Annales Academiæ Scientiarum Fennicæ Mathematica Volumen 26, 2001, 189–204

HIGHER INTEGRABILITY FOR MAXIMAL OSCILLATORY FOURIER INTEGRALS

Björn Gabriel Walther

Royal Institute of Technology, SE-100 44 Stockholm, Sweden; walther@math.kth.se Curr. address: Brown University, Providence, RI 02912-1917, U.S.A.; walther@math.brown.edu

Abstract. For a real number t , for ξ in R^n and for a real positive number a we define S^a by (S^a)(t)^(ξ) = e^{it|ξ|a}f̂ (ξ), f ∈ S (R^n). The results in this paper concern the case 0 < a ≠ 1 . For 0 < a < 1 , n = 1 we improve on the local integrability of the maximal function x → ‖(S^af)[x]‖_L∞_{(−1,1)} . In higher dimensions we give a result for radial testfunctions. For a > 1 , n = 1 we prove a weighted global estimate of which a known L^4(R) -estimate is a special case.

The methods include asymptotics for the kernel of the Fourier multiplier ξ → exp(i|ξ|^aa)|ξ|^{−2s} and Pitt’s inequality.

1. Introduction

1.1. Let u(x, t) denote the solution to the free time-dependent Schrödinger equation Δ_xu = i∂_tu with initial data f , (x, t) ∈ R^n × R_+ . At least for f in the Schwartz class S (R^n), u is represented by an oscillatory integral with quadratic phase. We are interested in the behaviour of u(x, t) as t tends to 0. Cf. Carleson [4], [5]. For rougher initial data this requires a method of making the values of u precise. See e.g. Sjögren, Sjölin [19, p. 14–15].

In this as in many other papers the stated convergence problem is viewed as a summability problem for Fourier integrals corresponding to the multiplier m_2, m_a(ξ) = exp(i|ξ|^a). Accordingly we define (S^af)(t) as in the abstract and observe that u(x, t) = (S^2f)[x](t). However, the kernel of m_a does not belong to L^1(R^n) but we do have the weak unity condition m_a(0) = 1.

Intimately connected with the convergence result described here are L^q_{loc}(L^∞)- estimates, i.e. L^q_{loc} -estimates for maximal functions. For the multiplier m_a it is known that there is regarding such estimates a significant difference between the cases 0 < a < 1 and a > 1 when q = 2. See [31, Section 2.5, p. 488]. The principle of duality of phases (see Stein [24, Chapter VIII, Sections 5.3 and 5.4, pp. 357–358]) offers one way of understanding this difference.

The main purpose of this paper is to improve known one-dimensional L^q_{loc} - results for maximal functions in the case 0 < a < 1. We have the following theorem.

1991 Mathematics Subject Classification: Primary 42B25, 42B08, 42A45, 42B15, 35J10, 35Q40.

190 Björn Gabriel Walther

Theorem A. Let q = (4 − 4a)/(2 − 4s − a). Then there is a number C independent of f in the Schwartz class S (R) such that the inequality (∫_1 −1 ‖(S^af)[x]‖^q_{L∞ (−1,1)} dx )_{1/q} ≤ C ‖f‖_{Ḣ s(R)} holds if s is greater than and close enough to^1_4 a where 0 < a < 1.

For the definition of the spaces Ḣ^s(R^n) and H^s(R^n) used in this introduction we refer to Section 2.2 below.

We also have the following theorems.

Theorem B. Let 2 ≤ q ≤ 4. Then there is a number C independent of f in the Schwartz class S (R) such that the inequality (∫ R ‖(S^af)[x]‖^q_{L∞ (R)} |x|^{q/4−1} dx )_{1/q} ≤ C ‖f‖_{Ḣ 1/4 (R)} holds if a > 1.

Theorem C. Let n > 1. Then there is a number C independent of f in the Schwartz subclass of radial functions such that the inequality (∫ |x|≤1 ‖(S^af)[x]‖^q_{L∞ (−1,1)} dx )_{1/q} ≤ C ‖f‖_{Ḣ s(Rn)}, q = 4n(1 − a) 2n(1 − a) + a − 4s holds if s is greater than and close enough to^1_4 a where 0 < a < 1.

Note that q in Theorem A is greater than 2 if the stated conditions on s and a are fulfilled. Theorem A therefore improves our L^2_{loc}(R)-result in [31, Theorem 1.2(a), p. 486].

Theorem A and C are corollaries to Theorem 2.6 and 2.7 respectively. Theorem B will be proved in Section 4.10.

1.2. Remark. The case q = 4 in Theorem B is in accordance with the special case φ(ξ) = |ξ|^a , a > 1 of Kenig, Ponce, Vega [10, Theorem 2.5, p. 41].

1.3. Earlier results. The problem sketched above was introduced in Carleson [5] and has been studied by many authors during recent years. We will give a brief description of earlier results. Among other papers and reports we will mention those which contain results of the category best known. With some exceptions we will restrict ourselves to L^q_{loc}(R^n)-results.

1.3.1. The case n = 1. As already mentioned results for 0 < a < 1 may be found in [31]. For the case a > 1 Sjölin [20, Theorem 3 and 4, p. 700] has shown that f ∈ H^s(R), s ≥^1_4 is necessary and sufficient for the local integrability of x −→ ‖(S^af)[x]‖_{L∞ (−1,1)} . The best known integrability property may be found in Kenig, Ponce, Vega [10, Theorem 2.5, p. 41]. Cf. Remark 1.2 above.

Results reminiscent of Theorem B may be found in Gülkan [7] and in Sjölin [22].

Higher integrability for maximal oscillatory integrals 191

1.3.2. The case n = 2. For the cases a = 2 and a > 1 Bourgain [3], Moyua, Vargas, Vega [15], [16], Tao, Vargas [26] and Tao, Vargas, Vega [27] give sufficient conditions on f ∈ H^s(R^2) for the local integrability of the maximal function. The conditions are of the type s =^1_2 − ε for some small positive number ε.

1.3.3. The case n ≥ 3. For a > 1 Sjölin [20] proved using local smoothing that f ∈ H^s(R^n), s >^1_2 is sufficient for the local integrability of the maximal function, n ≥ 2. Also cf. Vega [28], Si Lei Wang [35] and [33].

The relationship between (local) smoothing and maximal estimates is explained e.g. in [20, p. 704–706] and [31, Section 2.3, p. 487–488]. For results of which m(t, x, ρ) = exp(itρ^a) is a special case see Vega [29] and [32, Theorem 14.3, p. 219]. Those results are derived without any smoothness assumptions on m.

Smoothing results in accordance with [20], [32] and [33] may be found e.g. in Ben-Artzi, Devinatz [1], Ben-Artzi, Klainerman [2] and Kato, Yajima [9].

1.3.4. Other references in the case a > 1. In the work of Vega [28] already mentioned in Section 1.3.3 it is shown that f ∈ H^s(R^n), s ≥^1_4 is a necessary condition for the local integrability of the maximal function, n > 1. This also follows from the work of Sjölin in [20], [21] by translating one-dimensional counterexamples to higher dimension using the oscillation of Bessel functions at infinity. For radial testfunctions there are results by Fukuma [6], Prestini [18], Sjölin [21], [22] and Sichun Wang [34]. Weighted estimates for general dispersive equations including the case a > 1 are treated in Heinig, Wang [8]. Other interesting results on oscillatory Fourier integral operators may be found in Kolasa [11], [12].

1.4. The plan of this paper. In Section 2 we introduce notation used in this paper and state our theorems. In Section 3 we collect some auxiliary results which are classical. In Section 4 we prove our theorems in the case n = 1 and in Section 5 in the case n > 1.

Acknowledgements. The final draft of this paper was made while the author enjoyed a visit at the Erwin Schrödinger International Institute of Mathematical Physics. I would like to thank Professor James Bell Cooper and Professor Paul F.X. Müller for hospitality.

2. Notation and statement of theorems

2.1. Oscillatory integrals. For x and ξ in R^n we let xξ = x_1ξ_1+· · ·+x_nξ_n . If a is a real positive number and if f is in the Schwartz class S (R^n) we define

(S^af)(t)[x] = (S^af)[x](t) = 1 (2π)^n ∫ R^n e^{i(xξ+|tξ|a)}f̂ (ξ) dξ, t ∈ R. Here f̂ is the Fourier transform of f ,

f̂ (ξ) = ∫ R^n e^{−ixξ} f(x) dx.

192 Björn Gabriel Walther

Observe that we have redefined S^a slightly compared with the abstract and Section 1.1. We have replaced the summability parameter t^{1/a} in Section 1.1 by t. Therefore, according to our redefinition of S^a , u(x, t) = (S^2f)[x](t^{1/2}).

2.2. Sobolev spaces. We introduce homogeneous and inhomogeneous fractional Sobolev spaces

Ḣ^s(R^n) = { f ∈ S^′(R^n) : ‖f‖^2_{Ḣ s(Rn )} = ∫ R^n |ξ|^{2s} |f̂(ξ)|^2 dξ < ∞ } , H^s(R^n) = { f ∈ S^′(R^n) : ‖f‖^2_H s_{(R}n_) = ∫ R^n

(1 + |ξ|^2)^s |f̂ (ξ)|^2 dξ < ∞ } .

2.3. Auxiliary notation. B denotes the open unit ball in R, Ṙ denotes the punctured real line R \ {0}.

Throughout this paper we will use auxiliary functions χ and ψ such that χ ∈ C^∞_0 (R) is even, χ(R \ 2B) = {0}, χ(R) ⊆ [0, 1], χ(B) = {1} and ψ = 1−χ. From these functions we obtain two families of functions as follows: for each positive number N and M set χ_N (ξ) = χ(ξ/N) and ψ_M (ξ) = ψ(Mξ). Associated with our auxiliary functions are certain exponents

(2.1) c(χ) = 1 − 2s and c = c(ψ) =

4s − 2 + a 2a − 2 which will play an important rôle in Section 4.9.2 when we use the Riesz potential I_{1−c} . In our theorems we will assume that

(2.2) (i)^1_4 a < s ≤^1_4 , s <^1_2 a, 0 < a < 1 or (ii) s =^1_4 , a > 1.

We will also use power weights x −→ |x|^{δ(q)} where δ(q) = c − 1 2 + n ( 1 2 − 1 q ) . 2.4. Numbers denoted by C (sometimes with subscripts) may be different at each occurrence even within the same chain of (in-)equalities. The letter R (with subscripts) will denote various (weighted) linearisations of maximal operators. There is no definition of such linearisation which is fixed throughout the paper.

Unless otherwise explicitly stated all functions f and g are supposed to belong to S (R^n).

Higher integrability for maximal oscillatory integrals 193

2.5. Remark. The conditions on a and s in (2.2) give 0 < c(χ) ≤ c < 1 in case (i) and c(χ) = c =^1_2 in case (ii).

2.6. Theorem. Let 2 ≤ q ≤ 2/c. Then there is a number C independent of f such that the inequality (∫ B ‖(S^af)[x]‖^q_{L∞ (B)} |x|^{cq/2−1} dx )_{1/q} ≤ C ‖f‖_{Ḣ s(R)}

holds if (2.2) is satisfied.

Case (2.2i) in this theorem is—as already pointed out—an improvement of our result in [31, Theorem 1.2(a), p. 486] and case (2.2ii) is an improvement of Sjölin [20, Theorem 3, p. 700] in the case n = 1. We use Pitt’s inequality as stated in Muckenhoupt [17] instead of the inequality of Hardy, Littlewood and Sobolev to achieve these improvements and carry out the proof of the two cases in (2.2) simultaneously.

Since 2/c = (4a − 4)/(4s − 2 + a) Theorem A in Section 1.1 follows directly from the case q = 2/c in Theorem 2.6.

2.7. Theorem. Let 2 ≤ q ≤ 2/c and n > 1. Then there is a number C independent of f in the Schwartz subclass of radial functions such that the inequality (∫ B^n ‖(S^af)[x]‖^q_{L∞ (B)}|x|^{qδ(q)} dx )_{1/q} ≤ C ‖f‖_{Ḣ s(Rn )} holds if (2.2) is satisfied.

It is straightforward to verify that

δ ( 4n(1 − a) 2n(1 − a) + a − 4s ) = 0.

Also, if the conditions on a and s of Theorem C in Section 1.1 are fulfilled the inequality

q̃ := 4n(1 − a) 2n(1 − a) + a − 4s ≤ 2 c holds. Theorem C in Section 1.1 now follows directly from the case q = q̃ in Theorem 2.7.

194 Björn Gabriel Walther

3. Some preparation

3.1. In this section we introduce some notation and collect some well-known results which will be used in the proofs of our theorems. Standard references are given.

3.2. Notation. We define the Riesz potential I_β as

(3.1) [I_βf ](x) = c_β ∫ R^n |x − x^′|^{−n+β} f(x^′) dx^′, n > β > 0, f ∈ S (R^n).

See Stein [23, p. 117]. Only the finiteness of the number c_β will be used in this paper.

3.3. Theorem (cf. Stein [23, Lemma 1(b), p. 117]). The identity [I_βf ]^(ξ) = |ξ|^{−β} f̂ (ξ) holds in the sense that ∫ R^n |ξ|^{−β} f̂ (ξ) g(ξ) dξ = ∫ R^n [I_βf ](x) ĝ(x) dx.

3.4. Theorem (Pitt’s inequality, Muckenhoupt [17, p. 729]). Assume that q ≥ p, 0 ≤ α < 1 − 1/p, 0 ≤ γ < 1/q and γ = α + 1/p + 1/q − 1. Then there exists a number C independent of f such that (∫ R |f̂(ξ)|^q |ξ|^{−γq} dξ )_{1/q} ≤ C (∫ R |f(x)|^p|x|^{αp} dx )_{1/p} .

3.5. Theorem (Stein, Weiss [25, Theorem 3.10, p. 158]). Let f be radial. Then f̂ (ξ) = (2π)^{n/2} |ξ|^{−n/2+1} ∫_∞ 0 f_0(r) J_{n/2−1}(r|ξ|) r^{n/2} dr where J_λ is the Bessel function of the first kind of order λ ([25, p. 154]).

3.6. Theorem (Asymptotics of the Bessel function, [25, Lemma 3.11, p. 158]). If λ > −^1_2 , then there is a number C_λ independent of ρ > 1 such that | | |J_λ(ρ) − ( 2 πρ )_{1/2} cos ( ρ − λπ 2 − π 4 )| | ≤ C_λρ^{−3/2}.

Higher integrability for maximal oscillatory integrals 195

4. Proofs for n = 1 4.1. Discussion. Let E be a measurable subset of R and let t: R −→ E be measurable. Define (4.1) [R_tf ](x) = ∫ R χ(x) |x|^{c/2−1/q} e^{i(xξ+t(x)|ξ|a)}|ξ|^{−s}f̂ (ξ) dξ. R_t can be extended to a t-uniformly bounded mapping L^2(R) −→ L^q(R) if and only if there is a number C independent of f such that (∫ B ‖(S^af)[x]‖^q_{L∞ (E)} |x|^{cq/2−1} dx )_{1/q} ≤ C‖f‖_{Ḣ s(R)} holds. Theorem 2.6 therefore follows by proving such boundedness for R_t when 2 ≤ q ≤ 2/c and E = B . To derive it we need estimates for the inverse Fourier transform of m(ξ) = exp(±i|ξ|^a)|ξ|^{−2s}, ξ ∈ R, where a and s satisfy the conditions in (2.2). Write m = χm + ψm and let K_χ and K_ψ be the inverse Fourier transforms of χm and ψm respectively.

4.2. Lemma. K_χ is bounded and there is a number C independent of x such that |K_χ(x)| ≤ C |x|^{−c(χ)}, |x| ≥ 1. 4.3. Lemma (Miyachi [14, Proposition 5.1, p. 289]; also cf. Wainger [30, p. 41] and Miyachi [13, Lemma 4, p. 174]).

(a) K_ψ decreases rapidly and there is a number C independent of x such that |K_ψ(x)| ≤ C |x|^{−c(ψ)}, |x| < 1, 0 < a < 1. (b) K_ψ is smooth and there is a number C independent of x such that |K_ψ(x)| ≤ C |x|^{−c(ψ)}, |x| ≥ 1, a > 1. 4.4. Lemma. Let f(x) = |x|^{−α} , x ∈ R^n , 0 < α < n, and let g ∈ C (R^n) decrease rapidly. Then there is a number C independent of x such that |(f ∗ g)(x)| ≤ C |x|^{−α}, |x| ≥ 1. Proof. Make the splitting ∫ R^n |y|^{−α}g(x − y) dy = ∫ |y|≤|x|/2 + ∫ |y|≥|x|/2 . The first integral can be majorised by a number C independent of x times sup |x−y|≥|x|/2 |g(x − y)| |x|^{n−α}, which decreases rapidly in x. The second integral can be majorised by C ‖g‖_L1_{(R}n_) |x|^{−α}, |x| ≥ 1, where C may be chosen to be independent of x.

196 Björn Gabriel Walther

4.5. Proof of Lemma 4.2. Since −2s > −1, the integral ∫ R e^{i(xξ±|ξ|a )} |ξ|^{−2s} χ(ξ) dξ is absolutely convergent. Hence K_χ is bounded (and continuous). To derive the asymptotic estimate we write 2πK_χ(x) = lim_{M →∞} G_M (x) + H(x)

where

G_M (x) = ∫ R e^{ixξ}(e^{±i|ξ|a} − 1)|ξ|^{−2s}[ χψ_M ](ξ) dξ and H(x) = ∫ R e^{ixξ} |ξ|^{−2s} χ(ξ) dξ. By Taylor’s formula and integration by parts |G_M (x)| ≤ C |x| (∫ R |ξ|^{a−2s−1} [ χψ_M ](ξ) dξ + ∫ R |ξ|^{a−2s} |[ χψ_M ]^′(ξ)| dξ ) , where C may be chosen to be independent of x and M . The first integral remains bounded as M tends to infinity. To bound the second integral independently of M we notice again that a − 2s > 0 and also that |[ χψ_M ]^′| is like two approximative units whose supports approach 0 as M tends to infinity.

To handle H we use Theorem 3.3 and Lemma 4.4. We get that there is a number C independent of x such that |H(x)| ≤ C |x|^{−1+2s}, |x| ≥ 1. We can now conclude that there is a number C independent of x such that |K_χ(x)| ≤ C (|x|^{−1} + |x|^{−1+2s}) ≤ C |x|^{−c(χ)}, |x| ≤ 1. 4.6. Lemma. Let a and s satisfy (2.2) and let c(χ) and c(ψ) be as in (2.1).

Then there is a number C_A independent of ε ∈ [0, A], N and x such that | | | ∫ R e^{i(xξ+|εξ|a)}|ξ|^{−2s} χ(ξ/N) dξ | | | ≤ C^A (|x|^{−c(χ)} + |x|^{−c(ψ)}). Proof. For ε > 0 we set η = εξ, v = x ε , and L = εN.

Higher integrability for maximal oscillatory integrals 197

By a change of variables ∫ R e^{i(xξ+|εξ|a)} |ξ|^{−2s} χ(ξ/N) dξ = ε^{2s−1} ∫ R e^{ivη} m(η) χ(η/L) dη. Let ζ denote either ψ or χ. By Lemmas 4.2 and 4.3 and a change of variables we get ε^{2s−1} | | | ∫ R e^{ivη}ζ(η)m(η)χ(η/L) dη | | | = ε^{2s−1} | | | ∫ R K_ζ (u)L^χ(Lu − Lv) du | | | ≤ Cε^{2s−1} ∫ R |Lu|^{−c(ζ)} |^χ(Lu − Lv)| L du L^{c(ζ)} (4.2) ≤ Cε^{2s−1} |Lv|^{−c(ζ)}L^{c(ζ)} = Cε^{2s−1+c(ζ)} |x|^{−c(ζ)}. To get the last inequality we have also used Lemma 4.4. If ζ = χ the exponent of ε is 0. If ζ = ψ it is a(1 − 4s)/(2 − 2a), which is non-negative in both of the cases (2.2i) and (2.2ii).

Now we have proved the estimate in the lemma in the case ε > 0. Since the integral ∫ R e^{i(xξ+|εξ|a)}|ξ|^{−2s} χ(ξ/N) dξ is continuous with respect to ε this estimate is valid also in the case ε = 0.

4.7. Corollary. Let a and s satisfy (2.2) and let c be as in (2.1). Then there is a number C_A independent of ε ∈ [0, A], N and x such that | | | ∫ R e^{i(xξ+|εξ|a )}|ξ|^{−2s}χ(ξ/N) dξ | | | ≤ C_A |x|^{−c}, |x| ≤ 1. Proof. Cf. Remark 2.5.

4.8. Corollary. Let a and s satisfy (2.2ii) and let c be as in (2.1). Then there is a number C independent of ε ∈ R, N and x such that | | | | ∫ R e^{i(xξ+|εξ|a )}|ξ|^{−2s}χ(ξ/N) dξ | | | | ≤ C|x|^{−c}. Proof. According to Remark 2.5 c(ζ) =^1_2 in both of the cases of ζ . Hence the exponent 2s − 1 + c(ζ) of ε in (4.2) is 0 in both of the cases of ζ .

4.9. Theorem. R_t defined by the formula (4.1) can be extended to a t-uniformly bounded mapping L^2(R) −→ L^q(R) if (2.2) is satisfied.

Proof. Functions f and g appearing in this proof are assumed to belong to C_0(R) and to have support in Ṙ. We temporarily change notation and replace q by p^∗ , the conjugate exponent of some exponent p.

In the proof we follow Sjölin [20] and [31] with some modifications.

198 Björn Gabriel Walther

4.9.1. Reduction to a kernel estimate. We can replace f̂ by f in the definition of R_t , since the Fourier transformation (apart from a multiple) is an isometry of L^2(R^n) . Set [R_N f ](x) = ∫ R χ(x) |x|^{c/2−1/p∗} e^{i(xξ+t(x)|ξ|a)} |ξ|^{−s} χ_N (ξ) f(ξ) dξ. Here the integration is performed over a compact set and for R_N the boundedness L^2(R) −→ L^{p∗} (R) can easily be verified. A computation of the adjoint shows that

[R^∗_N g ](ξ) = ∫ R χ(x) |x|^{c/2−1/p∗} e^{−i(xξ+t(x)|ξ|a)} |ξ|^{−s} χ_N (ξ) g(x) dx.

We will prove that the mapping R^∗_N is bounded L^p(R) −→ L^2(R) uniformly with respect to t and N . Then R_N will be bounded L^2(R) −→ L^{p∗} (R) uniformly with respect to t and N . Since

[R_tf ](x) = lim_{N →∞}[R_N f ](x),

we can by Fatou’s lemma conclude that R_t is bounded L^2(R) −→ L^{p∗} (R) and that the bound is independent of t.

A computation involving Fubini’s theorem shows that

(4.3) ∫ R |[R^∗_N g ](ξ)|^2 dξ ≤ ∫∫ R^2 |K_N (x, x^′)| |g(x)g(x^′)| dx dx^′, where K_N (x, x^′) = χ(x)χ(x^′ )|xx^′|^{c/2−1/p∗} ∫ R e^{−i((x−x′)ξ+(t(x)−t(x′))|ξ|a)}|ξ|^{−2s}χ_N (ξ)^2dξ. We shall prove the following kernel estimate: There is a number C independent of g , t and N such that

(4.4) ∫∫ R^2 |K_N (x, x^′ )|g(x)g(x^′) dx dx^′ ≤ C‖g‖^2_Lp_{(R)}, g ≥ 0. Once this kernel estimate is proved the desired uniform boundedness follows by combining the kernel estimate with (4.3).

Higher integrability for maximal oscillatory integrals 199

4.9.2. Proof of the kernel estimate. In proving (4.4) we first assume that g ∈ C^∞_0 (R) and that supp g ⊆ Ṙ. There is a number C independent of t, N , x and x^′ such that (4.5) |K_N (x, x^′)| ≤ C ~χ(x) ~χ(x^′) |x − x^′|^{−c} where ~χ(x) = χ(x) |x|^{c/2−1/p∗} . This estimate follows from Corollary 4.7. After replacing K_N (x, x^′) in (4.4) by the right-hand side of (4.5) we apply (3.1) and get that there is a number C independent of g such that ∫∫ R^2 ~χ(x)~χ(x^′) |x − x^′|^{−c} g(x)g(x^′) dx dx^′ = C ∫ R [I_{1−c}(~χg)](x) ~χ(x)g(x) dx = C ∫ R |ξ|^{c−1} |^~χg(ξ)|^2 dξ. (4.6)

Here we would like to apply Theorem 3.4 with q = 2 and −γq = c − 1. Since 2 ≤ p^∗ ≤ 2 c the inequalities q ≥ p, 0 ≤ α < 1 − 1 p and 0 ≤ γ < 1 q are satisfied, where γ = α + 1/p + 1/q − 1, i.e. α = γ − 1/p − 1/q + 1. Since (c/2 − 1/p^∗)p + αp = 0 we get that there is a number C independent of f such that

(4.7) ∫ R |ξ|^{c−1}|^~χg(ξ)|^2 dξ ≤ C (∫ R |~χ(x)g(x)|^p |x|^{αp} dx )_{2/p}

= C (∫ R |χ(x)g(x)|^p dx )_{2/p} ≤ C‖g‖^2_Lp_{(R)}, Combining (4.5)–(4.7) now proves (4.4) in the case g ∈ C^∞_0 (R).

The equation (4.4) may now be proved in the case g ∈ C_0(R) by approximating g by positive functions in C^∞_0 (R).

4.10. Proof of Theorem B in Section 1.1. We repeat the proof of Theorem 2.6 with E = B replaced by E = R. See Section 4.1. We also replace χ(x) by χ_M (x) and observe that the number C in (4.5) will be independent of M . According to Corollary 4.8 that number C will also be independent of ε = t(x) − t(x^′).

200 Björn Gabriel Walther

5. Proof for n > 1

5.1. Notation. For a measurable function t: R_+ −→ B and f_0 ∈ C_0(R_+) we define

(5.1) [R_tf_0 ](r) = ∫_∞ 0 χ(r) r^{c/2−1/q} r^{1/2} J_{n/2−1}(rρ) ρ^{1/2} e^{it(r)ρa} ρ^{−s} f_0(ρ) dρ.

5.2. Lemma. Let 2 ≤ q ≤ 2/c and let R_t be defined by the formula (5.1). Then R_t can be extended to a t-uniformly bounded mapping L^2(R_+ ) −→ L^q(R_+), if (2.2) is satisfied.

Proof. Write R_t = R_{t,1} + R_{t,2} , where

[R_{t,1}f_0 ](r) = ( 2 π )_{1/2} ∫_∞ 0 χ(r)r^{c/2−1/p∗} cos ( rρ − n 4 + π 4 ) e^{it(r)ρa} ρ^{−s}f_0(ρ) dρ. As in the proof of Theorem 4.9 we temporarily change notation and replace q by p^∗ , the conjugate exponent of some exponent p.

It follows from Theorem 3.6 that |[R^∗_{t,2}g_0 ](ρ)| ≤ C ∫_∞ 0 χ(r)r^{c/2−1/p∗} 1 1 + rρ ρ^{−s}|g_0(r)| dr, g_0 ∈ C_0(R_+),

where C is independent of g_0 . According to Theorem 4.9 R_{t,1} can be extended to a t-uniformly bounded mapping L^2(R_+ ) −→ L^{p∗} (R_+). Hence the theorem will be proved if we can show that the remainder R^∗_{t,2} can be extended to a t-uniformly bounded mapping L^p(R_+ ) −→ L^2(R_+ ).

Write R^∗_{t,2}g_0 = χR^∗_{t,2}g_0 + ψR^∗_{t,2}g_0 . Without loss of generality we can assume that g_0 ≥ 0.

5.2.1. Estimate for χR^∗_{t,2} . By Hölder’s inequality there is a number C independent of g_0 such that |[R^∗_{t,2}g_0 ](ρ)| ≤ Cρ^{−s} ∫_∞ 0 χ(r) r^{c/2−1/p∗} g_0(r) dr ≤ Cρ^{−s}‖g_0‖_Lp_{(R+)}. Upon squaring and integrating,

‖χR^∗_{t,2}g_0‖^2_L2_{(R+)} ≤ C‖g_0‖^2_Lp_{(R+)},

where C is independent of g_0 .

Higher integrability for maximal oscillatory integrals 201

5.2.2. Estimates for ψR^∗_{t,2} . We shall use the fact that there is a number C independent of g_0 such that

(5.2)

∫_1 0 [I_s(~χg_0)](t)^2 dt ≤ C ‖g_0‖^2_Lp_{(R+)},

where ~χ(r) = χ(r) r^{c/2−1/p∗} . The proof of this is postponed to Section 5.2.3. We have to estimate

(5.3) ∫_∞ 1 (∫_{1/ρ} 0 χ(r) r^{c/2−1/p∗} ρ^{−s} g_0(r) dr )_2 dρ, and (5.4) ∫_∞ 1 (∫_∞ 1/ρ χ(r) r^{−1+c/2−1/p∗} ρ^{−1−s} g_0(r) dr )_2 dρ. Let us deal with (5.4) first. We make the change of variables ρ → t(ρ) = 1/ρ and therefore consider the integral ∫_1 0 t^{2s} (∫_∞ t χ(r) r^{−1+c/2−1/p∗} g_0(r) dr )_2 dt. Using max{t, r − t} ≤ r we get t^s ∫_∞ t χ(r) r^{−1+c/2−1/p∗} g_0(r) dr = t^s ∫_∞ t r^{−1} ~χ(r) g_0 (r) dr ≤ ∫_∞ t r^{s−1} ~χ(r) g_0(r) dr ≤ ∫_∞ t |t − r|^{s−1} ~χ(r) g_0(r) dr ≤ C[I_s(~χg_0)](t). After squaring and integrating with respect to t (5.2) yields ∫_∞ 1 (∫_∞ 1/ρ χ(r) r^{−1+c/2−1/p∗} ρ^{−1−s} g_0(r) dr )_2 dρ ≤ C‖g_0‖^2_Lp_{(R+)}

where C is independent of g_0 .

The equation (5.3) is dealt with in a similar way to get ∫_∞ 1 (∫_{1/ρ} 0 χ(r) r^{c/2−1/p∗} ρ^{−s} g_0(r) dr )_2 dρ = ∫_1 0 ( t^{s−1} ∫_t 0 χ(r) r^{c/2−1/p∗} g_0(r) dr )_2 dt ≤ ∫_1 0 (∫_t 0 |t − r|^{s−1} ~χ(r) g_0(r) dr )_2 dt ≤ C ∫_1 0 [I_s(~χg_0)](t)^2 dt ≤ C ‖g_0‖^2_Lp_{(R+ )}.

We have proved that ‖ψR^∗_{t,2}g_0‖^2_L2_{(R+)} ≤ C‖g_0‖^2_Lp_{(R+)}, where C is independent of g_0 .

202 Björn Gabriel Walther

5.2.3. Proof of the estimate (5.2). The function g_0 may be extended with 0 so as to be continuous on R with compact support in R_+ . Hence I_s(~χg_0) as well as its Fourier transform belongs to L^2(R) . Parseval’s formula and Theorem 3.3 give

∫_1 0 [I_s(~χg_0)](t)^2 dt ≤ ‖I_s(~χg_0)‖^2_L2_{(R)} = 1 2π ∫ R |τ |^{−2s}|(~χg_0)^(τ )|^2 dt. It is easy to verify that_1 2 c >^1_2 c −^1_2 + s ≥ 0

with equality on the right if and only if s =^1_4 . Therefore, if we choose p̃ such that 1 p̃ − 1 p = c 2 − 1 2 + s, then 2 ≥ p̃ and 0 ≤ 1/p^∗ − c/2 < 1 − 1/p̃. We can now apply Theorem 3.4 with γ = s and α = 1/p^∗ − c/2 and Hölder’ s inequality with p̃ and p̃^∗ (p̃ ≤ p) to get that there is a number C independent of g_0 such that ∫ R |τ |^{−2s} |(~χg_0)^(τ )|^2 dt ≤ C (∫ R |r|^{αp̃}|~χ(r) g_0(r)|^{p̃} dr )_{2/p̃}

= C‖χg_0‖^2_Lp̃_{(R+)} ≤ C‖g_0‖^2_Lp_{(R+)}.

5.3. Remark. The method for estimating R^∗_{t,2} is the same as in Sjölin [21, p. 139–140]. Here we have generalised it to other values of the involved parameters.

5.4. Remark. One might suggest to majorise the integral in e.g. (5.4) using Minkowski’s and Hölder’s inequality. It is straightforward to show that a necessary condition for such a majorisation is that the integral ∫_∞ 0 |χ(r) r^{−1/2+s+c/2−1/p∗} |^{p∗} dr is convergent which happens if and only if

(5.5)^1_2 c −^1_2 + s > 0.

However, as we have seen in Section 5.2.3, (5.5) is fulfilled in the case (2.2i) but not fulfilled in the case (2.2ii).

5.5. Proof of Theorem 2.7. We define ( ~S^af)[x](t) = |x|^{δ(q)} ∫ R^n e^{i(xξ+|tξ|a)} |ξ|^{−s} f(ξ) dξ, t ∈ R.

Higher integrability for maximal oscillatory integrals 203

Let B^n we denote the open unit ball in R^n . The theorem says that there is a number C independent of f in the Schwartz subclass of radial functions such that

(5.6) ‖ ~S^af‖_Lq_{(B}n_{,L}∞_{(B))} ≤ C‖f_0‖_L2_{(R+)},

where f(ξ) = f_0(|ξ|) |ξ|^{−n/2+1/2} .

According to Theorem 3.5 ( ~S^af)[x](t) = (2π)^{n/2} |x|^{δ(q)−n/2+1} ∫_∞ 0 J_{n/2−1}(|x|ρ) e^{ita ρa} ρ^{−s}f_0(ρ) ρ^{1/2} dρ. Using polar coordinates we get that there is a number C independent of f such that

‖ ~S^af‖_Lq_{(L}∞_) = C (∫_1 0 sup_{t∈B} | | | ∫_∞ 0 r^{(1+c)/2−1/q}J_{n/2−1}(rρ)ρ^{1/2}e^{ita ρa} ρ^{−s}f_0(ρ) dρ | | | q dr )_{1/q} . Here the right-hand side can be majorized by C‖f_0‖_{L2(R+ )} where C is independent of f by Lemma 5.2. We have proved (5.6).

References

[1] Ben-Artzi, M., and S. Devinatz: Local smoothing and convergence properties of Schrödinger type equation. - J. Funct. Anal. 101, 1991, 231–254.

[2] Ben-Artzi, M., and S. Klainerman: Decay and regularity for the Schrödinger equation. - J. Anal. Math. 58, 1992, 25–37.

[3] Bourgain, J.: A remark on Schrödinger operators. - Israel J. Math. 77, 1992, 1–16. [4] Carleson, L.: On saddle point summability. - Preprint, Institut Mittag-Leffler, Djursholm, Sweden.

[5] Carleson, L.: Some analytic problems to related to statistical mechanics. - In: Euclidean Harmonic Analysis, Proceedings of Seminar, University of Maryland, College Park, Md., 1979. Lecture Notes in Math. 779, Springer-Verlag, Berlin, 1980, 5–45.

[6] Fukuma, S.: Radial functions and maximal estimates for radial solutions to the Schrödinger equation. - Tsukuba J. Math. 22, 1998, 509–518.

[7] Gülkan, F.: Maximal estimates for solutions to Schrödinger equations. - TRITA-MAT- 1999-MA-06 (April 1999), Royal Institute of Technology, Stockholm, Sweden.

[8] Heinig, H.P., and Sichun Wang: Maximal function estimates of solutions to general dispersive partial differential equations. - Trans. Amer. Math. Soc. 351, 1999, 79–108.

[9] Kato, T., and K. Yajima: Some examples of smooth operators and the associated smoothing effect. - Rev. Math. Phys. 1, 1989, 481–496.

[10] Kenig, C.E., G. Ponce, and L. Vega: Oscillatory integrals and regularity of dispersive equations. - Indiana Univ. Math. J. 40, 1991, 33–69.

[11] Kolasa, L.: Oscillatory integrals and Schrödinger maximal operators. - Pacific J. Math. 177, 1997, 77–101.

[12] Kolasa, L.: Oscillatory integrals with nonhomogeneous phase functions related to Schrödinger equations. - Canad. Math. Bull. 41, 1998, 306–317.

[13] Miyachi, A.: On some Fourier multipliers for H^p(R^n) . - J. Fac. Sci. Univ. Tokyo Sect. IA Math. 27, 1980, 157–179.

204 Björn Gabriel Walther

[14] Miyachi, A.: On some singular Fourier multipliers. - J. Fac. Sci. Univ. Tokyo Sect. IA Math. 28, 1981, 267–315.

[15] Moyua, A., A. Vargas, and L. Vega: Schrödinger maximal function and restriction properties of the Fourier transform. - Internat. Math. Res. Notices 1996, 793–815.

[16] Moyua, A., A. Vargas, and L. Vega: Restriction theorems and maximal operators related to oscillatory integrals in R^3 . - Duke Math. J. 96, 1999, 547–574.

[17] Muckenhoupt, B.: Weighted norm inequalities for the Fourier transform. - Trans. Amer. Math. Soc. 276, 1983, 729–742.

[18] Prestini, E.: Radial functions and regularity of solutions to the Schrödinger equation. - Monatsh. Math. 109, 1990, 135–143.

[19] Sjögren, P., and P. Sjölin: Convergence properties for the time-dependent Schrödinger equation. - Ann. Acad. Sci. Fenn. Ser. A I Math. 14, 1989, 13–25.

[20] Sjölin, P.: Regularity of solutions to the Schrödinger equation. - Duke Math. J. 55, 1987, 699–715.

[21] Sjölin, P.: Radial functions and maximal estimates for solutions to the Schrödinger equation. - J. Austral. Math. Soc. Ser. A 59, 1995, 134–142.

[22] Sjölin, P.: L^p maximal estimates for solutions to the Schrödinger equation. - Math. Scand. 81, 1997, 35–68.

[23] Stein, E.M.: Singular Integrals and Differentiability Properties of Functions. - Princeton Mathematical Series 30, Princeton University Press, Princeton, NJ, 1970.

[24] Stein, E.M.: Harmonic Analysis: Real-Variable Methods, Orthogonality, and Oscillatory Integrals. - Princeton Mathematical Series 43, Monographs in Harmonic Analysis, III, Princeton University Press, Princeton, NJ, 1993.

[25] Stein, E.M., and G. Weiss: Introduction to Fourier Analysis on Euclidean Spaces. - Princeton Mathematical Series 32, Princeton University Press, Princeton, NJ, 1971.

[26] Tao, T., and A. Vargas: A bilinear approach to cone multipliers II. - Geom. Funct. Anal. 10, 2000, 216–258.

[27] Tao, T., A. Vargas, and L. Vega: A bilinear approach to the restriction and Kakeya conjectures. - J. Amer. Math. Soc. 11, 1998, 967–1000.

[28] Vega, L.: Schrödinger equations: pointwise convergence to the initial data. - Proc. Amer. Math. Soc. 102, 1988, 874–878.

[29] Vega, L.: El multiplicador de Schrödinger, la funcion maximal y los operadores de restricción. - Tesis doctoral dirigida por Antonio Córdoba Barba, Departamento de Matemáticas, Universidad Autónoma de Madrid, Febrero 1988.

[30] Wainger, S.: Special trigonometric series in k dimensions. - Mem. Amer. Math. Soc. 59, 1965.

[31] Walther, B.G.: Maximal estimates for oscillatory integrals with concave phase. - In: Harmonic Analysis and Operator Theory, Proceedings of a conference in honor of Mischa Cotlar, edited by S.A.M. Marcantognini. Contemp. Math. 189, 1995, 485– 495.

[32] Walther, B.G.: Some L^p(L^∞) - and L^2(L^2) -estimates for oscillatory Fourier transforms. - In: Analysis of Divergence (Orono, ME, 1997). Appl. Numer. Harmon. Anal., Birkhäuser, Boston, MA, 1998, 213–231.

[33] Walther, B.G.: A sharp weighted L^2 -estimate for the solution to the time-dependent Schrödinger equation. - Ark. Mat. 37, 1999, 381–393.

[34] Wang, Sichun: On the maximal operator associated with the free Schrödinger equation. - Studia Math. 122, 1997, 167–182.

[35] Wang, Si Lei: On the weighted estimate of the solution associated with the Schrödinger equation. - Proc. Amer. Math. Soc. 113, 1991, 87–92.

Received 8 July 1999