nε‖u‖; hence, for every i, |λ_i| = |⟨h_i, u⟩| ≤ ‖u‖ ≤ (1 − nε)^{−1} ; thus, the coordinate functionals associated to {e_i}^n_{i=1} are norm bounded by (1 − nε)^{−1} .

Lemma 3.2. Let E ⊂ X^{∗∗} be a finite-dimensional subspace with dim E = n, {e_i}^p_{i=1} an ε-net in S_E with 0 < ε < (2n)^{−1} and V a weak^∗ neighborhood of 0 ∈ X^{∗∗} . If (L_α)_α is a net of operators from E into X^{∗∗} such that ‖L_α(e_i)‖ ≤ (1 − nε)^{−1} and w^∗ - lim_α L_α(e_i) = e_i for all 1 ≤ i ≤ p, then there is an α_0 such that L_α is a (1 − 2nε)^{−1} -injection and L_α(e) ∈ e + V for all e ∈ S_E and all α ≥ α_0 .

Proof. By Lemma 3.1, we may assume that {e_i}^n_{i=1} is a basis of E whose coordinate functionals are norm bounded by (1 − nε)^{−1} . Consequently, ‖L_α‖ ≤ (1 − nε)^{−1}n for all α. Since w^∗ - lim_α L_α(e_i) = e_i and (1 − nε)^{−1} < 2, we can select β satisfying ‖L_αe_i‖ ≥ 1 − nε ( 2 − (1−nε)^{−1} ) for all 1 ≤ i ≤ p and α ≥ β , so L_α is a (1 − 2nε)^{−1} -injection. Indeed, given e ∈ S_E , by choosing e_i such that ‖e − e_i‖ ≤ ε, we obtain ‖L_α(e)‖ ≤ ‖L_α(e_i)‖ + ‖L_α(e−e_i)‖ ≤ (1 − nε)^{−1} + nε(1 − nε)^{−1} ≤ (1 − 2nε)^{−1} and ‖L_α(e)‖ ≥ ‖L_α(e_i)‖ − ‖L_α(e−e_i)‖ ≥ 1 − nε ( 2−(1−nε)^{−1} ) − nε(1−nε)^{−1} = 1−2nε, which proves that L_α is a (1 − 2nε)^{−1} -injection. Now, with no loss of generality, we can assume that V is absolutely convex. By choosing α_0 ≥ β and such that L_α(e_i) ∈ e_i +n^{−1}(1 − nε)V for all 1 ≤ i ≤ n and α ≥ α_0 , the proof is complete.

Finite representability of the Yang operator 173

Lemma 3.3 ([14, Lemma 23]). Let T ∈ L (X, Y ), y ∈ Y , x^{∗∗} ∈ X^{∗∗} and η > 0 such that ‖x^{∗∗}‖ < 1 and ‖T^{∗∗}(x^{∗∗}) + y‖ < η . Then x^{∗∗} belongs to the σ(X^{∗∗}, X^∗)-closure of { x ∈ X : ‖x‖ < 1, ‖T (x) + y‖ < η } . The following result includes the classical principle of local reflexivity for Banach spaces.

Theorem 3.4. Let T ∈ L (X, Y ) be an operator, E a finite-dimensional subspace of X^{∗∗} and F a finite-dimensional subspace of Y^{∗∗} satisfying F ∩T^{∗∗}(E) = {0}. Let 0 < ε < 1 and a pair of weak^∗ neighborhoods U of 0 ∈ X^{∗∗} and V of 0 ∈ Y^{∗∗} be given. Then there is a pair of (1 − ε)^{−1} -injections U ∈ L (E, X) and V ∈ L ( T^{∗∗}(E) ⊕ F, Y ) satisfying the following statements: (a) U|_{E∩X} = I_{E∩X} , (b) V |_{(T} ∗∗_{E⊕F )∩Y} = I_{(T} ∗∗_{E⊕F )∩Y} , (c) ‖T U − V T^{∗∗}|_E ‖ < ε, (d) U(e) ∈ e + U for all e ∈ S_E , (e) V (f) ∈ f + V for all f ∈ S_T ∗∗_{(E)⊕F} .

In particular, T^{∗∗} is Bellenot finitely representable in T .

Proof. Without loss of generality, we may assume that ‖T ‖ = 1. Let {x^1_i }^p_{i=1} ∪ {x^2_i }^q_{i=1} ∪ {x^3_i }^t_{i=1} be a basis of E taken in int B_E satisfying

{x^1_i }^p_{i=1} is a basis in E ∩ X, {x^1_i }^p_{i=r+1} spans N(T |_{E∩X} ),

{x^1_i }^p_{i=1} ∪ {x^2_i }^q_{i=1} is a basis in (T^{∗∗}|_E )^{−1}Y , {x^1_i }^p_{i=r+1} ∪ {x^2_i }^q_{i=s+1} spans N(T^{∗∗}|_E ).

We write y^k_i := T^{∗∗}x^k_i and also take a basis {y^4_i }^u_{i=1} ∪ {y^5_i }^v_{i=1} in int B_F such that {y^4_i }^u_{i=1} spans F ∩ Y . Let (h_i)^q_{i=1} be the coordinate functionals associated with (x^2_i )^q_{i=1} and let H = (1 − nε)^{−1} ∑_q i=1 ‖h_i‖. Pick 0 < δ < 2^{−1}(p+q+t+u+v)^{−1}ε and δ -nets (e_j )^n_{j=1} in S_E and (f_j)^m_{j=1} in S_T ∗∗_{(E)⊕F} , and write e_j = ∑ k,i λ^j_{ki}x^k_i and f_j = ∑ k,i μ^j_{ki}y^k_i for the appropriate k and i in each case.

Define S: l^q_∞(X) ⊕_∞ l^t_∞(X) ⊕_∞ l^v_∞(Y ) −→ l^n_∞(X) ⊕_∞ l^m_∞(Y ) ⊕_∞ l^q_∞(Y ) by S = (S_1, S_2, S_3), where

S_1 ( (a_i)^q_{i=1}, (b_i)^t_{i=1}, (c_i)^v_{i=1} ) = ( q∑ i=1 λ^j_{2i}a_i + t∑ i=1 λ^j_{3i}b_i )_n j=1 ∈ l^n_∞(X),

S_2 ( (a_i)^q_{i=1}, (b_i)^t_{i=1}, (c_i)^v_{i=1} ) = (_t∑ i=1 μ^j_{3i}T b_i + v∑ i=1 μ^j_{5i}c_i )_m j=1 ∈ l^m_∞(Y ), S_3 ( (a_i)^q_{i=1}, (b_i)^t_{i=1}, (c_i)^v_{i=1} ) = (ε^{−1}H T a_i)^q_{i=1} ∈ l^q_∞(Y ),

174 A. Martínez-Abejón and J. Pello

with a_i ∈ X , b_i ∈ X and c_i ∈ Y for all i. Consider the element z = ((_p∑ i=1 λ^j_{1i}x^1_i )_n j=1 , (_r∑ i=1 μ^j_{1i}y^1_i + s∑ i=1 μ^j_{2i}y^2_i + u∑ i=1 μ^j_{4i}y^4_i )_m j=1 , (−ε^{−1}Hy^2_i )^q_{i=1} ) . Then S ( (a_i)^q_{i=1}, (b_i)^t_{i=1}, (c_i)^v_{i=1} ) + z is equal to (( p∑ i=1 λ^j_{1i}x^1_i + q∑ i=1 λ^j_{2i}a_i + t∑ i=1 λ^j_{3i}b_i )_n j=1 , (_r∑ i=1 μ^j_{1i}y^1_i + s∑ i=1 μ^j_{2i}y^2_i + t∑ i=1 μ^j_{3i}T b_i + u∑ i=1 μ^j_{4i}y^4_i + v∑ i=1 μ^j_{5i}c_i )_m j=1 , ( ε^{−1}H(T (a_i) − y^2_i ) )_q i=1 ) . Besides, S^{∗∗} ( (x^2_i )^q_{i=1}, (x^3_i )^t_{i=1}, (y^5_i )^v_{i=1} ) + z = ( (e_j )^n_{j=1}, (f_j)^m_{j=1}, (0)^q_{i=1} ) is normone, so Lemma 3.3 provides us with a net ( (a^α_i )^q_{i=1}, (b^α_i )^t_{i=1}, (c^α_i )^v_{i=1} ) in the unit ball of l^q_∞(X) ⊕_∞ l^t_∞(X) ⊕_∞ l^v_∞(Y ) which is weak* converging to ( (x^2_i )^q_{i=1}, (x^3_i )^t_{i=1}, (y^5_i )^v_{i=1} ) and such that ‖ S ( (a^α_i )^q_{i=1}, (b^α_i )^t_{i=1}, (c^α_i )^v_{i=1} ) + z ‖ < (1 − nδ)^{−1} ; in particular, ‖T a^α_i − y^2_i ‖ ≤ εH^{−1}(1 − nε)^{−1} for all 1 ≤ i ≤ q .

Now we define U_α ∈ L (E, X) and V_α ∈ L (T^{∗∗}(E) ⊕ F, Y ) by

U_α(x^1_i ) := x^1_i for all i ∈ {1, . . . , p},

U_α(x^2_i ) := a^α_i for all i ∈ {1, . . . , q},

U_α(x^3_i ) := b^α_i for all i ∈ {1, . . . , t}, V_α(y^1_i ) := y^1_i for all i ∈ {1, . . . , r},

V_α(y^2_i ) := y^2_i for all i ∈ {1, . . . , s},

V_α(y^3_i ) := T b^α_i for all i ∈ {1, . . . , t},

V_α(y^4_i ) := y^4_i for all i ∈ {1, . . . , u},

V_α(y^5_i ) := c^α_i for all i ∈ {1, . . . , v}.

Note that U_α|_{E∩X} = I_{E∩X} and V_α|_{(T} ∗∗_{(E)⊕F )∩Y} = I_{(T} ∗∗_{(E)⊕F )∩Y} for all α, so conditions (a) and (b) hold. Besides, for all e ∈ S_E , ‖(T U_α − V_αT^{∗∗})(e)‖ ≤ ∑_q i=1 |⟨h_i, e⟩|‖T a^α_i − y^2_i ‖ ≤ ε so ‖T U_α − V_αT^{∗∗}|_E ‖ ≤ ε, and part (c) is done.

In order to apply Lemma 3.2 to both U_α and V_α , note that dim E ≤ (p+q+t+u+v) and dim ( T^{∗∗}(E) ⊕ F ) ≤ (p+q+t+u+v); moreover, ‖U_α(e_j )‖ ≤ (1 − nδ)^{−1} and w^∗ - lim_α U_α(e_j ) = e_j for all 1 ≤ j ≤ n; analogously, we have ‖V_α(f_j)‖ ≤ (1 − nδ)^{−1} and w^∗ - lim_α V_α(f_j) = f_j for all 1 ≤ j ≤ m, so it is possible to choose α such that U_α and V_α are (1−ε)^{−1} -injections, and such that conditions (d) and (e) hold, concluding the proof.

Finite representability of the Yang operator 175

Theorem 3.5. For every operator T ∈ L (X, Y ) there exists an ultrafilter U and there are metric injections U ∈ L (X^{∗∗}, X_U) and V ∈ L (Y^{∗∗}, Y_U), and metric surjections P ∈ L (X_U, X^{∗∗}) and Q ∈ L (Y_U, Y^{∗∗}) such that (a) T_U ∘ U = V ∘ T^{∗∗} , (b) T^{∗∗} ∘ P = Q ∘ T_U , (c) T^{∗∗} = Q ∘ T_U ∘ U .

Moreover, U(x) = [x] and P ([x]) = x for all x ∈ X , and analogously, V (y) = [y] and Q([y]) = y for all y ∈ Y .

Proof. Let J be the set of all tuples j ≡ (E_j, F_j, ε_j , U_j, V_j) where E_j and F_j are finite-dimensional subspaces of X^{∗∗} and Y^{∗∗} , respectively, ε_j ∈ (0, 1), U_j is a weak^∗ neighborhood of 0 ∈ X^{∗∗} , and V_j is a weak^∗ neighborhood of 0 ∈ Y^{∗∗} . We define an order ⪯ in J by i ⪯ j if E_i ⊂ E_j , F_i ⊂ F_j , ε_i ≥ ε_j , U_i ⊃ U_j and V_i ⊃ V_j . Let U be an ultrafilter refining the order filter on J .

For every j ∈ J , Theorem 3.4 yields a pair of (1 + ε_j )-injections U_j ∈ L (E_j , X) and V_j ∈ L ( T^{∗∗}(E_j) + F_j , Y ) such that

U_j (e) = e for all e ∈ E_j ∩ X, V_j (f) = f for all f ∈ (T^{∗∗}(E_j) + F_j ) ∩ Y , ‖(T U_j − V_j T^{∗∗})(e)‖ < ε for all e ∈ S_{Ej} , U_j (e) ∈ e + U_j for all e ∈ S_{Ej} , V_j (f) ∈ f + V_j for all f ∈ S_T ∗∗_{(Ej )+Fj} .

The operators U , V , P and Q are defined as follows:

U(x^{∗∗}) = [x_j ] where x_j := U_j (x^{∗∗}) if x^{∗∗} ∈ E_j , and x_j := 0 otherwise; V (y^{∗∗}) = [y_j ] where y_j := V_j (y^{∗∗}) if y^{∗∗} ∈ T^{∗∗}(E_j) + F_j , and y_j := 0 otherwise; P ([x_j]) = w^∗- lim_{j→U} x_j ∈ X^{∗∗};

Q([y_j]) = w^∗- lim_{j→U} y_j ∈ Y^{∗∗}.

Fix x^{∗∗} ∈ S_X∗∗ and δ > 0. Let us write U(x^{∗∗}) = [x_j ] as in the definition of U . Take j_0 ∈ J such that x^{∗∗} ∈ E_{j0} and ε_{j0} < δ . It follows that (1 + δ)^{−1} ≤ ‖U_j (x^{∗∗})‖ ≤ 1 + δ for all j_0 ⪯ j , so lim_{j→U} ‖x_j‖ = 1, which proves that U is a metric injection. Analogously we prove that V is also a metric injection. The fact that P is a metric surjection follows from P (B_{XU} ) = B_X∗∗ . The same applies for Q.

To prove (a), we take x^{∗∗} ∈ S_X∗∗ and δ > 0. Select j_0 ∈ J such that ε_j ≤ δ and x^{∗∗} ∈ E_j . Thus {j ∈ J : ‖(T U_j − V_j T^{∗∗})(x^{∗∗})‖ ≤ δ} ⊃ {j ∈ J : j_0 ⪯ j} ∈ U which shows that T_UU − V T^{∗∗} = 0. For statement (b), take [x_j ] ∈ X_U . Then

T^{∗∗}P ([x_j]) = T^{∗∗} ( w^∗- lim_{j→U} x_j ) = w^∗- lim_{j→U} T (x_j) = QT_U([x_j]).

176 A. Martínez-Abejón and J. Pello

Part (c) is achieved by using similar arguments. The facts that U(x) = [x] and P ([x]) = x for all x ∈ X , and V (y) = [y] and P ([y]) = y for all y ∈ Y are trivial.

It is proved in [10] that for every operator T , T^{∗∗} is Heinrich finitely representable in T . Part (b) in Theorem 3.5 leads to an alternative proof of the same fact. In order to show that T^{co} is locally supportable by T , we first establish the following lemma based upon an argument in [11]. Note that we need Theorem 3.4 to get statement (b).

Lemma 3.6. Let X be a Banach space, R: X^{∗∗} −→ X^{∗∗}/X the associated quotient operator, M a finite-dimensional subspace of X^{∗∗}/X and 0 < ε < 1. Write Z := R^{−1}M , take any projection Q: Z −→ X and denote its kernel by G. Then we have

(a) there is a finite-dimensional subspace F of X such that for each g ∈ (I_Z − Q)B_Z there is e ∈ F satisfying ‖g − e‖ ≤ 1 + ε;

(b) let L: F ⊕ G −→ X be a (1 + ε)-injection satisfying L|_F = I_F and define P := Q + L(I_Z − Q); then P : Z −→ X is a projection with ‖P ‖ ≤ 3 + 4ε;

(c) the operator U := R|_{N(P )} is a norm-one isomorphism onto M , ‖U^{−1}‖ ≤ 1 + ‖P ‖ and U^{−1}(g + X) = g − Lg for all g ∈ G.

Proof. (a) Since (I_Z − Q)(B_Z ) is compact, we can choose a finite set {z_i}^n_{i=1} in B_Z so that for g_i := (I_Z −Q)z_i , the family {g_i}^n_{i=1} is an ε-net of (I_Z −Q)(B_Z ). Let x_i := Qz_i for all 1 ≤ i ≤ n and prove that F := span{x_i}^n_{i=1} is the wanted subspace. Indeed, given z ∈ B_Z , we write g := (I_Z −Q)z . Take g_i so ‖g−g_i‖ ≤ ε. Thus ‖g + x_i‖ ≤ ‖g − g_i‖ + ‖g_i + x_i‖ ≤ ε + 1. (b) It is straightforward that P^2 = P , so P is a projection. To evaluate ‖P ‖, take z ∈ B_Z and write g := (I_Z − Q)z . By part (a) there is h ∈ F satisfying ‖g − h‖ ≤ 1 + ε. Thus ‖L(g) − h‖ = ‖L(g − h)‖ ≤ ‖L‖‖g − h‖ ≤ (1 + ε)^2 and ‖Q(z) + h‖ ≤ ‖Q(z) + g‖ + ‖g − h‖ = ‖z‖ + ‖g − h‖ ≤ 2 + ε. It follows that ‖P z‖ = ‖Qz + Lg‖ ≤ ‖Qz + h‖ + ‖L(g) − h‖ ≤ 3 + 4ε. (c) For every z ∈ N(P ), we have ‖U(z)‖ = inf_{x∈X} ‖z + x‖ ≥ ‖I_Z − P ‖^{−1} inf_{x∈X} ‖(I_Z − P )(z + x)‖ = ‖I_Z − P ‖^{−1}‖z‖. It follows that U is an isomorphism onto its image and ‖U^{−1}‖ ≤ 1 + ‖P ‖. Moreover, for every g ∈ G, we have that g − L(g) ∈ N(P ), so U ( N(P ) ) = M and U^{−1}(g + X) = g − L(g).

Finite representability of the Yang operator 177

Theorem 3.7. The Yang operator T^{co} ∈ L (X^{∗∗}/X, Y^{∗∗}/Y ) is locally supportable in T for every T ∈ L (X, Y ).

Proof. Let M_0 be a finite-dimensional subspace of X^{∗∗}/X and 0 < ε <^1_2 . We denote by R_0 ∈ L (X^{∗∗}, X^{∗∗}/X) and R_1 ∈ L (Y^{∗∗}, Y^{∗∗}/Y ) the respective quotient operators.

Let M_1 := T^{co}(M_0), Z_0 := R^{−1}_0 (M_0) and Z_1 := R^{−1}_1 (M_1). We choose a finite-dimensional subspace G_0 of X^{∗∗} such that Z_0 = X ⊕ G_0 , and denote K_0 := ‖R_0|^{−1}_{G0} ‖. We decompose T^{∗∗}(G_0) as T^{∗∗}(G_0) = H_1 ⊕ G_1 , where H_1 ⊂ Y and G_1 ∩ Y = {0}. Obviously Z_1 = Y ⊕ G_1 .

Take the projections Q_0 ∈ L (Z_0, X), Q_1 ∈ L (Z_1, Y ) whose respective kernels are G_0 and G_1 . By Lemma 3.6(a), there are finite-dimensional subspaces F_0 ⊂ X , F_1 ⊂ Y such that for every z_0 ∈ B_{Z0} and z_1 ∈ B_{Z1} there are e_0 ∈ F_0 and e_1 ∈ F_1 satisfying ‖(I_{Z0} − Q_0)(z_0) − e_0‖ ≤^3_2 and ‖(I_{Z1} − Q_1)(z_1) − e_1‖ ≤^3_2 .

By Theorem 3.4 there are^3_2 -injections L_0: F_0 ⊕G_0 −→ X and L_1: (H_1 +F_1)⊕ G_1 −→ Y satisfying ‖T L_0 − L_1T^{∗∗}|_{F0⊕G0} ‖ ≤ εK^{−1}_0 . Lemma 3.6(b) enables us to say that the operators P_0 := Q_0 + L_0(I_{Z0} − Q_0) and P_1 := Q_1 + L_1(I_{Z1} − Q_1) are projections with norm equal or smaller than 5, so Lemma 3.6(c) shows that the operators U_0 := R_0|_{N(P0)} and U_1 := R_1|_{N(P1)} are 6-injections. It only remains (cf. Lemma 3.6(c)) to prove that ‖T^{∗∗}U^{−1}_0 −U^{−1}_1 T^{co}|_{M0} ‖ ≤ ε. For, take g ∈ G_0 . Note that T^{∗∗}U^{−1}_0 (g +X) = T^{∗∗}(g)−T L_0(g) and U^{−1}_1 T^{co}(g +X) = T^{∗∗}(g)−L_1T^{∗∗}(g), so ‖(T^{∗∗}U^{−1}_0 − U^{−1}_1 T^{co})(g + X)‖ ≤ εK^{−1}_0 ‖g‖ ≤ ε‖g + X‖.

Thus, T^{co} is locally supportable in T^{∗∗} , and so, in T .

Theorem 3.8. For every T ∈ L (X, Y ), the Yang operator T^{co} is locally representable in T .

Proof. Let E and F be a pair of finite-dimensional spaces, A ∈ L (E, X^{∗∗}/X) and B ∈ L (Y^{∗∗}/Y, F ) a pair of operators, and 0 < ε < 1.

We denote R_X ∈ L (X^{∗∗}, X^{∗∗}/X) and R_Y ∈ L (Y^{∗∗}, Y^{∗∗}/Y ) the natural quotient operators. Let Z := R^{−1}_X ( A(E) ) , take a projection Q ∈ L (Z, X) and let G := N(Q).

By Lemma 3.6(a) there is a finite-dimensional subspace F of X such that for every z ∈ B_Z there is e ∈ F so that ‖(I_Z −Q)(z)−e‖ ≤^3_2 . By Theorem 3.4 there is a (1+ε)-injection L ∈ L (F ⊕G, X) satisfying L|_F := I_F . Hence, Lemma 3.6(b) shows that P := Q + L(I_Z − Q) is a projection with ‖P ‖ ≤ 5, and part (c) says that U := R_X |_{N(P )} is a norm one isomorphism, its image is R_X ( N(P ) ) = A(E), ‖U^{−1}‖ ≤ 6, and, moreover, U^{−1}(g + X) = g − L(g) for all g ∈ G.

We define operators A_1 := U^{−1}A and B_1 := BR_Y , and thus we get

B_1T^{∗∗}A_1 = BR_Y T^{∗∗}U^{−1}A = BT^{co}R_X U^{−1}A = BT^{co}A.

178 A. Martínez-Abejón and J. Pello

Moreover, ‖A_1‖ · ‖B_1‖ ≤ ‖U^{−1}‖ · ‖A‖ · ‖B‖ ≤ 6‖A‖ · ‖B‖, and therefore T^{co} is locally 6-representable in T^{∗∗} and so in T .

A class A of operators is said to be ultrapower-stable if for every T ∈ A and every ultrafilter U, the operator T_U belongs to A (for definitions and facts about ultrapowers of Banach spaces and operators, see [9]). Given a class A of operators and any pair of Banach spaces X and Y , we denote A (X, Y ) := A ∩ L (X, Y ).

The following result is concerned with operator semigroups which are either injective and left-stable or surjective and right-stable. We recall [1, Definition 2.1] that an operator semigroup is a class of operators S satisfying the following three properties:

(1) S contains all bijective operators;

(2) if S ∈ S (X, Y ) and T ∈ S (Y, Z) then T S ∈ S (X, Z); (3) S ∈ S (U, V ) and T ∈ S (X, Y ) if and only if S ⊕ T ∈ S (U ⊕ X, V ⊕ Y ). An operator semigroup S is said to be left-stable (respectively right-stable) if S ∈ S (T ∈ S ) whenever T S ∈ S [1, Definition 2.9]; S is said to be injective (respectively surjective) if it contains all upper semi-Fredholm operators (all lower semi-Fredholm operators) [1, Definition 2.13].

Proposition 3.9. Let S be an ultrapower-stable semigroup of operators and T ∈ S (X, Y ). Then T^{∗∗} and T^{co} belong to S if we have

(a) S is injective and left-stable; or (b) S is surjective and right-stable.

Proof. (a) First we prove that T^{∗∗} ∈ S . By Theorem 3.5(a), there exists an ultrafilter U and a pair of metric injections U ∈ L (X^{∗∗}, X_U) and V ∈ L (Y^{∗∗}, Y_U) such that V ∘T^{∗∗} = T_U ∘U . Since S is an injective, ultrapower-stable semigroup, we have that T_U ∘U ∈ S . So V ∘T^{∗∗} ∈ S , and by left-stability, we get T^{∗∗} ∈ S .

In order to prove that T^{co} ∈ S , consider the set J of tuples j ≡ (E_j, ε_j ) where E_j runs over all finite-dimensional subspaces of X^{∗∗}/X and ε_j does the same over (0, 1). By Theorem 3.7, for each j ∈ J there exist two (6+ε_j )-injections U_j ∈ L (E_j, X) and V_j ∈ L ( T^{co}(E_j ), Y ) such that ‖T U_j − V_j T^{co}|_{Ej} ‖ ≤ ε_j . Let ⪯ be an order on J defined by i ⪯ j if E_i ⊂ E_j and ε_i ≥ ε_j . Take an ultrafilter U on J refining the order filter. Now we define operators U ∈ L (X^{∗∗}/X, X) and V ∈ L ( T^{co}(X^{∗∗}/X), Y_U ) by U(x^{∗∗} + X) := [x_j ] where x_j := U_j (x^{∗∗} + X) if x^{∗∗} + X ∈ E_j and x_j := 0 otherwise, and V ( T^{∗∗}(x^{∗∗}) + Y ) = [y_j ], where y_j := V_j (T^{∗∗}(x^{∗∗}) + Y ) if T^{∗∗}(x^{∗∗}) + Y ∈ T^{co}(E_j) and y_j := 0 otherwise. Let us decompose T^{co} = J ~T , where the operator ~T ∈ L ( X^{∗∗}/X, T^{co}(X^{∗∗}/X) ) maps x^{∗∗} + X onto T^{co}(x^{∗∗} + X), and J is the natural embedding of T^{co}(X^{∗∗}/X) into Y^{∗∗}/Y . Computations like those in Theorem 3.5 show that U and V are isomorphisms and that V ~T = T U . The same arguments as in the proof for T^{∗∗} lead to ~T ∈ S ; the injectivity of S yields that T^{co} ∈ S .

Finite representability of the Yang operator 179

(b) By Theorem 3.5(b), there exists an ultrafilter U and metric surjections P ∈ L (X_U, X^{∗∗}) and Q ∈ L (Y_U, Y^{∗∗}) such that T^{∗∗} ∘ P = Q ∘ T_U . Arguing like in part (a), surjectivity and right-stability show T^{∗∗} ∈ S .

In order to prove that T^{co} ∈ S , let us consider the natural quotient operators P ∈ L (X^{∗∗}, X^{∗∗}/X) and Q ∈ L (Y^{∗∗}, Y^{∗∗}/Y ). As T^{∗∗} ∈ S and Q ∘ T^{∗∗} = T^{co} ∘ P , we obtain that T^{co} ∈ S .

Tacon ([16] and [17]) introduces the class Ψ_+ of supertauberian operators and proves that T^{∗∗} is supertauberian whenever T is. Since Ψ_+ is a semigroup satisfying the hypothesis of statement (a) [6], Proposition 3.9 includes Tacon’s result. More examples of ultrapower-stable semigroups can be found in [7].

The last result is concerned with ultrapower-stable operator ideals. We recall that an operator ideal A is said to be regular if T ∈ A (X, Y ) whenever JT ∈ A (X, Y^{∗∗}), where J stands for the canonical embedding of Y into Y^{∗∗} .

Proposition 3.10. Let A be an ultrapower-stable ideal of operators and T ∈ A (X, Y ). Then T^{∗∗} ∈ A . Moreover, if A is regular then T^{co} ∈ A .

Proof. That T^{∗∗} ∈ A is directly derived from Theorem 3.5(c) is clear. On the other hand, we have shown in Theorem 3.8 that T^{co} is locally representable in T , so [13, 6.6] implies T^{co} ∈ A .

References

[1] Aiena, P., M. González, and A. Martínez-Abejón: Operator semigroups in Banach space theory. - Boll. Un. Mat. Ital. 8:4-B, 2001, 157–205.

[2] Alvarez, T., and M. González: - Some examples of tauberian operators. - Proc. Amer. Math. Soc. 111, 1991, 1023–1027.

[3] Basallote, M., and S. Díaz-Madrigal: Finite representability of operators in the sense of Bellenot. - Proc. Amer. Math. Soc. 128, 2000, 3259–3268.

[4] Behrends, E.: On the principle of local reflexivity. - Studia Math. 100(2), 1991, 109–128. [5] Bellenot, S.: Local reflexivity of normed spaces, operators and Fréchet spaces. - J. Funct. Anal. 59, 1984, 1–11.

[6] González, M., and A. Martínez-Abejón: Supertauberian operators and perturbations. - Arch. Math. 64, 1995, 423–433.

[7] González, M., and A. Martínez-Abejón: Ultrapowers and semigroups of operators. - Integral Equations Operator Theory 37(1), 2000, 32–47.

[8] González, M., E. Saksman, and H.O. Tylli: Representing non-weakly compact operators. - Studia Math. 113(3), 1995, 265–282.

[9] Heinrich, S.: Ultraproducts in Banach space theory. - J. Reine Angew. Math. 313, 1980, 72–104.

[10] Heinrich, S.: Finite representability and super-ideals of operators. - Dissertationes Math. 162, 1980, 72–104.

[11] Kalton, N.J.: Locally complemented subspaces and L_p -spaces for 0 < p < 1 . - Math. Nachr. 115, 1984, 71–97.

[12] Martínez-Abejón, A., and J. Pello: Finite representability for operators. - J. Math. Anal. Appl. (to appear).

180 A. Martínez-Abejón and J. Pello

[13] Pietsch, A.: What is “local theory of Banach spaces”? - Studia Math. 135(3), 1999, 273–298.

[14] Rosenthal, H.: On wide- (s) sequences and their applications to certain classes of operators. - Pacific J. Math. 189, 1999, 311–338.

[15] Schachermayer, W.: For a Banach isomorphic to its square the Radon–Nikodym property and the Krein–Milman property are equivalent. - Studia Math. 81, 1985, 329–339.

[16] Tacon, D.G.: Generalized semi-Fredholm transformations. - J. Austral. Math. Soc. 34, 1983, 60–70.

[17] Tacon, D.G.: Generalized Fredholm transformations. - J. Austral. Math. Soc. 37, 1984, 89–97.

[18] Yang, K.W.: The generalized Fredholm operators. - Trans. Amer. Math. Soc. 216, 1976, 313–327.

Received 27 May 2002