Annales Academiæ Scientiarum Fennicæ Mathematica Volumen 26, 2001, 325–360

FINELY HOLOMORPHIC AND FINELY SUBHARMONIC FUNCTIONS IN CONTOUR-SOLID PROBLEMS

Promarz M. Tamrazov

National Ukrainian Academy of Sciences, Institute of Mathematics Tereshchenkivska str., 3, Kiev, 252601 MSP, Ukraine; ptamraz@capt.kiev.ua

Abstract. We establish the purely fine contour-solid theory for finely holomorphic and finely hypoharmonic functions containing refined, strengthened and extended theorems for these classes of functions in finely open sets of the complex plane with preservable majorants (from the maximal classes of such majorants for these function classes). The work is based on various new arguments and on a new, unified approach common for finely hypoharmonic and finely holomorphic functions. We give also strengthened and extended results on cluster properties of holomorphic and finely holomorphic functions.

1. Introduction

Initial particular results in the contour-solid problems for usual holomorphic functions were given by G.H. Hardy, J.E. Littlewood, S. Warschawski, J.L. Walsh, W.E. Sewell and inspired the formulation of several open problems on the topic in the Sewell’s monograph [Sew, p. 31–32] published in 1942.

In 1971 the author [T1] has completely solved these open problems (see also [T2], [T3] where strengthened and more general results were established as well). The obtained results found various applications in geometric and constructive function theory, in theory of singular integral operators, in boundary problems and in other topics. Further developments and related investigations were fulfilled by a number of scientists.

In 1983 the author had established [T4]–[T6] extended and refined contoursolid theorems for holomorphic (see also [T8], [T11]) and subharmonic (see also [T7], [T9], [T10], [T12]) functions in open sets of the complex plane C with arbitrary bilogarithmically concave majorants and their logarithms, respectively, and these classes of majorants are maximal classes of majorants preservable in the theorems for the above-mentioned function classes, respectively. In the papers mentioned above one can find references to earlier and other publications on the topics.

2000 Mathematics Subject Classification: Primary 31C, 30E, 31A, 30C, 26D; Secondary 26E.

This work was partly supported by the Ministry of Science and Technology of Ukraine and the Royal Swedish Academy of Sciences (cooperation between Sweden and the former Soviet Union, grant nr 1474).

326 Promarz M. Tamrazov

For instance, we mention the following very particular case of one of local contour-solid results for holomorphic functions from [T4]–[T6], [T8], [T11] using notations from Section 4, see below. Let μ: (0, +∞) → [0, +∞) be a function for which the set I^μ := {x : μ(x) > 0} is connected and the restriction of the function log μ(x) to I^μ is concave with respect to log x. For μ, let parameters μ_0 , μ_∞ , m_0 and m_∞ be defined as in Section 4.

Theorem. Let G ⊂ C be an open set, a ∈ ∂G be a fixed point; h be a holomorphic function in G, continuous up to the boundary subset (∂G)\{a} with |h(z)| ≤ μ(|z − a|) for all z ∈ (∂G) \ {a}. Assume that |h| is majorized by some rational functions in neighbourhoods of the point a and (if G is unbounded) of the point ∞. If a (respectively ∞) is an isolated boundary point of G, assume in addition that μ_0 < +∞, h(ζ) = o(|ζ − a|^{m0−1}) (ζ → a, ζ ∈ G), respectively μ_∞ > −∞, h(ζ) = o(|ζ|^{m∞+1}) (ζ → ∞, ζ ∈ G). Then one and only one of the following two possibilities holds: either the inequality |h(ζ)| ≤ μ(|ζ − a|) for all ζ ∈ G, or the following exceptional case:

G = C \ {a}, μ(x) = βx^m for all x > 0, h(ζ) = c(ζ − a)^m for all ζ ∈ G,

m is an integer and β ≥ 0, c ∈ C are constants with |c| > β .

In [TS1], [TS2] certain analogues of results from [T4], [T7], [T9], [T10], [T12] were proved for finely hypoharmonic functions, and in [TS3] some analogues of results from [T4]–[T6], [T8], [T11] were given for finely holomorphic functions in finely open sets on C.

In the present work we establish refined, strengthened and extended contoursolid theorems for finely holomorphic and finely hypoharmonic functions in finely open sets of the complex plane with arbitrary bilogarithmically concave majorants and their logarithms, respectively. We give also strengthened and extended results on cluster properties of holomorphic and finely holomorphic functions.

While in contour-solid results of [TS1]–[TS3] some requirements relate to the standard, Euclidean topology, in results of this paper all requirements relate to the fine topology. So, we get purely fine contour-solid theory for finely holomorphic and finely hypoharmonic functions. One more difference is that in the present paper

Finely holomorphic and subharmonic functions in contour-solid problems 327

restrictions on functions concerning boundedness requirements and majorization are either avoided or essentially weakened. We have completely avoided the upper boundedness and finely inner majorization restrictions on functions (usual for related problems and assumed on certain parts of sets in earlier publications) and essentially relaxed the majorization requirements to their boundary limit values.

Concerning cluster properties of analytic functions, we mention classical results by F. Iversen and M. Tsuji (see [Tsu, p. 331–339]). On the basis of our contour-solid results of [T4]–[T6], we have established the substantial extension and generalization of the Iversen–Tsuji theorem for holomorphic functions (see [T13], [T14] and Theorem 9 below), and this has consequences for further cluster properties of meromorphic functions. We have also obtained fine analogues of these theorems.

The results of this work contain new assertions even for usual subharmonic and holomorphic functions in (standard) open sets.

The work is based on various new arguments and on a new, unified approach common for finely hypoharmonic and finely holomorphic functions, despite essential differences between results valid for these classes of functions. One of the tools is a new extended maximum principle for finely hypoharmonic functions free of any (upper) boundedness restrictions on the functions and of any global majorization requirements to them.

An essential part of this investigation was carried out at the Linköping University (see preprint [T15]) where I was on a kind invitation and under warm and encouraging hospitality of Professor Lars-Inge Hedberg, to whom I am greatly thankful.

Some results of this paper were announced in the author’s talks at the 7-th International Colloquium on Finite or Infinite Dimensional Complex Analysis and at the Second ISAAC Congress (both held in August 1999 in Fukuoka, Japan) and are published without proofs in [T16] and [T17].

2. Some notions and notation

Let C be the compact Riemann sphere.

We refer to [B], [F1]—[F7] concerning the fine topology and related notions such as thinness, the fine boundary and the fine closure of a set, fine limits of functions, fine superior and fine inferior limits of functions, finely hypoharmonic, finely hyperharmonic, finely subharmonic, finely harmonic, finely holomorphic functions, the Green’s function for a fine domain and so on.

Let E ⊂ C . Denote by E the standard closure of E in C , and by E the standard closure of a set E ⊂ C in C. The set of all points x ∈ C in which E is not thin is called the base of the set E in C and is denoted by b(E). The set ~E := E ∪ b(E) is called the fine closure of the set E in C . Clearly, ~E ⊂ E . Denote by ∂_f E the fine boundary of E in C . Let ∂_f E := C ∩ ∂_f E ,

328 Promarz M. Tamrazov

(E)_i := E \ b(E), (E)_r := E \ (E)_i . Points x ∈ (E)_r and x ∈ (E)_i are called regular and irregular points, respectively, of the set E .

For a set E ⊂ C let us denote C \ E =: F E , and for a set E ⊂ C, denote also C \ E =: CE .

Let G ⊂ C be a finely open set.

Let z ∈ G. If the set F G is non-polar, then we denote by ω^G_z the generalized harmonic measure relative to G and z (∈ G), see [F1, p. 1]. If F G is polar, then we introduce the harmonic measure relative to G and z ∈ G by the equality

ω^G_z = 0.

Notice that if F G is non-polar, then ω^G_z ≠ 0. In any case for ω^G_z we use also the term the harmonic measure relative to G at the point z ∈ G.

If z belongs to a finely connected component T of G, Y is a subset of the set F T and ω^T_z (Y ) = 0, then ω^T_ζ (Y ) = 0 at every point ζ ∈ T (see [F1, pp. 150–151]).

A set Q ⊂ F G will be called nearly negligible relative to G if for every finely connected component T of G the set Q ∩ ∂_f T contains no compact subset K of the harmonic measure ω^T_z (K) > 0 at some (and therefore at any) point z ∈ T . This requirement is equivalent to the following alternative: either F G is polar (and then Q is also polar), or for every finely connected component T of G both ∂_f T is non-polar and Q is a set of inner harmonic measure zero relative to T and any point z ∈ T .

If a set E ⊂ F G is such that for every finely connected component T of G it contains no compact subset K ⊂ ∂_f T of logarithmic capacity Cap K > 0, then E is nearly negligible relative to G.

In particular, any set E ⊂ F G of inner logarithmic capacity zero is nearly negligible relative to G.

If T is a finely connected component of G and z ∈ T , then ω^G_z = ω^T_z . Let D be a fine domain in C , i.e. a finely open, finely connected set. Then ~D = D . In particular, then D is finely separable from a point z ∈ C if and only if it is separable from z in the standard topology. So in such a situation we may speak of separability not specifying in what sense.

Let G be a finely open set in C , and z ∈ ∂_f G. Given any functions u: G → [−∞, +∞] and h: G → C , we introduce the following notation for fine superior limits of functions:

fine lim sup_{ζ→z, ζ∈G}u(ζ) =: (u)ˇ_{G,f} (z) =: ǔ_{G,f} (z),

(2.1) fine lim sup_{ζ→z, ζ∈G}|h(ζ)| =: h̄_{G,f} (z). (2.2)

Remark 1. Let X ⊂ C and Y ⊂ C be non-empty sets. For a function v: X → [−∞, +∞) let us consider two requirements:

(a) v is upper bounded on every part of X finely separable from Y ;

Finely holomorphic and subharmonic functions in contour-solid problems 329

(b) v is upper bounded on every part of X separable (in standard topology) from Y .

The requirement (a) is more restrictive than (b). It is the reason why in our results we use (when possible) restrictions of the type (b) rather than of the type (a). Such results are valid with any of these types of restrictions, but with (b) they are more general.

3. Maximum principle for finely hypoharmonic functions

In this work we prove and use the following maximum principle for finely hypoharmonic functions that is free of any (upper) boundedness restrictions on them, as well as of any global majorization requirements.

Lemma 1. Let D ⊂ C be a finely open set, E ⊂ F D be a set nearly negligible relative to D, (∂_f D) \ E ≠ ∅; u be a function finely hypoharmonic in D with

ǔ_{D,f} (z) < +∞ for all z ∈ ∂_f D,

(3.1)

ǔ_{D,f} (z) ≤ 0 for all z ∈ (∂_f D) \ E.

(3.2)

Then u ≤ 0 in D .

In R^n for n ≥ 3 such a result is not true.

Remark 2. Under the additional requirement that E is a (polar) set of irregular fine boundary points of D , a particular case of Lemma 1 was established in [F2, p. 82] (c.f. results of [F3] where u in D is assumed to be upper bounded or majorized by certain potential).

4. Contour-solid theorems for finely holomorphic functions

In [T4], [T5] (see also [T6], [T8], [T11]) we had introduced the following notions. Let M be the class of all functions μ: (0, +∞) → [0, +∞) for each of which the set I^μ := {x : μ(x) > 0} is connected and the restriction of the function log μ(x) to I^μ is concave with respect to log x. Let M^∗ be the class of all μ ∈ M for which I^μ is non-empty.

For μ ∈ M^∗ let us denote by x^μ_− and x^μ_+ the left and the right ends of the interval I^μ , respectively. Obviously, 0 ≤ x^μ_− ≤ x^μ_+ ≤ +∞. When x^μ_− < x^μ_+ , the concavity condition is equivalent to the combination of the following conditions: the function log μ(x) is concave with respect to log x (and therefore continuous) in the interval (x^μ_−, x^μ_+) and lower semicontinuous on I^μ . For μ ∈ M the limits

(4.1) μ_0 := lim_{x→0} log μ(x) log x

, μ_∞ := lim_{x→+∞} log μ(x) log x

330 Promarz M. Tamrazov

exist, and we have μ_0 ≥ μ_∞, μ_0 > −∞, μ_∞ < +∞. In particular, if x^μ_− > 0 (analogously, if x^μ_+ < +∞), then μ_0 = +∞ (μ_∞ = −∞, respectively). When μ_0 < +∞, define the integer m_0 by the conditions m_0 −1 < μ_0 ≤ m_0 , and when μ_∞ > −∞, define the integer m_∞ by the conditions m_∞ ≤ μ_∞ < m_∞ + 1.

For every fixed α ∈ R, β ∈ (0, +∞), the function μ(x) := βx^α belongs to M^∗ , and for it we have μ_0 = μ_∞ = α. If, moreover, α is an integer, then m_0 = m_∞ = α.

Now we introduce fine analogues of some notions from [T4], [T5], [T8], [T11]. Let G be a finely open set in C and a ∈ CG be a fixed point. For a function h: G → C let us denote:

(4.2) h_{a,G,f} := fine lim sup_{ζ→a, ζ∈G} log |h(ζ)| | |log |ζ − a| | | when a ∈ ∂^f G, 0 when a /∈ ∂_f G,

(4.3) h_{∞,G,f} := fine lim sup_{ζ→∞, ζ∈G} log |h(ζ)| log |ζ| when ∞ ∈ ∂_f G,

0 when ∞ /∈ ∂_f G.

Given functions p: X → C and q: X → C on a set X ⊂ C and a finely limit point w for X , we use the following notation. If there exist a finite number l ≥ 0 and a fine neighbourhood U of w for which |p(z)| ≤ l|q(z)| for all z ∈ X ∩ U , we write p(z) = fine O ( q(z) ) (z → w, z ∈ X), and if for every ε > 0 there exists a fine neighbourhood U of w for which |p(z)| ≤ ε|q(z)| for all z ∈ X ∩ U , then we write

p(z) = fine o ( q(z) ) (z → w, z ∈ X). 4.1. Local results. Let G ⊂ C be a finely open set, h: G → C be a finely holomorphic function, and μ ∈ M. Consider the following conditions:

(A, ∞) ∞ ∈ b(CG) and for every finely connected component T of G with ∞ ∈ b(T ) there holds h_{∞,T,f} < +∞; (B, ∞) ∞ /∈ b(CG), μ_∞ > −∞ and (4.1.1) h(ζ) = fine o(|ζ|^{m∞+1}) (ζ → ∞, ζ ∈ G); (B_0, ∞) ∞ /∈ b(CG), μ_∞ ≥ 0 and (4.1.1) is true.

Finely holomorphic and subharmonic functions in contour-solid problems 331

If z ∈ C is a fixed point, then we consider also the following conditions: (A, z) z ∈ b(CG) and for every finely connected component T of G with z ∈ b(T ) there holds h_{z,T,f} < +∞; (B, z) z /∈ b(CG), μ_0 < +∞ and (4.1.2) h(ζ) = fine o(|ζ − z|^{m0−1}) (ζ → z, ζ ∈ G); (B_1, z) z /∈ b(CG), μ_0 ≤ 1 and (4.1.2) is true.

Using this notation and (2.2), we get the following statement. Theorem 1. Let a ∈ C be a fixed point; G ⊂ C \ {a} be a finely open set;

μ ∈ M; h: G → C be a finely holomorphic function for which (4.1.3) h̄_{G,f} (z) ≤ μ(|z − a|) for all z ∈ (∂_f G) \ {a}. Denote z_1 := a, z_2 := ∞ and suppose that for each s = 1, 2 (independently from each other) one of the conditions (A, z_s ) or (B, z_s ) is satisfied. Then one and only one of the following two possibilities holds: either the inequality (4.1.4) |h(ζ)| ≤ μ(|ζ − a|) for all ζ ∈ G, or the following exceptional case:

G = C \ {a}, μ(x) = βx^m for all x > 0, h(ζ) = c(ζ − a)^m for all ζ ∈ G,

m is an integer and β ≥ 0, c ∈ C are constants with |c| > β .

Remark 3. For every fixed s = 1, 2 the following statements are true. (a) If there exists a finely connected component T of G with z_s ∈ b(T ), then the conditions z_s ∈ b(CT ) and z_s ∈ b(CG) are equivalent.

(b) z_s ∈ b(CG) if and only if for every finely connected component T of G we have z_s ∈ b(CT ).

(c) If z_s /∈ b(CG), then there exists one and only one finely connected component T of G with z_s ∈ b(T ), and for this T we have z_s /∈ b(CT ).

(d) The condition (B, z_s) implies the inequality h_{zs,G,f} < +∞. (e) If z_s /∈ b(CG), then the condition (B, z_s) in Theorem 1 may not be omitted, and fine o( · ) in it may not be replaced by fine O( · ).

Theorem 1 is a particular case of the following extended statement. Theorem 2. Let a ∈ C be a fixed point; G ⊂ C \ {a} be a finely open set; Q be a set contained in ∂_f G and containing the points a and ∞; μ ∈ M; h: G → C be a finely holomorphic function. Suppose that for every finely connected component T of G the following conditions are satisfied:

(a2) h̄_{T,f} (z) < +∞ for all z ∈ (∂_f T ) \ {a};

332 Promarz M. Tamrazov

(b2) h̄_{T,f} (z) ≤ μ(|z − a|) for all z ∈ (∂_f T ) \ Q; (c2) Q is nearly negligible relative to T ; (d2) h_{a,T,f} < +∞, h_{∞,T,f} < +∞. Then the function h(ζ) is bounded both on every part of G separable from a and ∞, and on every finely connected part of G finely separable from a and ∞.

Denote z_1 := a, z_2 := ∞ and suppose that for each s = 1, 2 (independently from each other) one of the conditions (A, z_s ) or (B, z_s ) is satisfied.

Under these assumptions one and only one of the following two possibilities holds—either (4.1.4), or the following exceptional case: Q = C \ G, Q is polar, μ(x) = βx^m for all x > 0, h(ζ) = c(ζ − a)^m for all ζ ∈ G, m is an integer and β ≥ 0, c ∈ C are constants with |c| > β .

4.2. Global results.

Theorem 3. Let G ⊂ C be a finely open set; μ ∈ M; h: ~G ∩ C → C be a function finely holomorphic in G and satisfying the condition (4.2.1) |h(ζ) − h(z)| ≤ μ(|ζ − z|) for all z, ζ ∈ ∂_f G, z ≠ ζ. Let one of the conditions (A, ∞) or (B_0, ∞) be satisfied for the restriction of h onto G (instead of h). Suppose also that for every finely connected component T of G the restriction of h onto ~T ∩ C is finely continuous.

Under these assumptions we have (4.2.2) |h(ζ) − h(z)| ≤ μ(|ζ − z|) for all z ∈ (∂_f G)_r, for all ζ ∈ ~G ∩ C, z ≠ ζ. Remark 4. Theorem 3 remains true if we require the inequality in (4.2.1) to be valid only for z ∈ (∂_f G)_r (not for all z ∈ ∂_f G).

Theorem 4. Let G, μ, h satisfy all assumptions of Theorem 3. Additionally suppose that z_0 ∈ (CG)_i ∪ G is a fixed point, μ_0 < +∞ and (4.2.3) |h(ζ) − h(z_0)| = fine o(|ζ − z_0|^{m0−1}) (ζ → z_0, ζ ∈ G). Then one and only one of the following two possibilities holds: either the inequality (4.2.4) |h(ζ) − h(z_0)| ≤ μ(|ζ − z_0|) for all ζ ∈ ~G \ {z_0, ∞}, or the following exceptional case:

(∂_f G)_r = ∅, μ(x) = βx^m for all x > 0, h(ζ) = c(ζ − z_0)^m + b for all ζ ∈ C, m ≥ 1 is an integer and β ≥ 0, c ∈ C, b ∈ C are constants with |c| > β ; when m = 1 or z_0 ∈ (CG)_i , then the set CG contains at most one point and |h(ζ) − h(z_0)| > μ(|ζ − z_0|) for all ζ ∈ C. From Theorems 3 and 4 the following global contour-solid result follows.

Finely holomorphic and subharmonic functions in contour-solid problems 333

Theorem 5. Let G, μ, h satisfy all assumptions of Theorem 3. Additionally suppose that μ_0 ≤ 1. Then one and only one of the following two possibilities holds: either the inequality (4.2.5) |h(ζ) − h(z)| ≤ μ(|ζ − z|) for all z, ζ ∈ ~G ∩ C, z ≠ ζ, or the following exceptional case: CG contains at most one point,

μ(x) = βx for all x > 0, h(ζ) = c ζ + b for all ζ ∈ C

and β ≥ 0, c ∈ C, b ∈ C are constants with |c| > β .

In the next theorem the requirement μ_0 ≤ 1 is omitted, but instead a certain fine continuity condition for the function h(ζ) is assumed at ∞.

Theorem 6. Let G, μ, h satisfy all assumptions of Theorem 3. If ∞ ∈ ~G, additionally suppose that h can be extended to ∞ in such a way that the extended function h̃ satisfies the following hypothesis: the restriction h̃|~_T of h̃ to ~T is finely continuous (and finite) at ∞ for every finely connected component T of G with ∞ ∈ ~T . Under these assumptions the inequality (4.2.5) is true.

4.3. Difference maximum principle for finely holomorphic functions. We establish and use the following maximum principle for the difference of values of a finely holomorphic function which is a purely fine analogue and refinement of the corresponding results from [T5], [T11], [TS3].

Lemma 2. Let D ⊂ C be a finely open set; p: ~D → C be a non-constant function, finely holomorphic in D and satisfying the following assumption: the restriction p|~_T of p to ~T is finely continuous for every finely connected component T of D . Then the set (∂_f D)_r is non-empty and for every δ > 0 we have

(4.3.1) sup_{z∈(∂f D)r} sup ζ∈ ~D, |ζ−z|=δ |p(ζ) − p(z)| = sup ζ,z∈ ~D, |ζ−z|=δ |p(ζ) − p(z)|.

5. Contour-solid theorems for finely hypoharmonic functions

5.1. In [T7] (see also [T9], [T10], [T12]) we had introduced the following notions. Let L be the class of all functions λ: (0, +∞) → [−∞, +∞) for each of which the set I_λ := {x : λ(x) > −∞} is connected and the restriction of λ to I_λ is concave with respect to log x. Let L^∗ be the class of all λ ∈ L for which I_λ is non-empty. For λ ∈ L^∗ let us denote by x^−_λ and x^+_λ , respectively, the left and the right ends of the interval I_λ . Obviously, 0 ≤ x^−_λ ≤ x^+_λ ≤ +∞. When λ( · ) runs through the classes L or L^∗ , the function exp λ( · ) runs through the classes M or M^∗ , respectively. When x^−_λ < x^+_λ , the concavity condition is equivalent to the combination of the following conditions: the function λ(x) is

334 Promarz M. Tamrazov

concave with respect to log x (and therefore continuous) in the interval (x^−_λ , x^+_λ ) and lower semicontinuous on I_λ . For λ ∈ L the limits

(5.1) λ^0 := lim_{x→0} λ(x) log x

, λ^∞ := lim_{x→+∞} λ(x) log x

exist, and we have λ^0 ≥ λ^∞, λ^0 > −∞, λ^∞ < +∞. For every fixed α ∈ R, θ ∈ R the function λ(x) := α log x + θ belongs to L^∗ , and for it we have λ_0 = λ_∞ = α.

Let G be a finely open set in C, and u be a function finely hypoharmonic in G. Then for ζ ∈ G we denote

γ_G(u, ζ) := inf_v {v(ζ) : v finely hyperharmonic in G, v ≥ u in G}.

Clearly, u( · ) ≤ γ_G(u, · ). If γ_G(u, · ) < +∞, then on the basis of Lemma 10.3 and Theorems 9.14 and 12.9 from [F1, pp. 103–104, 96, 158] one can show that γ_G(u, ζ) is finely hypoharmonic in G, and for every finely connected component T of G the following alternative holds: either γ_G(u, ζ) = u(ζ) = −∞ in T , or the functions γ_G(u, ζ) and u(ζ) are finely subharmonic in T and γ_G(u, ζ) is finely harmonic on the set {ζ ∈ T : γ_G(u, ζ) ≠ −∞}.

Let a ∈ CG be a fixed point.

Now we are going to introduce the following fine analogues of some notions from [T4], [T7], [T9], [T10], [T12].

Let us denote

(5.2) u^a_{G,f} := fine lim sup_{ζ→a, ζ∈G} u(ζ) | |log |ζ − a| | | when a ∈ ∂^f G, 0 when a /∈ ∂_f G,

(5.3) u^∞_{G,f} := fine lim sup_{ζ→∞, ζ∈G} u(ζ) log |ζ| when ∞ ∈ ∂_f G,

0 when ∞ /∈ ∂_f G,

M_{G,a}(u, r) := inf_{p,q} { p log r + q : p ∈ (−∞, +∞), q ∈ (−∞, +∞], u(ζ) ≤ p log |ζ − a| + q for all ζ ∈ G } (0 < r < +∞). Obviously, the following alternative holds: either

M_{G,a}(u, r) = +∞ for all r > 0,

Finely holomorphic and subharmonic functions in contour-solid problems 335 or M_{G,a}(u, r) < +∞ for all r > 0. If the latter case holds true, the function M_{G,a}(u, r) of r > 0 belongs to the class L. Suppose that M_{G,a}(u, · ) ≢ −∞, and denote by r^− and r^+ the left and the right ends of the maximal interval where this function is > −∞. Then the function ζ → M_{G,a}(u, |ζ − a|) is superharmonic under r^− < |ζ − a| < r^+ , and M_{G,a}(u, |ζ − a|) = −∞ under |ζ − a| < r^− and under |ζ − a| > r^+ . Furthermore, in this case u has in G a finely harmonic majorant and (5.4) u(ζ) ≤ γ_G(u, ζ) ≤ M_{G,a}(u, |ζ − a|) for all ζ ∈ G. These inequalities are valid also in the case when M_{G,a}(u, |ζ − a|) ≡ −∞.

Denote ϱ^− := inf_{ζ∈G} |ζ|, ϱ^+ := sup_{ζ∈G} |ζ|. Then ϱ^− ≤ r^− ≤ r^+ ≤ ϱ^+.

Let λ ∈ L. Consider the following conditions:

(A^′, ∞) ∞ ∈ b(CG) and for every finely connected component T of G with ∞ ∈ b(T ) there holds u^∞_{T,f} < +∞;

(B^′, ∞) ∞ /∈ b(CG) and there exist a constant t ∈ R and a fine neighbourhood V of ∞ for which (5.5) u(ζ) ≤ λ(|ζ − a|) + t for all ζ ∈ G ∩ V ; (A^′, a) a ∈ b(CG) and for every finely connected component T of G with a ∈ b(T ) there holds u^a_{T,f} < +∞;

(B^′, a) a /∈ b(CG) and there exist a constant t ∈ R and a fine neighbourhood V of a for which (5.6) u(ζ) ≤ λ(|ζ − a|) + t for all ζ ∈ G ∩ V. 5.2. Using this notation and (2.1), we get the following result. Theorem 7. Let a ∈ C be a fixed point; G ⊂ C \ {a} be a finely open set;

λ ∈ L; u: G → [−∞, +∞) be a finely hypoharmonic function for which ǔ_{G,f} (z) ≤ λ(|z − a|) for all z ∈ (∂_f G) \ {a}. Denote z_1 := a, z_2 := ∞ and suppose that for each s = 1, 2 (independently from each other) one of the conditions (A^′, z_s) or (B^′, z_s) is satisfied. Then u has in G

336 Promarz M. Tamrazov

a finely harmonic majorant, and one and only one of the following two possibilities holds true: either the estimates (5.7) u(ζ) ≤ γ_G(u, ζ) ≤ λ(|ζ − a|) for all ζ ∈ G, or the following exceptional case: G = C \ {a} and (5.8) u(ζ) = γ_G(u, ζ) = M_{G,a}(u, |ζ − a|) = ν log |ζ − a| + t for all ζ ∈ G, (5.9) λ(x) = ν log x + l for all x > 0 with constants ν, t ∈ R, l ∈ [−∞, t).

Moreover, if the exceptional case is not valid, then one of the following two possibilities holds true: either (5.10) M_{G,a}(u, r) = −∞ for all r > 0, or λ ∈ L^∗, x^−_λ < x^+_λ and u(ζ) = γ_G(u, ζ) = −∞ for all ζ ∈ G : |ζ − a| /∈ (x^−_λ , x^+_λ), (5.11) M_{G,a}(u, r) ≤ λ(r) for all r : x^−_λ ≠ r ≠ x^+_λ ,

(5.12) M_{G,a}(u, r) = −∞ for all r /∈ [x^−_λ , x^+_λ]. (5.13)

Remark 5. For every fixed s = 1, 2 the following statements are true. (a)–(c) The same as (a)–(c) in Remark 3.

(d) The condition (B^′, z_s) implies the inequality u^{zs}_{G,f} < +∞. (e) If z_s /∈ b(CG), then the condition (B^′, z_s) in Theorem 7 may not be omitted.

(f) Now suppose that there exist more than one finely connected components T of G with z_s ∈ b(T ). Then for every such T we have z_s ∈ b(CT ), and in Theorem 7 in this case we may assume the condition u^{zs}_{T,f} < +∞ for all such T instead of the alternative containing the conditions (A^′, z_s) and (B^′, z_s).

Theorem 7 is contained in the following more general and sharper theorems. Theorem 8.1. Let a ∈ C be a fixed point; G ⊂ C \ {a} be a finely open set; Q be a set contained in ∂_f G and containing the points a and ∞; λ ∈ L; u: G → [−∞, +∞) be a finely hypoharmonic function. Suppose that for every finely connected component T of G the following conditions are satisfied: ǔ_{T,f} (z) < +∞ for all z ∈ (∂_f T ) \ {a};

(a8) ǔ_{T,f} (z) ≤ λ(|z − a|) for all z ∈ (∂_f T ) \ Q; (b8) (c8) Q is nearly negligible relative to T ; u^a_{T,f} < +∞, u^∞_{T,f} < +∞. (d8) Then u(ζ) is upper bounded both on every part of G separable from a and ∞, and on every finely connected part of G finely separable from a and ∞.

Finely holomorphic and subharmonic functions in contour-solid problems 337

For G, a, u, λ under consideration and s = 1, 2 we introduce the quantities σ^s_f = σ^s_f (G, a, u, λ) defined by the following conditions. If λ ∈ L^∗ , then we denote

(5.14) σ^1_f := { ( u( · ) − λ(| · −a|) )_a G,f when x^−_λ = 0, 0 when x^−_λ > 0,

(5.15) σ^2_f := { ( u( · ) − λ(| · −a|))^∞_{G,f} when x^+_λ = +∞, 0 when x^+_λ < +∞.

If λ ≡ −∞, then we assume

(5.16) σ^1_f = σ^2_f = 0.

For λ ∈ L^∗ the following equalities are valid: if λ^0 ≠ +∞, then σ^1_f = u^a_{G,f} + λ^0 , and if λ^∞ ≠ −∞, then σ^2_f = u^∞_{G,f} − λ^∞ .

Theorem 8.2. Let a ∈ C be a fixed point; G ⊂ C \ {a} be a finely open set; Q be a set contained in ∂_f G and containing the points a and ∞; λ ∈ L; u: G → [−∞, +∞) be a finely hypoharmonic function. Suppose that for every finely connected component T of G the conditions (a8)–(c8) of Theorem 8.1 are satisfied. Denote z_1 := a, z_2 := ∞ and suppose that for each s = 1, 2 (independently from each other) one of the conditions (A, z_s) or (B, z_s) is valid. Then u has in G a finely harmonic majorant, and one and only one of the following two possibilities holds true: either the estimates (5.7) and

(5.17) −∞ ≤ σ^1_f ≤ 0, −∞ ≤ σ^2_f ≤ 0,

or the following exceptional case: Q = C \ G, Q is polar and (5.8), (5.9) hold with constants ν, t ∈ R, l ∈ [−∞, t).

Theorem 8.3. Let all assumptions of Theorem 8.2 be satisfied, but its exceptional case and (5.10) be not valid. Then λ ∈ L^∗ , x^−_λ < x^+_λ and (5.11)– (5.13) are true. Moreover, for every finely connected component T of G we have either

(5.18) u(ζ) = γ_G(u, ζ) = −∞ for all ζ ∈ T, or (5.19) λ(|ζ − a|) > −∞ for all ζ ∈ T. For any finely open set G ⊂ C with a non-polar complement CG, and w ∈ C , ζ ∈ G, w ≠ ζ , there exists the Green’s function g_G(w, ζ), and it satisfies the equality g_G(w, ζ) − g_G(∞, ζ) = ∫ log | | | w − z w − ζ | | | dω^Gζ (z).

338 Promarz M. Tamrazov

Let us make the following agreements concerning possible indefinite commutative expressions: (5.20) ∞ · 0 = 0, −∞ + ∞ = −∞. Theorem 8.4. Let the assumptions and notation of Theorem 8.2 be valid.

Suppose that CG is non-polar. Then for every finely connected component T of G we have (5.21) γ_G(u, ζ) ≤ λ(|ζ − a|) + 2∑ s=1 σ^s_f g_G(z_s, ζ) for all ζ ∈ T,

(5.22) M_{G,a} ( u( · ) − 2∑ s=1 σ^s_f g_G(z_s, · ), |ζ − a| ) ≤ λ(|ζ − a|) for all ζ ∈ T.

If there is a point z_s not in b(CT ) and σ^s_f = −∞ for it, then (5.18) is true.

Theorems 1–8.4 are purely fine refinements and extensions of results from [T4]–[T12], [TS1]–[TS3]. In particular, in our present notation, results given in [TS1]–[TS3] were established under additional requirements among which there were the following: the restrictions onto a finely hypoharmonic function u to be upper bounded on each part of G separable from the points ∞ and a, see [TS1], [TS2]; the restriction onto a finely holomorphic function h to be bounded on each part of G separable from the points ∞ and a, see Theorem 2 of [TS3] which is the most general result of that work (the latter restriction concern also Theorem 1 of [TS3] which is a particular case of Theorem 2 of that paper, but the formulation of Theorem 1 of [TS3] missed out the restriction mentioned above).

We use the term solid inequalities for naming the estimates for functions in G and on ~G given by theorems of the type under consideration. The question about the equality sign in solid inequalities at a finely inner point of G is treated in [TS2], [TS3] (see also [T7], [T9]–[T12] concerning the same questions for holomorphic and hypoharmonic functions in standard open sets).

6. On assumptions of contour-solid theorems and examples

Up to what extent are the assumptions of the above theorems essential and needed? To get an idea on the answer to this question, we may restrict ourselves by the following statements concerning holomorphic functions in open sets (see [T4]–[T6], [T8], [T11]).

Let μ: (0, +∞) → [0, +∞) be an arbitrary function. If for such a μ the inequality (4.1.4) of Theorem 1 holds with every G, a and h under consideration, then μ ∈ M (see [T11] and a reference given there). It is the case even if we consider only disks G or points a ∈ ∂G.

Finely holomorphic and subharmonic functions in contour-solid problems 339

This shows that the assumption μ ∈ M is not only sufficient in Theorems 1 and 2, but it is also necessary for them to be valid. Hence M is the natural, maximal class of majorants for the problems in question.

Denote G_0 := {ζ : 0 < |ζ| < 1}, G^′_0 := {ζ ∈ G_0, arg ζ ≠ π}, G_∞ := {ζ : 1 < |ζ| < +∞}, G^′_∞ := {ζ ∈ G_∞, arg ζ ≠ π}. Let us consider the following examples in which β > 0 is a constant.

Example 1. G := G^′_0 , μ(x) := βx. Example 2. G := G^′_∞ , μ(x) := βx.

Example 3. G := G_0 , μ(x) := βx^m , m is an integer. Example 4. G := G_∞ , μ(x) := βx^m , m is an integer.

For Example 1 (similarly, Example 2) with β := e, a := 0 and the function h(ζ) := e^{1/ζ} (h(ζ) := e^ζ , respectively) the assertion of Theorem 1 fails because of the equality h_{a,G,f} = +∞ (h_{∞,G,f} = +∞, respectively), while all other assumptions of this theorem are satisfied.

For Example 3 (similarly, Example 4) with β := 1, a := 0 and the function h(ζ) := ζ^{m−1} (h(ζ) := ζ^{m+1} , respectively) the assertion of Theorem 1 fails because of the lack of the assumption (4.1.2) for z = 0 ((4.1.1) for z = ∞, respectively), while all other assumptions of this theorem are fulfilled and instead of the condition (4.1.2) ((4.1.1), respectively) a similar condition with the replacement of fine o( · ) by O( · ) holds true.

Concerning Theorem 3 we state the following. The assumption (4.1.1) may not be omitted from the condition (B, ∞). This is seen from the following example.

Example 5. Let ∂G consist of the points z = 0 and z = 2^{−k} , when k runs over all positive integers, and G = C \ ∂G. Let m > 0 be an integer and μ(x) = x^{m/2} , h(ζ) = ζ^m .

In (4.2.2) we may not replace the string “for all z ∈ (∂_f G)_r ” by the string “for all z ∈ ~G” or even by “for all z ∈ ∂_f G”. This is seen from the following example.

Example 6. Let ∂G consist of the points z = 0 and z = 2^k , when k runs over all integers, and G = C \ ∂G. Let m ≥ 2 be an integer and μ(x) = (2x)^m , h(ζ) = ζ^m . Then μ_∞ = m and all assumptions of Theorem 3, including (4.2.1), are satisfied. But for any z ∈ G \ {0} the analogue of (4.2.2) fails.

Concerning Theorem 4, one may state the following. In its exceptional case under m > 1, the cardinal number of the set C \ G can take any of the values 0, 1, . . . , m (for instance, G = C\{z_0 +exp(2πik/m)}_{k∈K} where K is an arbitrary subset of the sequence 0, 1, . . . , m) and even greater values.

If μ_0 ≤ 1, the condition (4.2.3) is automatically satisfied.

Example 6 shows that in Theorem 6 the fine continuity assumption (including the finiteness requirement) for h at z = ∞ may not be omitted.

From the same example we see that in Theorem 5 the condition μ_0 ≤ 1 may not be omitted.

In this respect, in the case μ_0 > 1, it is interesting to know what conditions guarantee that (4.2.1) implies (4.2.2) at least for z , ζ close to each other.

340 Promarz M. Tamrazov

Concerning the answer to this question see [T11].

7. On cluster properties of holomorphic and finely holomorphic functions

Using our preceding contour-solid theorems for (usual) holomorphic functions, earlier we had established the following extension of the Iversen–Tsuji theorem.

Theorem 9. Let D ⊂ C be an open set, Q ⊂ ∂D be a set nearly negligible relative to D , a ∈ Q be a fixed limit point for the set (∂D) \ Q. Let ϕ: D → C be a holomorphic function. Denote ϕ̄_D(z) := lim sup ζ→z, ζ∈D |ϕ(ζ)| (z ∈ ∂D), ϕ̄_D(a, (∂D) \ Q)) := lim sup z→a, z∈(∂D)\Q ϕ̄_D(z). Suppose that ϕ̄_D(z) < +∞ for all z ∈ (∂D) \ {a} and for every connected component T of D with a ∈ ∂T there exist a neighbourhood V of the point a and a rational function majorizing |ϕ| in T ∩ V . Then ϕ̄_D(a) = ϕ̄_D(a, (∂D) \ Q). In [T13] and [T14] this result was given under the traditional assumption that the function ϕ is bounded in a neighbourhood of the point a, and there it was also remarked that such an assumption was assumed in the whole paper only for simplicity of formulations. As a matter of fact, we had avoided this assumption on the basis of our Theorems 3 and 3_∗ from [T5] (see also [T8], [T11]).

Now we have established the following fine analogue of this result on the basis of Theorem 2 of the present work, using the notation (2.2).

Theorem 10. Let D ⊂ C be a finely open set, Q ⊂ ∂_f D be a set nearly negligible relative to D , a ∈ Q be a fixed finely limit point for the set (∂_f D) \ Q. Let ϕ: D → C be a finely holomorphic function. Denote ϕ̄_{D,f} (a, (∂_f D) \ Q)) := inf_U { sup z∈U∩(∂_f D)\Q ϕ̄_{D,f} (z), U a fine neighbourhood of a } . Suppose that ϕ̄_{D,f} (z) < +∞ for all z ∈ (∂_f D) \ {a} and for every finely connected component T of D with a ∈ ∂_f T there exist a fine neighbourhood V of the point a and a rational function majorizing |ϕ| in T ∩ V . Then ϕ̄_{D,f} (a) = ϕ̄_{D,f} (a, (∂_f D) \ Q). Theorems 9 and 10 have various consequences for cluster sets of meromorphic and finely meromorphic functions.

Finely holomorphic and subharmonic functions in contour-solid problems 341

8. More lemmas and proofs of lemmas

Let D be a finely open set in C and z ∈ ∂_f D . For any function v: D → [−∞, +∞] denote

(8.1) fine lim inf_{ζ→z, ζ∈D}v(ζ) =: (v)^_{D,f} (z) =: v̂_{D,f} (z).

We establish the following statement.

Lemma 3. Let T be a fine domain in C with a non-polar complement and Z a non-empty subset of the fine boundary ∂_f T such that the harmonic measure ω^T_x (Z) is zero at some fixed point x ∈ T . Then there exists a finely superharmonic function v: T → (0, +∞] for which v(x) = 1 and

(8.2) v̂_{T,f} (z) = +∞ for all z ∈ Z.

Proof. Denote ∂_f T =: X and let χ: X → [−∞, +∞] be any numerical function. Denote by χ^∗(χ_∗) the pointwise infimum (supremum) of all fine superfunctions (fine subfunctions) for χ relative to T , see [F1, pp. 173–177]. Then χ_∗ ≤ χ^∗ in T (this follows from Theorem 14.6 of [F1], but this can be shown also on the basis of Theorem 9.1 of [F1]).

Let now χ be the characteristic function of the set Z . Then χ^∗ ≥ 0 because the function identically equal to zero in T is a subfunction for χ relative to T , and hence χ_∗ ≥ 0.

Since ω^T_x (Z) = 0, for any k ∈ N there exists a fine superfunction w_k for χ relative to T with

(8.3) w_k(x) < 2^{−k}.

From the definition of fine superfunctions there follows that w_k(x) is finely hyperharmonic in T and in the notation (8.1) the following inequality holds:

(8.4) (w_k)^_{T,f} (z) ≥ 1 for all z ∈ Z.

We have also w_k ≥ χ^∗ ≥ 0 and from (8.4) we see that w_k > 0. Then the function

(8.5) w(ζ) := ∑ k∈N w_k(ζ) is finely hyperharmonic in T because it is a pointwise limit of an increasing sequence of finely hyperharmonic functions (see Corollary 2 from [F1, p. 84]). From (8.3)–(8.5) we get w > 0, w(x) < 1 and (8.2). Therefore (see Theorem 12.9 from [F1, p. 158]) w is finely superharmonic in T .

From the above assertions we see that the function v := w/w(x) possesses all properties being stated in the lemma. Lemma 3 is proved.

342 Promarz M. Tamrazov

It has the following extension for higher dimensions.

Lemma 3^n . Let T be a fine domain in R^n with a non-polar complement, let Z ⊂ ∂_f T be a non-empty set whose (generalized) harmonic measure ω^T_x (Z) is zero at some fixed point x ∈ T . Then there exists a finely superharmonic function v: T → (0, +∞] for which v(x) = 1 and

v̂_{T,f} (z) := fine lim inf_{ζ→z, ζ∈T} v(ζ) = +∞ for all z ∈ Z.

The proof is completely analogous.

Lemma 3 is used for proving Lemma 1.

Proof of Lemma 1. Irregular points of ∂_f D form a polar set ( ∂ f D ) i =: S , and because of (3.1) the function u has a finely hypoharmonic extension (see [F1, p. 96]) to a regular finely open set D ∪ S =: D^r (see [F1, pp. 34, 149]). So without loss of generality we may assume that u is defined and finely hypoharmonic in the regular finely open set D^r and E ∩ D^r = ∅. Then from (3.2) there follows that under this new setting we have either ( ∂_f D^r) \ E ≠ ∅, or u(z_0) ≤ 0 at some point z_0 ∈ D^r .

Now let us use the specific properties of the 2-dimensional fine potential theory.

If D^r = C , then because of [F2, Theorem 2.2] the function u is hypoharmonic in C , therefore it is constant, and the above inequality u(z_0) ≤ 0 holds at some point z_0 and implies the inequality u ≤ 0 in D^r .

Let now D^r ≠ C . Then the sets C \ D^r =: F^r and ~D^r are bases (see [F1, pp. 34, 149]). We have also ∂_f D^r = ~D^r ∩ ~F^r ; this set is a base and therefore it is non-polar (see [F1, p. 149]). Moreover, D^r , ~D^r , F^r , C \ ~D^r and ∂_f D^r are Borel sets (see [B, Chapter VII.3], [F1, p. 27]).

Fix any finely connected component T of the set D^r and any point x ∈ T . Clearly the set E is nearly negligible relative to T as well. Denote ∂_f T =: Y .

If the set E ∩ Y is finely closed and non-empty, then ω^T_x (E ∩ Y ) = 0 and we consider the finely superharmonic function v: T → (0, +∞] from Lemma 3 with v(x) = 1 and v̂_{T,f} (z) = +∞ for all z ∈ E ∩ Y.

If E ∩ Y is empty, then we assume v ≡ 0.

Fix any ε > 0. In any of these cases the function w_ε := u − εv is finely hypoharmonic in T , and in the notation of (2.1) and (8.1) applied to T and the functions w_ε , u, v , one can show that (w_ε)ˇ_{T,f} (z) ≤ uˇ_{T,f} (z) − εv̂_{T,f} (z) ≤ 0 for all z ∈ Y. Now we use the known result mentioned in Remark 2 (in [F2, p. 82] it is given under the additional restriction that a finely open set under consideration is bounded;

Finely holomorphic and subharmonic functions in contour-solid problems 343

but in fact this extra restriction is unnecessary). On the basis of this deep result we get w_ε ≤ 0, u(x) ≤ εv(x). Letting ε → 0 in the last inequality, we prove that u(x) ≤ 0. Since x is an arbitrary point of T , we have also u(ζ) ≤ 0 for all ζ ∈ T . If the set E ∩ Y is not finely closed, we fix any ε > 0 and consider the hypoharmonic function u_ε(ζ) := u(ζ) − ε in T and the set T_ε := {ζ ∈ T : u(ζ) ≥ ε} finely closed in T . Suppose that T_ε ≠ ∅. Denote ∂_f T_ε =: Y_ε . We have Y_ε ⊂ T ∪ Y . If z_1 ∈ T ∩ Y_ε , then both z_1 ∈ T_ε and u(z_1) ≤ ε (the latter because otherwise the finely continuous function u is strictly greater than ε in a fine neighbourhood of z_1 , and then z_1 is a finely inner point of T_ε , which contradicts our assumption). Hence u(z_1) = ε. Denote Y ∩ Y_ε =: E_ε . Let now z_2 ∈ E_ε . Then z_2 ∈ E . Consequently, E_ε ⊂ E . The set E_ε is finely closed. Therefore ω^T_x (E_ε) = 0. Obviously,

(u_ε)ˇ_{T,f} (z) < +∞ for all z ∈ Y and (u_ε)ˇ_{T,f} (z) ≤ 0 for all z ∈ Y \ E_ε.

Therefore from the assertion proved above we get u_ε ≤ 0 in T , u ≤ ε in T . Letting ε → 0, we get u ≤ 0 in T .

Since T is an arbitrary finely connected component of D^r , u ≤ 0 in D . So Lemma 1 is proved.

Proof of Lemma 2. The set ( ∂ f D ) i is polar, and p is finely holomorphic in

the set D ∪ ( ∂ f D ) i because of [F6, p. 62]. Therefore without loss of generality

we assume that ( ∂ f D ) i = ∅. Let us suppose that (∂_f D)_r = ∅. Then ~D = C and p is finite and finely holomorphic in C . Hence p is holomorphic in C (see [F6, p. 63]) which contradicts the condition p ≢ const. Thus (∂_f D)_r ≠ ∅.

Fix any δ > 0. Let us denote by A(δ) and B(δ) the left-hand and the righthand sides, respectively, of the equality (4.3.1). Obviously A(δ) ≤ B(δ). Let us suppose that A(δ) < B(δ). Then there exist points ζ_1, ζ_2 ∈ ~D for which |p(ζ_1) − p(ζ_2)| > A(δ), |ζ_1 − ζ_2| = δ. If at least one of the points ζ_1 , ζ_2 belongs to ∂_f D , then it belongs to (∂_f D)_r as well according to the above assumption. Hence the last inequality contradicts the definition of A(δ). It means that ζ_1, ζ_2 ∈ D .

Let us denote by D^1 and D^2 finely connected components of D containing the points ζ_1 and ζ_2 , respectively. For every n = 1, 2 let us denote D_n := {ζ ∈ C : ζ + ζn ∈ D^n}. The function ϕ(ζ) := |p(ζ + ζ1) − p(ζ + ζ2)| is well-defined,

344 Promarz M. Tamrazov

finite and finely continuous on the set F := ~D_1 ∩ ~D_2 . Clearly ϕ(0) > A(δ). Set 1 2 ( A(δ) + ϕ(0) ) =: t. It follows that ϕ(0) > t > A(δ) ≥ 0.

If F contains the point ∞, then ϕ(∞) = 0 and there is a fine neighbourhood V of ∞ such that

(8.6) ϕ(ζ) <^1_2 t for all ζ ∈ F ∩ V.

The finely open set D_0 := D_1 ∩ D_2 contains the point ζ = 0, D_0 ⊂ F and ϕ(ζ) is finely subharmonic in D_0 and finely continuous in ~D_0 (⊂ ~F ).

Let D_∗ be that finely connected component of the finely open set {ζ ∈ D_0 : ϕ(ζ) > t} which contains the point ζ = 0. We have ~D_∗ ⊂ ~F and ϕ(ζ) ≥ t for all ζ ∈ ~D_∗. Notice also that ~D_∗ = D_∗ , and hence ~D_∗ is a closed connected set.

If D_∗ is unbounded, then ~D_∗ contains the point ∞, and ϕ(∞) = 0. In this case ~D_∗ intersects V and because of (8.6) the inequality ϕ(ζ) ≤^1_2 t (< t) must be valid on the non-empty set D_∗ ∩V which contradicts the above oppposite estimate. Hence, the fine domain D_∗ is bounded.

Let z ∈ ∂_f D_∗ . If for the fixed z at least one of two points z + ζ_1 or z + ζ_2 belongs to (∂_f D)_r , then ϕ(z) ≤ A(δ) < t. Otherwise z ∈ D_0 ∩ ∂_f D_∗ , and then ϕ(z) = t. Because of Lemma 1, it follows that ϕ(ζ) ≤ t in D^∗ . But this is in contradiction with the above inequality ϕ(0) > t. This proves the equality (4.3.1). Lemma 2 is proved.

Let B ⊂ C be a bounded finely open set, t ∈ (0, 1), w, z ∈ C, l_t(w, z) := log max{t, |w − z|} and (8.7) H_B ( l_t(w, · ), ζ ) := ∫ l_t(w, x) dω^B_ζ (x). Since B is bounded, the Green’s function satisfies the equalities

g_B(∞, ζ) = 0 for all ζ ∈ B, g_B(w, ζ) = ∫ log | | | w − z w − ζ | | | dω^B_ζ (z) for all ζ ∈ B. (8.8)

We use the following lemma (cf. [T7], [T9], [T10], [T12], [TS1]–[TS3]).

Lemma 4. For every ζ, w ∈ C the limit

(8.9) lim_{t→0} H_B ( l_t(w, · ), ζ ) =: h_B (w, ζ)

exists, is (finely) subharmonic with respect to w ∈ C, finely subharmonic with respect to w ∈ B and satisfies the equation

(8.10) h_B (w, ζ) − g_B(w, ζ) = log |w − ζ| for all ζ ∈ B, for all w ∈ C.

Finely holomorphic and subharmonic functions in contour-solid problems 345

Proof. For every fixed ζ ∈ C the function l_t(w, ζ) is subharmonic with respect to w ∈ C, monotonically decreases and tends to log |w − ζ| when t ↓ 0. Because of (8.7), the limit (8.9) exists, is hypoharmonic with respect to w ∈ C and satisfies the equality h_B (w, ζ) = ∫ log |w − z| dω^B_ζ (z) for all ζ ∈ B, for all w ∈ C : w ≠ ζ.

From here and (8.8) we get (8.10). Therefore the function h_B (w, ζ) is subharmonic with respect to w ∈ C and finely subharmonic with respect to w ∈ B . Lemma 4 is proved.

9. Proof of Theorems 8.1–8.4

Let us use the notation and assumptions of Section 5.1. From the definition of λ ∈ L we see that there are σ, ν ∈ R such that

(9.1) λ(x) ≤ ν log x + σ for all x > 0.

Fix any σ, ν ∈ R for which (9.1) holds. Then from (5.1) we see that

(9.2) λ^0 ≥ ν ≥ λ^∞.

Denote a =: z_1 , ∞ =: z_2 . Taking into account (5.2), (5.3), (5.5), (5.6) and (9.1), we see that any of the conditions (A^′, z_s) and (B^′, z_s) implies the inequality u^{zs}_{T,f} < +∞ for any finely connected component T of G. So, the assumptions of Theorem 8.2 imply the assumptions of Theorem 8.1.

On the other hand, if for every s = 1, 2 there holds z_s /∈ b(CG), then the assumptions of Theorem 8.1 imply the assumptions of Theorem 8.2 and are equivalent to them.

For every s = 1, 2 there is at most one finely connected component T of G with z_s /∈ b(CT ), and we denote this component by T_s . If z_s ∈ b(CG), then we assume

(9.3) T_s = ∅.

The condition (9.3) is equivalent to the condition z_s ∈ b(CG).

The fine domains T_1 and T_2 may coincide, but they may differ as well.

Remark 6. With this notation the assumptions of Theorem 8.1 for given G and u imply that the set G \ (T_1 ∪ T_2) =: G_∗ (as well as any finely connected component of G_∗ ) and the restriction of u to this set satisfy also the assumptions of both Theorem 8.1 and Theorem 8.2.

346 Promarz M. Tamrazov

9.1. Let the assumptions of Theorem 8.1 be valid. From (5.2), (5.3) and the condition (d8) of Theorem 8.1 we conclude that for any finely connected component T of G and for each s = 1, 2 (independently from each other) one of the following two possibilities is valid:

(P1) z_s ∈ b(T ) and u^{zs}_{T,f} < +∞; (P2) z_s /∈ b(T ).

Fix any finely connected component T of G. In case (P1) there exist a fine neighbourhood V_s of z_s and a constant A_s > |ν| for which u(ζ) ≤ A_s | log |ζ − a| | for all ζ ∈ V_s ∩ T.

Then in any neighbourhood of z_s there exists a circle K_s ⊂ V_s of the radius r_s ∈ (0, +∞) centered at a for which

u(ζ) ≤ A_s| log r_s| for all ζ ∈ K_s ∩ T.

The same is true also in case (P2) because then the fine domain T is separable from z_s in the standard topology, and K_s under consideration can be chosen with the condition K_s ∩ T = ∅.

Let U_s be the closed neighbourhood of z_s with the boundary K_s . We may assume that r_1 < 1 < r_2 . So we have (9.1.1) u(ζ) ≤ A_s | log |ζ − a| | for all ζ ∈ U_s ∩ T, for all s = 1, 2.

Fix any constant σ_0 > σ such that

σ_0 > max_{s=1,2} A_s| log r_s|.

From here and (9.1) there follows that the function v(ζ) := u(ζ) − ν log |ζ − a| (assumed as u) satisfies in T \ (U_1 ∪ U_2) (assumed as D ) all assumptions of Lemma 1 with Q as E . Using this lemma, we consecutively deduce

v(ζ) ≤ σ_0 for all ζ ∈ T \ (U_1 ∪ U_2), u(ζ) ≤ ν log |ζ − a| + σ_0 for all ζ ∈ T \ (U_1 ∪ U_2).

(9.1.2)

Because of (9.1.1) the circle K_s ⊂ V_s may be chosen in an arbitrary neighbourhood of z_s , s = 1, 2, and from (9.1.2) we see that u is upper bounded on every part of T separable (in the standard topology) from {z_1, z_2}. It easily follows that u is also upper bounded on each finely connected part of T finely separable from {z_1, z_2}, because the part mentioned is separable from {z_1, z_2}.

Finely holomorphic and subharmonic functions in contour-solid problems 347

Remark 7. We have thus proved that Theorem 8.1 is true under the additional requirement that G is finely connected.

If the statement of Theorem 8.1 is valid for fixed G and u, then there is q ∈ R such that (9.1.3) u(ζ) ≤ q for all ζ ∈ G ∩ {ζ : |ζ − a| = 1}. Thus we have proved that the statement of Theorem 8.1 is true with respect to every finely connected component of G, including T_1 and T_2 . Hence it remains to confirm the statement of Theorem 8.1 with respect to G_∗ altogether.

9.2. Additionally assume that for each s = 1, 2 (independently from each other) one of the conditions (A^′, z_s) or (B^′, z_s) is valid (which coincides with assumptions of Theorem 8.2).

We shall prove that (9.2.1) u(ζ) ≤ ν log |ζ − a| + σ for all ζ ∈ G. 9.3. In this section we suppose for a while that for the fixed G and u the statement of Theorem 8.1 is true (according to Section 9.1, it is the case at least for finely connected G).

As we concluded in Section 9.1, in this case there is q ∈ R such that (9.1.3) holds. We may take (9.3.1). q > |σ|. Denote (9.3.2) G ∩ {ζ : |ζ − a| < 1} =: G_a, G ∩ {ζ : |ζ − a| > 1} =: G^a. First prove that under the condition (9.3.1) there holds

(9.3.3) u(ζ) ≤ ν log |ζ − a| + q for all ζ ∈ G_a.

We have (9.3.4) ǔ_{Ga,f} (z) − ν log |z − a| − q ≤ 0 for all z ∈ (∂_f G_a) \ Q. Let s = 1, z_s = a, and T be any finely connected component of G_a . Then one of the conditions (P1) or (P2) of Section 9.1 holds true. Therefore u is upper bounded on every part of T separable from a, and under the condition (P1) there exists a neighbourhood V of a and a constant A > |ν| for which u(ζ) ≤ A | |log |ζ − a| | | for all ζ ∈ V ∩ T.

348 Promarz M. Tamrazov

First assume that a /∈ b(T ). Then u is upper bounded in T and we consider the function (9.3.5) v(ζ) := u(ζ) − ν log |ζ − a| − q (ζ ∈ T ) which is also upper bounded in T . Because of (9.3.4) we may apply Lemma 1 to the function v in T with the set Q as E . As a result we get v ≤ 0 in T and (9.3.6) u(ζ) ≤ ν log |ζ − a| + q for all ζ ∈ T. Now assume that a ∈ b(T ). If a /∈ b(CT ), then a /∈ b(CG) and the condition (B^′, a) is valid. Therefore (5.6) is valid and may be combined with (9.1). Since u is upper bounded on every part of T separable from a, it follows that the function (9.3.5) in this case is also upper bounded in T because of the above assertions and (5.6), (9.1). Therefore this function satisfies all assumptions of Lemma 1 with Q as E , and in this T we again get the inequalities v ≤ 0 and (9.3.6).

Let now a ∈ b(CT ). Then

g_T (a, ζ) = 0 for all ζ ∈ T

and we shall show that (9.3.6) again is valid.

Consider the function v(ζ) := u(ζ) + A log |ζ − a| − q (ζ ∈ T ) which is upper bounded both in V ∩T and in T \V , and hence it is upper bounded in T .

Using (9.1), (9.1.3) and the condition (b8) of Theorem 8.1, we deduce

(9.3.7) v̌_{T,f} (z) ≤ c log |z − a| for all z ∈ (∂_f T ) \ Q

with the constant c = ν + A.

Let t ∈ (0, 1). From the definition of l_t and (9.3.7) we get (9.3.8) v̌_{T,f} (z) ≤ cl_t(a, z) for all z ∈ (∂_f T ) \ Q. In T the function v is upper bounded and finely hypoharmonic, the function H_T ( l_t(a, · ), ζ ) is lower bounded and finely harmonic with respect to ζ for every t ∈ (0, 1). Therefore in T the function v−cH_T ( l_t(a, · ), ζ ) satisfies all assumptions of Lemma 1 with Q as E . Using this lemma, we get v(ζ) ≤ cH_T ( l_t(a, · ), ζ ) for all ζ ∈ T, for all t ∈ (0, 1).

Letting t ↓ 0, from Lemma 4 we derive v(ζ) ≤ ch_T (a, ζ) = c ( log |ζ − a| + g_T (a, ζ) ) for all ζ ∈ T.

Finely holomorphic and subharmonic functions in contour-solid problems 349

Since g_T (a, ζ) = 0, we get v(ζ) ≤ (ν + A) log |ζ − a| for all ζ ∈ T, and therefore we again obtain (9.3.6).

Thus we have proved that (9.3.6) is valid in every finely connected component of G_a , and therefore (9.3.3) is true.

In the same manner one can prove the analogue of the estimate (9.3.3) for the set G^a defined in (9.3.2). It may be done also by considering the images of the sets G^a , Q and G under the mapping ζ_1 = 1/(ζ − a) and using the above arguments to the point a_1 := 0, the functions u_1(ζ_1) := u(ζ), λ_1(x) := λ(−x) and the numbers ν_1 := −ν , σ_1 := σ , q_1 := q (which is eligible because the assumptions of Theorem 8.2 are invariant under such substitutions). As a result, we get the analogue of (9.3.3) from which the inverse substitutions lead to the estimate

(9.3.9) u(ζ) ≤ ν log |ζ − a| + q for all ζ ∈ G^a.

From (9.1.3), (9.3.3) and (9.3.9) there follows u(ζ) ≤ ν log |ζ − a| + q for all ζ ∈ G. The function v(ζ) := u(ζ) − ν log |ζ − a| − σ in G satisfies the inequality

v̌_{G,f} (z) ≤ 0 for all z ∈ (∂_f G) \ Q

and is upper bounded.

First suppose that (∂_f G)\Q ≠ ∅. Then we may apply Lemma 1 to G (asD ), v (as u), Q (as E ). It gives v ≤ 0 in G and (9.2.1).

Now suppose that (9.2.1) fails. Then it must be (∂_f G) \ Q = ∅, ∂_f G ⊂ Q = ∂_f G, and since the set Q in this case is finely closed and nearly negligible relative to G, it must be polar. Therefore the upper bounded, finely hypoharmonic function v is extendable (see [F1, p. 96]) onto C to a finely hypoharmonic function v_∗ which is also upper bounded. Therefore (see [F2, Theorem 2.2]) v_∗ is hypoharmonic in C . Hence v_∗ and v are constants. Since (9.2.1) fails, we have v ≡ const ∈ (0, +∞) and

(9.3.10) u(ζ) − ν log |ζ − a| − σ ≡ const =: δ ∈ (0, +∞) for all ζ ∈ G.

Thus u is bounded on each bounded part of G separable from the point a. We have also G ∪ ∂_f G = C, G is a fine domain and the points a and ∞ belong to b(G) and do not belong to b(CG). Let us use the following information and

350 Promarz M. Tamrazov

arguments: the points a and ∞ belong to b(G); u is bounded (from both sides!) on every bounded part of G separable from the point a; the conditions (B^′, z_s) are satisfied for s = 1, 2, which implies the inequalities (5.5), (5.6); hence λ is bounded (from both sides!) on every closed subinterval of the interval (0, +∞), the function ζ → λ(|ζ − a|) is bounded on every bounded part of C separable from the point a, and the function w(ζ) := u(ζ) − λ(|ζ − a|) (ζ ∈ G) is upper bounded in fine neighbourhoods of the points a and ∞. From here we deduce that λ ∈ L^∗ , I_λ = (0, +∞), and the function ζ → λ(|ζ − a|) is superharmonic in C \ {a}. Therefore the function w is finite and finely subharmonic in G and bounded on every bounded part of G separable from the point a. Hence it has the finely subharmonic extension onto C which is bounded on each bounded part of C separable from a. Moreover, it is also upper bounded in fine neighbourhoods of the points a and ∞. It means that w ≡ const in G. From here and (9.3.10) we obtain (9.3.11) λ(x) ≡ ν log x + p for all x ∈ (0, +∞) with some constant p ∈ R. On the basis of (9.1) and (9.3.11) we see that σ ≥ p. Comparing (9.3.10) and (9.3.11), we get (9.3.12) u(ζ) − λ(|ζ − a|) ≡ σ + δ − p ≥ δ > 0 for all ζ ∈ G, and we have the exceptional case of the statement of Theorem 8.2.

Thus, we have proved that if the estimate (9.2.1) fails, then ∂_f G is polar, ∂_f G ⊂ Q and we have (9.3.12) and the exceptional case of Theorem 8.2.

Remark 8. Consequently, if in Theorem 8.2 the exceptional case is not valid, then (9.2.1) is true for any σ, ν ∈ R satisfying the condition (9.1).

Recall that the last assertions are established under the extra requirement that for fixed G and u the statement of Theorem 8.1 is true. In particular, this requirement is justified in the case when G is finely connected (see Section 9.1).

9.4. Now we drop the extra assumption of Section 9.3 and make use of the last assertion of that section. Then according to Remarks 6–8 for every finely connected component T of the set G_∗ (if it is non-empty) and the restriction of u to this component the assumptions of Theorems 8.1 and 8.2 are satisfied and the statement of Theorem 8.1 is true, therefore the estimate (9.2.1) is valid (because for T in question the exceptional case of Theorem 8.2 is impossible). Since the right-hand side in this estimate (9.2.1) is common for all components of G_∗ , we get (9.4.1) u(ζ) ≤ ν log |ζ − a| + σ for all ζ ∈ G_∗. Now from (9.4.1) and the last assertion of Section 9.1 we see that Theorem 8.1 is true in the general case.

Hence on the basis of the result of Section 9.3 the estimate (9.2.1) also is true in the general case mentioned in Section 9.2.

Finely holomorphic and subharmonic functions in contour-solid problems 351

9.5. Now suppose that (9.2.1) is true for any σ, ν ∈ R satisfying the condition (9.1) (and consequently, the exceptional case of Theorem 8.2 does not hold). We shall show that under this assumption the estimates (5.7) are valid, and if (5.10) fails, then λ ∈ L^∗ , x^−_λ < x^+_λ and (5.11)–(5.13) hold true.

Fix r ∈ (0, +∞). If λ(x) = −∞ in a neighbourhood of r , then one may choose numbers σ, ν ∈ R with the inequality (9.1) in such a way that the quantity ν log r + σ becomes less than any pregiven number M > −∞. Therefore we get M_{G,a}(u, r) = −∞. Hence (5.13) is true. Moreover, if λ ≡ −∞, then (5.10) is valid.

Fix ζ_0 ∈ G, and let G(ζ_0) be that finely connected component of G which contains ζ_0 .

Let now λ ∈ L^∗ . If |ζ_0 − a| does not belong to the closed interval [x^−_λ , x^+_λ], then from (5.13) and (5.4) we deduce

(9.5.1) u(ζ_0) = γ_G(u, ζ_0) = M_{G,a}(u, |ζ_0 − a|) = λ(|ζ_0 − a|) = −∞.

From (9.5.1) we see that the equality (9.5.2) u(ζ) = −∞ is valid for every ζ ∈ G for which |ζ − a| /∈ [x^−_λ , x^+_λ ].

If |ζ_0 − a| ≤ x^−_λ or |ζ_0 − a| ≥ x^+_λ , then in some non-empty, finely open subdomain of G(ζ_0) the equality (9.5.2) is valid, and therefore

(9.5.3) u(ζ) ≡ γ_G(u, ζ) ≡ −∞ for all ζ ∈ G(ζ_0).

So (9.5.2) holds true for all ζ ∈ G for which either |ζ − a| ≤ x^−_λ , or |ζ − a| ≥ x^+_λ . From here and (9.5.3) we deduce (5.11).

In particular, if x^−_λ = x^+_λ , then from (5.11) and (5.13) we obtain u ≡ −∞, γ_G(u, · ) ≡ −∞, M_{G,a}(u, r) = −∞ for all r > 0. Hence, if (5.10) fails, then λ ∈ L^∗ and x^−_λ < x^+_λ .

If x^−_λ < |ζ_0 − a| < x^+_λ , then one may choose σ, ν ∈ R in such a way that (9.1) and the equality λ(|ζ_0 − a|) = ν log |ζ_0 − a| + σ are valid. From here and (9.2.1) we get u(ζ_0) ≤ ν log |ζ_0 − a| + σ = λ(|ζ_0 − a|).

Therefore, taking into consideration the definition of M_{G,a}(u, r), we get M_{G,a}(u, |ζ_0 − a|) ≤ λ(|ζ_0 − a|). It follows

(9.5.4) M_{G,a}(u, r) ≤ λ(r) for all r ∈ (x^−_λ , x^+_λ).

From (9.5.4) and (5.13) we get (5.12). From (5.4), (5.12) and (5.11) we deduce (5.7). The inequalities (5.17) follow from (5.7), (5.14)–(5.16). This completes the proof of Theorem 8.2.

352 Promarz M. Tamrazov

Let us consider the situation of Theorem 8.3. Since (5.10) is excluded, it must be λ ∈ L^∗ , x^−_λ < x^+_λ . Let T be a finely connected component of G. Suppose that there is a point ζ_0 ∈ T with λ(ζ_0) = −∞. Then |ζ_0 − a| /∈ (x^−_λ , x^+_λ ). Using (9.5.3) with T as G(ζ_0), we get (5.18). Hence if (5.18) fails, then (5.19) is true. Theorem 8.3 is proved.

Thus, we have proved Theorems 8.1–8.3. Theorem 7 is contained in Theorems 8.1–8.3.

9.6. Proof of Theorem 8.4. Since the set CG is non-polar, the exceptional case of Theorem 8.2 is impossible and we have (5.7).

Fix any numbers τ_1 , τ_2 such that for each s = 1, 2 (independently from each other) we have either τ_s = σ^s_f = 0, or σ^s_f < τ_s ≤ 0. Let ν, σ ∈ R be such that (9.1) is valid. In view of (5.7), then (9.2.1) holds true as well.

For r > 0 and any function v: G → [−∞, +∞) let us denote sup ζ∈G, |ζ−a|=r v(ζ) := m_{G,a}(v, r).

Introduce in G the function V_{τ1,τ2} (ζ) := u(ζ) − (ν log |ζ − a| + σ) − τ_1g_G(a, ζ) − τ_2g_G(∞, ζ). The function V_{τ1,τ2} (ζ) is finely hypoharmonic in G and upper bounded in every fine subdomain of G finely separable from a and ∞. Moreover, at every finite point z ∈ b(∂_f G) \ {a} there holds fine lim sup_{ζ→z, ζ∈G}V_{τ1,τ2} (ζ) ≤ 0. There exist finite constants c_1 , c_2 such that under |ζ − a| ≥ 1 we have g_G(a, ζ) ≤ c_1 , g_G(∞, ζ) ≤ c_2 + log |ζ − a|.

Let first τ_2 = 0. Then

m_{G,a}(V_{τ1,τ2} , r) ≤ −τ_1c_1 for all r ≥ 1.

Let now σ^2_f < τ_2 < 0. If u^∞_{G,f} = −∞, then there is a fine neighbourhood X of ∞ with the property u(ζ) < (ν + τ_2) log |ζ − a| for all ζ ∈ X \ {∞}. If u^∞_{G,f} ≠ −∞, then we have also λ^∞ ≠ −∞, and then there is a fine neighbourhood X of ∞ with the property u(ζ) < (u^∞_{G,f} + τ_2 − σ^2_f ) log |ζ − a| for all ζ ∈ X \ {∞},

Finely holomorphic and subharmonic functions in contour-solid problems 353 and then in view of (9.2) we have u(ζ) − (ν + τ_2) log |ζ − a| < (u^∞_{G,f} − ν − σ^2_f ) log |ζ − a| = (λ^∞ − ν) log |ζ − a| ≤ 0 for all ζ ∈ X \ {∞}. In both of these cases we have

V_{τ1,τ2} (ζ) ≤ u(ζ) − (ν log |ζ − a| + σ) − τ_1c_1 − τ_2(log |ζ − a| + c_2) ≤ const < +∞ for all ζ ∈ X \ {∞}. Hence, in any case the function V_{τ1,τ2} is upper bounded in some fine neighbourhood of ∞.

There exist finite constants c_3 , c_4 such that under 0 < |ζ − a| ≤ 1 we have g_G(∞, ζ) ≤ c_3 , g_G(a, ζ) ≤ c_4 − log |ζ − a|. First assume that τ_1 = 0. Then m_{G,a}(V_{τ1,τ2} , r) ≤ −τ_2c_3 for all r ∈ (0, 1].

Let now σ^1_f < τ_1 < 0. If u^a_{G,f} = −∞, then there is a fine neighbourhood Y of the point a with the property u(ζ) < (ν − τ_1) log |ζ − a| for all ζ ∈ Y \ {a}. If u^a_{G,f} ≠ −∞, then also λ^0 ≠ +∞ and there is a fine neighbourhood Y of the point a with the property u(ζ) < (−u^a_{G,f} − τ_1 + σ^1_f ) log |ζ − a|, and then in view of (9.2) we have u(ζ) − (ν − τ_1) log |ζ − a| < (−u^a_{G,f} − ν + σ^1_f ) log |ζ − a| = (λ^0 − ν) log |ζ − a| ≤ 0 for all ζ ∈ Y \ {a}. In both of these cases we have

V_{τ1,τ2} (ζ) ≤ u(ζ) − (ν log |ζ − a| + σ) − τ_1(− log |ζ − a| + c_4) − τ_2c_3 ≤ const < +∞ for all ζ ∈ Y \ {a}. Thus, the function V_{τ1,τ2} is upper bounded in some fine neighbourhood of the point a as well. It follows that (V_{τ1,τ2} )ˇ_{G,f} (z) < +∞ for all z ∈ ∂_f G.

354 Promarz M. Tamrazov

The set E := ( ∂ f G ) i is polar, and because of (9.2.1) we have

(V_{τ1,τ2} )ˇ_{G,f} (z) ≤ 0 for all z ∈ ( ∂ f G ) \ E. Hence we may apply Lemma 1 to the function V_{τ1,τ2} (considered as u) in G (considered as D ). As a result we get

V_{τ1,τ2} (ζ) ≤ 0 for all ζ ∈ G,

which means

u(ζ) ≤ ν log |ζ − a| + σ + τ_1g_G(a, ζ) + τ_2g_G(∞, ζ) for all ζ ∈ G.

Letting τ_s → σ^s_f for s = 1, 2, we derive

(9.6.1) u(ζ) ≤ ν log |ζ − a| + σ + σ^1_f g_G(a, ζ) + σ^2_f g_G(∞, ζ) for all ζ ∈ G,

where under every ζ ∈ G the following agreements are adopted. If g_G(a, ζ) = 0, then σ^1_f g_G(a, ζ) = 0 (even under σ^1_f = −∞), and if g_G(∞, ζ) = 0, then σ^2_f g_G(∞, ζ) = 0 (even under σ^2_f = −∞).

Fix any ζ_0 ∈ G. If the condition

(9.6.2) σ^1_f g_G(a, ζ_0) + σ^2_f g_G(∞, ζ_0) = −∞

holds (which is equivalent to the assumptions σ^s_f = −∞, z_s /∈ b ( CG(ζ_0) ) for at least one s = 1, 2), then we have

u(ζ) = γ_G(u, ζ) = −∞ for all ζ ∈ G(ζ_0).

Otherwise for each s = 1, 2 with σ^s_f = −∞ we have z_s ∈ b ( CG(ζ_0) ) and g_G(z_s, ζ) = 0 in G(ζ_0). In this case the inequality (9.6.1) and fine harmonicity of all summands in its right-hand side imply the following inequalities for every ζ ∈ G(ζ_0):

γ_G(u, ζ) ≤ ν log |ζ − a| + σ + 2∑ s=1 σ^s_f g_G(z_s, ζ), (9.6.3)

u(ζ) − 2∑ s=1 σ^s_f g_G(z_s, ζ) ≤ ν log |ζ − a| + σ. (9.6.4)

The estimate (9.6.3) for ζ ∈ G(ζ_0) is valid also in the case when the equality (9.6.2) holds, and this follows from the consequences of this equality. In this case

Finely holomorphic and subharmonic functions in contour-solid problems 355

the same is true for the estimate (9.6.4) as well (under the agreement (5.20)). From here we get

(9.6.5) M_{G,a} ( u( · )− 2∑ s=1 σ^s_f g_G(z_s, · ), |ζ−a| ) ≤ ν log |ζ−a|+σ for all ζ ∈ G(ζ_0).

Let T be a finely connected component of G and ζ_0 ∈ T . If (5.18) is valid, then (5.21) and (5.22) are evidently true.

Let now (5.18) fail. Then because of Theorem 8.3 the following is true: λ ∈ L^∗, x^−_λ < x^+_λ , (5.19) holds, and for every ζ ∈ T we have x^−_λ < |ζ − a| < x^+_λ . Then σ, ν ∈ R may be chosen in such a way that (9.1) and the equality

λ(|ζ_0 − a|) = ν log |ζ_0 − a| + σ

are valid. Therefore on the basis of (9.6.3), (9.6.5) we obtain

γ_G(u, ζ_0) ≤ λ(|ζ_0 − a|) + 2∑ s=1 σ^s_f g_G(z_s, ζ_0),

M_{G,a} ( u( · ) − 2∑ s=1 σ^s_f g_G(z_s, · ), |ζ_0 − a| ) ≤ λ(|ζ_0 − a|).

These estimates are valid for every ζ_0 ∈ T , and hence we get (5.21) and (5.22) also in the case when (5.18) is supposed to fail. Thus estimates (5.21) and (5.22) are true in any case.

Now let us suppose that there is s for which both z_s /∈ b(CT ) and σ^s_f = −∞. Then from (5.21) we see that (5.18) is true. Theorem 8.4 is proved.

10. Proof of Theorem 2 Let h, μ be functions from Theorem 2 satisfying the properties (a2)–(d2) for every finely connected component T of G with z_s ∈ b(T ).

Denote

(10.1) log |h(ζ)| =: u(ζ) (ζ ∈ G), log μ(x) =: λ(x) (0 < x < +∞).

Clearly, u is finely hypoharmonic in G, λ ∈ L. Then in the notations (2.1), (2.2), (4.1)–(4.3), (5.1)–(5.3) we have:

μ_0 = λ^0, μ_∞ = λ^∞

and for every s = 1, 2 and any finely connected component T of G there hold log h̄_{T,f} = ǔ_{T,f} ; h_{zs,T,f} = u^{zs}_{T,f} .

356 Promarz M. Tamrazov

Therefore the conditions (a8)–(d8) of Theorem 8.1 are true as well, and we may apply Theorem 8.1 to u. Thus we derive that u is upper bounded on every bounded part of G separable from a. In particular, there exists a constant q ∈ R such that the inequality (9.1.3) is true.

Obviously for every s = 1, 2 the condition (A, z_s) (see Section 4.1) implies the condition (A^′, z_s) (see Section 5).

We shall show that the condition (B, z_s) from Section 4.1 implies the condition (B^′, z_s) from Section 5 (s = 1, 2). Evidently it is the case if h ≡ 0 in a fine neighbourhood of z_s . So it remains to investigate the opposite situation.

Consider the case when s = 1, z_s = a ∈ b(G) and the condition (B, a) is valid. Let T be that (unique, see Remark 3(c)) finely connected component of G for which z_s ∈ b(T ). Then from (4.1), (4.2), (d8), (4.1.2) and the definition of m_0 we get h_{a,T,f} = h_{a,G,f} ≤ 1 − m_0 < +∞. We have a /∈ b(CG). Introduce the function Ψ(ζ) := h(ζ)(ζ − a)^{1−m0} (ζ ∈ G). This function is finely holomorphic in G. From (4.1.2) we see that it is bounded in a fine neighbourhood of a and there exists

fine lim_{ζ→a, ζ∈G}Ψ(ζ) = 0.

Now we make use of known properties of a finely holomorphic function concerning its structure and elimination of singularities (see [F7], [F6]). In this way we establish that the function Ψ extended to the point a by the value Ψ(a) = 0 is finely holomorphic in G ∪ {a}, and since Ψ ≢ 0 in any fine neighbourhood of a, it has a zero of a finite order at a. From here we see that there exist an integer k ≥ m_0 and a function Φ finely holomorphic in G ∪ {a} such that Φ(a) ≠ 0 and

(10.2) h(ζ) = Φ(ζ)(ζ − a)^k for all ζ ∈ G.

Using (4.2) and (10.2), we get h_{a,G,f} = −k . Thus h_{a,G,f} is an integer and Φ_{a,G,f} = 0. Let us use the notation (9.3.2). Then there is (the unique) finely connected component D of the set G_a for which a ∈ (∂_f D)_i . We have also a ∈ b(D)\b(CD) and u^a_{D,f} = u^a_{G,f} = h_{a,G,f} < +∞. Clearly the analogue of (4.1.2) is valid for D as well.

Denote max{q, log |Φ(a)|} =: q^∗ and consider the function

λ^∗(x) := k log x + q^∗ (0 < x < +∞).

Finely holomorphic and subharmonic functions in contour-solid problems 357

Then the function hypoharmonic in D , u^∗(ζ) := u(ζ) − λ^∗(|ζ − a|) = log |Φ(ζ)| − q^∗, is upper bounded in a fine neighbourhood of the point a.

Let 0 < x ≤ 1, t := log x, p(t) := λ(log t). Then p^′(t) ≤ λ_0 and

λ(1) − λ(x) = p(0) − p(t) = 0∫ t p^′(τ)dτ ≤ −λ_0t = −λ_0 log x (0 < x < 1).

Therefore

λ(x) ≥ λ(1) + λ_0 log x ≥ λ(1) + m_0 log x ≥ λ(1) + k log x = λ(1) − q^∗ + λ^∗(x) (0 < x < 1).

It yields

(10.3) λ^∗(x) − λ(x) ≤ q^∗ − λ(1) for all x ∈ (0, 1).

Using the upper boundedness of u^∗ in a fine neighbourhood of the point a and the estimate (10.3), we establish the upper boundedness of the function u(ζ) − λ(|ζ − a|) = u^∗(ζ) + λ^∗(|ζ − a|) − λ(|ζ − a|) in a fine neighbourhood of the point a.

So we have proved that the condition (B, a) for G, h, μ implies the condition (B^′, a) for G, u, λ. In a similar way one can show that the condition (B, ∞) for G, h, μ implies the condition (B^′, ∞) for G, u, λ (it can be done by means of the transformations and substitutions used in Section 9.3 for proving the estimate (9.3.9)). Hence, the assumptions of Theorem 2 imply the validity of all assumptions of Theorem 8.2 in the notation (10.1). Therefore all statements of Theorem 8.2 can be reformulated with respect to notions and notation of Theorem 2.

Suppose that the exceptional case of Theorem 8.2 holds. Then Q is polar, G = C \ Q, a ∈ b(G) \ b(CG) and u(ζ) = ν log |ζ − a| + t for all ζ ∈ G

with some constants ν, t ∈ R. Hence u^a_{G,f} = −ν , h_{a,G,f} = −ν . But earlier we had shown that in such a situation h_{a,G,f} is an integer. So ν is an integer, and we have the exceptional case of Theorem 2. Theorem 2 is proved.

Remark 9. We have also established that under the assumptions of Theorem 2 all statements of Theorems 8.3, 8.4 in the notation (10.1) are true as well (under the following additional requirements: when the exceptional case and (5.10) are not valid in Theorem 8.3 and when CG is non-polar in Theorem 8.4).

358 Promarz M. Tamrazov

11. Proof of Theorems 3, 4 and 6

11.1. Proof of Theorem 3. Fix an arbitrary point w ∈ (∂_f G)_r . Let us check that we may apply Theorem 1 with w as a, and the function ϕ(ζ) := h(ζ) − h(w) (ζ ∈ G) instead of h(ζ). Indeed, from (4.2.1) we get (4.1.3) with w as a, and ϕ as h. Since for every finely connected component T of G the function h|~_{T ∩C} is finely continuous and w ∈ (∂_f G)_r ⊂ b(CG), therefore h satisfies the condition (A, w), and the same is true for ϕ.

One of the conditions (A, ∞) or (B_0, ∞) is assumed to hold for h, and it implies the same condition for ϕ.

Hence, Theorem 1 is applicable in the situation mentioned above. Since w ∈ (∂_f G)_r , we have G ≠ C\{w} and the exceptional case of Theorem 1 is impossible in the situation under consideration. Thus we get (4.1.4) for ϕ instead of h, and the estimate of (4.2.2) with w as z . Because of the choice of w , it gives us (4.2.2). Theorem 3 is proved.

11.2. Proof of Theorem 4. Consider the function ϕ(ζ) := h(ζ) − h(z_0) (ζ ∈ G). Since ϕ is finely continuous (and finite) at z_0 , one can show (on the basis of the argument used in the proof of Theorem 2) that ϕ is finely holomorphic in a fine neighbourhood of the point z_0 and

(11.2.1) ϕ(ζ) = fine O(|ζ − z_0|^k) (ζ → z_0, ζ ∈ G \ {z_0})

with some integer k ≥ 1.

Let us check that Theorem 1 is applicable to G \ {z_0}, z_0 , ϕ|_{G\{z0}} instead of G, a, h, respectively. Indeed, from (4.2.1) we get (4.1.3) with z_0 as a, and ϕ as h.

From the assumptions of Theorem 4 including (4.2.3) we see that for the situation under consideration, the condition (B, z_0) is valid for ϕ in G\{z_0}, and one of the conditions (A, ∞), (B_0, ∞) for ϕ in G\{z_0} holds as well. Hence Theorem 1 is applicable in the mentioned situation, and as a result of such an application we get either the inequality (4.2.4), or the exceptional case of Theorem 1.

If the exceptional case in the application of Theorem 1 holds true, then

μ(x) = βx^m for all x > 0, ϕ(ζ) = c(ζ − z_0)^m for all ζ ∈ G, h(ζ) = c(ζ − z_0)^m + h(z_0) for all ζ ∈ G

with constants c ∈ C, β ≥ 0, m, where m is an integer and |c| > β . From here and (11.2.1) we see that m ≥ k ≥ 1.

Finely holomorphic and subharmonic functions in contour-solid problems 359

If ∂_f G contains z_0 , it contains no other point because otherwise (4.2.1) would fail for this couple of points, a contradiction.

If m = 1, then μ and h are linear, and ∂_f G contains at most one point, because otherwise we got the same contradiction with (4.2.1) as above.

The last statement of Theorem 4 is obviouos. Theorem 4 is proved.

11.3. Proof of Theorem 6. We shall apply Lemma 2 with D := G and p := h. Fix arbitrary δ > 0, ε > 0, and denote by A(δ) and B(δ) the right-hand and the left-hand sides of (4.3.1), respectively. Because of Lemma 2, then there exist points a ∈ (∂_f G)_r and w ∈ ~G such that |a − w| = δ and |h(a) − h(w)| > A(δ) − ε = B(δ) − ε. One may check that in this case all requirements of Theorem 3 are fulfilled, and using it we get sup ζ∈~G, |ζ−a|=δ |h(ζ) − h(a)| ≤ μ(δ). Consequently, B(δ)−ε ≤ μ(δ). Letting ε → 0, we obtain B(δ) ≤ μ(δ). Theorem 6 is proved.

References

[B] Brelot, M.: On Topologies and Boundaries in Potential Theory. - Lecture Notes in Math. 175, Springer-Verlag, 1971.

[F1] Fuglede, B.: Finely Harmonic Functions. - Lecture Notes in Math. 289, Springer-Verlag, 1972.

[F2] Fuglede, B.: Fonctions harmoniques et fonctions finement harmoniques. - Ann. Inst. Fourier (Grenoble) 24, 1974, 77–91.

[F3] Fuglede, B.: Boundary minimum principles in potential theory. - Math. Ann. 210, 1974, 213–226.

[F4] Fuglede, B.: Sur la fonction de Green pour un domaine fin. - Ann. Inst. Fourier (Grenoble) 25, 1975, 201–206.

[F5] Fuglede, B.: Finely harmonic mappings and finely holomorphic functions. - Ann. Acad Sci. Fenn. Math. 2, 1976, 113–127.

[F6] Fuglede, B.: Sur les fonctions finement holomorphes. - Ann. Inst. Fourier (Grenoble) 31, 1981, 57–88.

[F7] Fuglede, B.: Finely holomorphic functions. A survey. - Rev. Roumaine Math. Pures Appl. 33, 1988, 283–295.

[Sew] Sewell, S.W.: Degree of Approximation by Polynomials in the Complex Domain. - Ann. of Math. Stud. 9, Princeton Univ. Press, Princeton, N.J., 1942.

[T1] Tamrazov, P.M.: Constructive and structural properties of functions on compact sets of the complex plane. - Abstracts of Reports Presented at the All-Union Conference on Theory of Functions of a Complex Variable, Kharkov, 1971, 206–208 (Russian).

[T2] Tamrazov, P.M.: Boundary and solid properties of holomorphic functions in a complex domain. - Dokl. Akad. Nauk SSSR 204, 1972, 565–568 (Russian).

[T3] Tamrazov, P.M.: Contour and solid structural properties of holomorphic functions of a complex variable. - Uspekhi Mat. Nauk 28, 1973, 131–161 (Russian).

360 Promarz M. Tamrazov

[T4] Tamrazov, P.M.: Contour-solid properties of holomorphic functions and mappings. - Akad. Nauk Ukrain. SSR Inst Mat., Preprint 33, 1983 (Russian).

[T5] Tamrazov, P.M.: Contour-solid problems for holomorphic functions and mappings. - Akad. Nauk Ukrain. SSR Inst Mat., Preprint 65, 1983 (Russian).

[T6] Tamrazov, P.M.: Contour-solid properties of holomorphic functions and mappings of one and several complex variables. - International Conference on the Theory of Approximation of Functions, Kiev, May 30–June 6, 1983, Abstracts of papers, Kiev, 1983 (Russian).

[T7] Tamrazov, P.M.: Local contour-solid problem for subharmonic functions. - Akad. Nauk Ukrain. SSR Inst. Mat., Preprint 52, 1984 (Russian).

[T8] Tamrazov, P.M.: Holomorphic functions and mappings in the contour-solid problem. - Dokl. Akad. Nauk SSSR 279, 1984, 38–43 (Russian).

[T9] Tamrazov, P.M.: Subharmonic functions in a contour-solid problem. - Akad. Nauk Ukrain. SSR Inst Mat., Preprint 47, 1985 (Russian).

[T10] Tamrazov, P.M.: Local contour-and-solid problem for subharmonic functions. - Complex Variables Theory Appl. 7, 1986, 231–242.

[T11] Tamrazov, P.M.: Contour-solid results for holomorphic functions. - Izv. Akad. Nauk SSSR Ser. Mat. 50, 1986, 835–848 (Russian).

[T12] Tamrazov, P.M.: Sharpened contour-solid theorems for subharmonic functions. - Ukrain. Mat. Zh. 40, 1988, 210–219 (Russian).

[T13] Tamrazov, P.M.: Differential contour-solid properties of analytic functions. - Preprint 95.6, National Academy of Sciences of Ukraine, Institute of Mathematics, 1995, Kiev.

[T14] Tamrazov, P.M.: Differential contour-solid problem for analytic functions. - Ukrain. Mat. Zh. 48, 1996, 834–842 (Russian).

[T15] Tamrazov, P.M.: Contour-solid theorems for finely holomorphic and finely hypoharmonic functions. - Linköping University Report LITH-MAT-R-99-07, 1999.

[T16] Tamrazov, P.M.: Finely holomorphic functions in contour-solid and cluster problems. - In: Finite or Infinite Dimensional Complex Analysis: 7-th International Colloquium. - Marcel Dekker, New York, 2000, 511–522.

[T17] Tamrazov, P.M.: Local contour-solid theorems for finely hypoharmonic functions. - In: Proceedings of the Second ISAAC Congress, Vol. 1. - Kluwer Academic Publishers, Dordrecht, 2000, 623–634.

[TS1] Tamrazov, P.M., and A.A. Sarana: Contour-solid properties of finely subharmonic functions. - Preprint 94.33, National Academy of Sciences of Ukraine, Institute of Mathematics, 1994, Kiev (Ukrainian).

[TS2] Tamrazov, P.M., and A.A. Sarana: Contour-solid properties of finely hypoharmonic functions. - Ukrain. Mat. Zh. 49, 1997, 1114–1125 (Russian).

[TS3] Tamrazov, P.M., and A.A. Sarana: Contour-solid properties of finely holomorphic functions. - Ukrain. Mat. Zh. 50, 1998, 712–723 (Russian).

[Tsu] Tsuji, M.: Potential Theory in Modern Function Theory. - Maruzen, Tokyo, 1959.

Received 7 December 1999