Annales Academiæ Scientiarum Fennicæ Mathematica Volumen 26, 2001, 509–518

HIGHER ORDER VARIATIONAL INEQUALITIES WITH NON-STANDARD GROWTH CONDITIONS IN DIMENSION TWO: PLATES WITH OBSTACLES

Michael Bildhauer and Martin Fuchs

Universität des Saarlandes, Fachrichtung 6.1 Mathematik Postfach 15 11 50, D-66041 Saarbrücken, Germany; bibi@math.uni-sb.de, fuchs@math.uni-sb.de

Abstract. For a domain Ω ⊂ R^2 we consider the second order variational problem of minimizing J(w) = ∫ Ω f(∇^2w) dx among functions w : Ω → R with zero trace respecting a side condition of the form w ≥ Ψ on Ω . Here f is a smooth convex integrand with non-standard growth, a typical example is given by f(∇^2w) = |∇^2w| ln(1 + |∇^2w|) . We prove that—under suitable assumptions on Ψ —the unique minimizer is of class C^{1,α}(Ω) for any α < 1 . Our results provide a kind of interpolation between elastic and plastic plates with obstacles.

1. Introduction and main result Let Ω denote a bounded, star-shaped Lipschitz domain in R^2 and suppose we are given an N -function A having the Δ_2 -property, precisely (see, e.g. [A] for details) the function A: [0, ∞) → [0, ∞) satisfies

A is continuous, strictly increasing and convex;

(N1)

lim_{t↓0} A(t) t = 0, lim_{t→∞} A(t) t = +∞;

(N2)

there exist k, t_0 ≥ 0 : A(2t) ≤ kA(t) for all t ≥ t_0.

(N3)

The function A generates the Orlicz space L_A(Ω) equipped with the Luxemburg norm ‖u‖_{LA(Ω)} := inf { l > 0 : ∫ Ω A ( 1 l |u| ) dx ≤ 1 } , the Orlicz–Sobolev space W^l_A(Ω) is defined in a standard way (see again [A]), finally, we let W̊^l_A(Ω) := closure of C^∞_0 (Ω) in W^l_A(Ω).

For local spaces we use symbols like W̊^l_{A,loc}(Ω), L^p_{loc}(Ω) etc. Suppose further that we are given a function Ψ ∈ W^3_2 (Ω) (⊂ C^{1,α}( Ω)) which satisfies

Ψ_{|∂Ω} < 0, max_Ω Ψ > 0

2000 Mathematics Subject Classification: Primary 49N60, 74K20, 35J85.

510 Michael Bildhauer and Martin Fuchs

and let K := { v ∈ W̊^2_A(Ω) : v ≥ Ψ a.e. on Ω } . It is easy to see that K contains a function Ψ_0 of class C^∞_0 (Ω): let Ω^+ := [Ψ ≥ 0] and choose η ∈ C^∞_0 (Ω) such that η ≡ 1 on Ω^+ and 0 ≤ η ≤ 1 on Ω. Then Ψ_0 := η max { 0, max_Ω Ψ } has the desired properties.

Next we formulate the hypotheses imposed on the integrand: f: R^{2×2} → [0, ∞) is of class C^2 satisfying

c_1 { A ( |ξ| ) − 1 } ≤ f(ξ) ≤ c_2 { A ( |ξ| ) + 1 } ; (1.1) λ ( 1 + |ξ|^2 )_{−μ/2} |η|^2 ≤ D^2f(ξ)(η, η); (1.2) |D^2f(ξ)| ≤ Λ < +∞; (1.3) |D^2f(ξ)| |ξ|^2 ≤ c_3 { f(ξ) + 1 } ; (1.4) A^∗ ( |Df(ξ)| ) ≤ c_4 { A ( |ξ| ) + 1 } (1.5)

for all ξ , η ∈ R^{2×2} . Here c_1 , c_2 , c_3 , c_4 , λ and Λ denote positive constants, μ is some parameter in [0, 2), and A^∗ is the Young transform of A. From (1.3) we see that f is of subquadratic growth, i.e. lim sup_{|ξ|→∞} f(ξ)/|ξ|^2 < +∞, (1.4) is the so-called balancing condition being of importance also in the papers [FO], [FM] and [BFM]. As shown for example in [FO] we can take f(ξ) := |ξ| ln(1 + |ξ|) or its iterated version f_l(ξ) := |ξ|f̃_l(ξ) with f̃_1(ξ) = ln(1 + |ξ|), f̃_{l+1}(ξ) = ln ( 1 + f̃_l(ξ) ) . But also power growth (1 + |ξ|^2)^{p/2} , 1 < p ≤ 2, is included. Moreover, we can consider integrands f such that c|ξ|^p ≤ f(ξ) ≤ C|ξ|^p , |ξ| ≫ 1, 1 < p ≤ 2, and which are elliptic in the sense of (1.2) for any given 0 ≤ μ < 2 (compare [BFM] for a concrete construction). Let us now state our main result.

Theorem 1.1. Let (1.1)–(1.5) hold. Then the obstacle problem

(V) J(w) := ∫ Ω f(∇^2w) dx ⇝ min in K

admits a unique solution u which is of class W^2_{p,loc}(Ω) for any finite p, in particular we have u ∈ C^{1,α}(Ω) for any α < 1, thus u belongs—at least locally—to the same Hölder class as the obstacle Ψ.

Remark 1.2. The statement clearly extends to the vectorial setting of functions v: Ω → R^M and componentwise constraints v^i ≥ Ψ^i provided Ψ^1, . . . , Ψ^M are as above.

First of all, let us remark that Theorem 1.1 extends the power-growth case studied in [FLM] to the whole scale of arbitrary subquadratic growth which is described in terms of the N -function A. The main difficulty here is that we have no analogue to the density property of smooth functions with compact support in

Higher order variational inequalities 511

the class {v ∈ W̊^2_p (Ω) : v ≥ Ψ} stated in Lemma 2.3 of [FLM] which in turn is based on the deep result Theorem 9.1.3 of [AH]. In place of this we now use a more elaborate approximation procedure involving not only the functional J but also the obstacle Ψ which has the advantage that the density result (see Lemma 2.2 for a precise statement) becomes more or less evident. Of course, this strategy is also applicable in the setting of [FLM] which is included as a subcase.

The problem under consideration is of some physical interest: consider a plate which is clamped at the boundary and whose undeformed state is represented by the region Ω. If some outer forces are applied acting in vertical direction, then the equilibrium configuration can be found as a minimizer of the energy

I(w) := ∫ Ω g(∇^2w) dx + potential terms.

The physical properties of the plate are characterized in terms of the given convex function g: R^{2×2} → R. In the case of elastic plates we have g(ξ) = |ξ|^2 (up to physical constants), for perfectly plastic plates (treated for the unconstrained case e.g. in [S] with the help of duality methods) g is of linear growth near infinity. Since we describe g in terms of the arbitrary N -function A, we can construct any kind of interpolation between the limit cases of linear and quadratic growth. Let us also mention that for elastic plates with obstacles the minimizer is of class C^2( Ω) (see [FR]) provided that Ψ is sufficiently regular. For unconstrained plates with logarithmic hardening law it was shown in [FS, Theorem 5.1], that u is of class C^{2,α}(Ω) for any 0 < α < 1.

Our paper is organized as follows: in Section 2 we introduce suitable regularisations of problem (V) and prove some convergence properties. Moreover, a density result is established. Section 3 is devoted to the proof of Theorem 1.1: we show that for the approximative solutions u^ε the quantities (1 + |∇^2u^ε|^2)^{(2−μ)/4} are locally uniformly bounded in W^1_{2,loc}(Ω) which gives the claim with the help of Sobolev’s embedding theorem.

2. Regularisation and a density result

From now on assume that all the hypotheses stated in and before Theorem 1.1 hold. Without loss of generality we may also assume that

Ψ > −1 on ∂Ω and Ω = D_1 = { z ∈ R^2 : |z| < 1 } . Proceeding exactly as in [FO, Theorem 3.1], we find that (V) has a unique solution u (which of course holds for any strictly convex f with property (1.1)). For the reader’s convenience we remark that the trace theorem 2.1 of [FO] used during the existence proof has now to be replaced by the statement that W̊^2_A(Ω) = W^2_A(Ω) ∩ W̊^2_1 (Ω) which can be obtained with the same arguments as used in [FO, Theorem 2.1].

512 Michael Bildhauer and Martin Fuchs

Since the statement of Theorem 1.1 is local, we fix some disc D ⋐ Ω. Let us introduce a sequence {Ψ^ε}_ε such that Ψ^ε ∈ W^3_2 (Ω), Ψ^ε = Ψ in a neighborhood of D, Ψ^ε ≡ −1 on D_1 − D_{1−ε} and Ψ^ε → Ψ a.e. on D_1 as ε ↓ 0.

Of course we can also arrange Ψ_0 ≥ Ψ ≥ Ψ^ε . Consider now the problems (V^ε ) J(w) ⇝ min in K^ε := { v ∈ W̊^2_A(Ω) : v ≥ Ψ^ε a.e. } with unique solution u^ε and its quadratic regularisation

(V^ε_δ )

J_δ(w) := δ 2 ∫ Ω |∇^2w|^2 dx + J(w) ⇝ min in K^{ε′} := { v ∈ W̊^2_2 (Ω) : v ≥ Ψ^ε a.e. } . Note that Ψ_0 ∈ K^{ε′} , hence K^{ε′} ≠ ∅, and (V^ε_δ ) has a unique solution u^ε_δ . We have J_δ(u^ε_δ) ≤ J_δ(Ψ_0) ≤ J_1(Ψ_0) < +∞, thus ∫ Ω A ( |∇^2u^ε_δ| ) dx ≤ const < +∞ and similar to [FO, Lemma 3.1], or [FLM, Lemma 2.4], we deduce Lemma 2.1. For any fixed ε > 0 we have u^ε_δ^{δ↓0}⇁ u^ε in W^2_1 (Ω), (i) δ ∫ Ω |∇^2u^ε_δ|^2 dx^{δ↓0}→ 0,

(ii) J^δ(u^ε_δ)^{δ↓0}→ J(u^ε).

(iii)

Proof. Clearly u^ε_δ ⇁ ũ^ε as δ ↓ 0 in W^2_1 (Ω) for some function ũ^ε which is easily seen (compare [FO]) to belong to the class K^ε (obviously u^ε_δ → ũ^ε a.e. on Ω as δ ↓ 0). For w ∈ K^{ε′} we have

J_δ(ũ^ε) ≤ J_δ(w)^{δ↓0}→ J(w) and J(ũ^ε) ≤ lim inf_{δ↓0} J(u^ε_δ) ≤ lim inf_{δ↓0} J_δ(u^ε_δ); thus it is proved for all w ∈ K^{ε′} (2.1) J(ũ^ε) ≤ J(w). By Lemma 2.2 we also know that K^{ε′} is dense in K^ε , hence (2.1) holds for any w ∈ K^ε and ũ^ε = u^ε follows. The other statements of Lemma 2.1 are obvious.

Higher order variational inequalities 513

Lemma 2.2. The class K^{ε′} is dense in K^ε .

Proof. Consider v ∈ K^ε and define (0 < ϱ < 1)

v_ϱ(x) := v ( 1 ϱ x ) , if |x| ≤ ϱ, 0, if ϱ ≤ |x|, for x ∈ Ω; v_ϱ is of class W̊^2_A(Ω) and

(2.2) ‖v_ϱ − v‖_W 2_{A(Ω)} → 0 as ϱ ↑ 1.

According to Poincaré’s inequality (see, for example, [FO, Lemma 2.4]) (2.2) is a

consequence of

(2.3) ‖∇^2v_ϱ − ∇^2v‖_{LA} (Ω) → 0 as ϱ ↑ 1,

and (2.3) is established as soon as we can show (compare, e.g. [FO, Lemma 2.1])

(2.4) ∫ Ω A ( |∇^2v_ϱ − ∇^2v| ) dx → 0 as ϱ ↑ 1. To this end observe that

∇^2v_ϱ − ∇^2v^{ϱ↑1}→ 0 a.e. on Ω.

Moreover A ( |∇^2v_ϱ − ∇^2v| ) ≤ A ( |∇^2v_ϱ| + |∇^2v| ) ≤^1_2 ( A ( 2|∇^2v_ϱ| ) + A ( 2|∇^2v| )) by convexity and monotonicity of A. The Δ_2 -condition yields (see [FO, inequality

(2.1)]) A(mt) ≤ A(mt_0) + ( 1 + k^{(ln m/ln 2)+1} ) A(t) for all m, t ≥ 0. This implies for a.a. |x| ≤ ϱ A ( 2|∇^2v_ϱ(x)| ) = A ( 2ϱ^{−2}|∇^2v(x/ϱ)| ) ≤ A ( 2ϱ^{−2}t_0 ) + ( 1 + k^{(ln 2ϱ−2/ln 2)+1} ) A ( |∇^2v(x/ϱ)| ) := g̃_ϱ(x),

hence A ( |∇^2v_ϱ − ∇^2v| ) ≤^1_2 ( A ( 2|∇^2v| ) + g̃_ϱ(x) ) =: g_ϱ(x)

being valid for a.a. x ∈ Ω if we define g̃_ϱ(x) = 0 for |x| > ϱ. We have

g_ϱ(x)^{ϱ↑1}→^1_2 ( A ( 2|∇^2v(x)| ) + A(2t_0) + ( 1 + k^2 ) A ( |∇^2v(x)| )) =: g(x)

514 Michael Bildhauer and Martin Fuchs

a.e. and also ∫ Ω g_ϱ dx → ∫ Ω g dx as ϱ ↑ 1. The version of the dominated convergence theorem given in [EG, Theorem 4, p. 21], implies (2.4).

For small enough h > 0 let (φ)_h denote the mollification of a function φ with radius h. Let us define

w := (v_ϱ)_h + Ψ^ε − ( [Ψ^ε]_ϱ ) h, where

[Ψ^ε]_ϱ(x) :=

Ψ^ε ( 1 ϱ x ) , if |x| ≤ ϱ, −1, if |x| ≥ ϱ, for x ∈ Ω. Of course we assume 1 − ϱ ≤^1_2 ε and h ≤^1_2 (1 − ϱ) (note that we can define the mollified functions for any x ∈ Ω since v_ϱ and [Ψ^ε]_ϱ are constant near the boundary and therefore can be extended by the same value to the whole plane). Then (v_ϱ)_h − ( [Ψ^ε]_ϱ ) h ≥ 0 which is a consequence of v_ϱ − [Ψ^ε]_ϱ ≥ 0, thus w ≥ Ψ^ε . Since Ψ^ε ≡ −1 on D_1 −D_{1−ε} we also have w = 0 near ∂Ω, moreover, w ∈ W^3_2 (Ω), and ‖w−v‖_W 2_{A(Ω)} becomes as small as we want if we first choose ϱ close to 1 and then let h go to zero.

Lemma 2.3. We have the following convergence properties

u^{ε ε↓0}⇁ u in W^2_1 (Ω), (i) J(u^ε)^{ε↓0}→ J(u). (ii)

Proof. From Ψ_0 ∈ K^ε we get J(u^ε) ≤ J(Ψ_0) < +∞; as usual this implies that u^ε ⇁: ũ in W^2_1 (Ω) as ε ↓ 0 and that ũ is in the space W̊^2_1 (Ω). We may assume that u^ε → ũ a.e. as ε ↓ 0, hence Ψ = lim_{ε↓0} Ψ^ε ≤ lim_{ε↓0} u^ε = ũ a.e. Thus ũ ∈ K and in conclusion J(u) ≤ J(ũ). On the other hand u ≥ Ψ ≥ Ψ^ε implies u ∈ K^ε , hence

J(u^ε) ≤ J(u) and in conclusion J(ũ) ≤ lim inf_{ε↓0} J(u^ε) ≤ J(u).

By strict convexity J(u) = J(ũ) implies u = ũ.

Higher order variational inequalities 515

3. Proof of Theorem 1.1

Consider now η ∈ C^∞_0 (D), 0 ≤ η ≤ 1. Following the lines of [FLM] we get estimate (3.6) of [FLM] with g_δ replaced by f_δ(ξ) =^1_2 δ|ξ|^2 + f(ξ) and u^ε_δ , Ψ^ε in place of u_δ , Φ, i.e. (summation with respect to γ = 1, 2) ∫ D η^6D^2f_δ ( ∇^2u^ε_δ )( ∂_γ ∇^2u^ε_δ, ∂_γ∇^2u^ε_δ ) dx ≤ c ∫ D | |D^2f_δ(∇^2u^ε_δ) | | (|∇u^ε_δ|^2 + |∇^2u^ε_δ|^2 + |∇Ψ^ε|^2 + |∇^2Ψ^ε|^2 + |∇^3Ψ^ε|^2) dx.

(3.1)

By construction, Ψ^ε = Ψ in a neighborhood of D , hence we may write Ψ in place of Ψ^ε on the right-hand side of (3.1). Note also that the constant c appearing in (3.1) is independent of ε and δ . (1.3) together with the remark that Ψ = Ψ^ε on D implies ∫ D | |D^2f_δ(∇^2u^ε_δ) | |(|∇Ψ^ε|^2 + |∇^2Ψ^ε|^2 + |∇^3Ψ^ε|^2) dx ≤ c (independent of ε, δ ).

From J_δ(u^ε_δ) ≤ J_1(Ψ_0) < +∞

we deduce δ ∫ D |∇^2u^ε_δ|^2 dx ≤ c (independent of ε, δ ).

From (1.4) we get ∫ D | |D^2f(∇^2u^ε_δ) | | |∇^2u^ε_δ|^2 dx ≤ c ∫ D ( f ( ∇^2u^ε_δ ) + 1 ) dx ≤ c ( J(u^ε_δ) + 1 ) ≤ c ( J(Ψ_0) + 1 ) . From the uniform bound on J(u^ε_δ) we deduce a uniform bound for the quantity ‖u^ε_δ‖_W 2_{1 (Ω)} , and since n = 2, we see that ‖∇u^ε_δ‖_L2_{(Ω)} is bounded independent of ε and δ . Inserting these estimates in (3.1) we end up with

(3.2) ∫ D η^6D^2f_δ ( ∇^2u^ε_δ )( ∂_γ ∇^2u^ε_δ, ∂_γ∇^2u^ε_δ ) dx ≤ c(η) < +∞ being valid for all sufficiently small ε and δ . Consider now the auxiliary function

h^ε_δ := ( 1 + |∇^2u^ε_δ|^2 )_{(2−μ)/4} which is of class W^1_{2,loc}(Ω) (note that μ < 2 and that u^ε_δ ∈ W^3_{2,loc}(Ω), the last statement following exactly along the lines of [FLM]). (3.2) implies

(3.3) ∫ D |∇h^ε_δ|^2η^6 dx ≤ c(η) < +∞,

516 Michael Bildhauer and Martin Fuchs

and from μ ≥ 0 we get h^ε_δ ≤ ( 1 + |∇^2u^ε_δ|^2 )_{1/2} . J_δ(u^ε_δ) ≤ const implies ∫ Ω h^ε_δ dx ≤ const < +∞ and together with (3.3) we find h^ε_δ ∈ W^1_{2,loc}(D) with local bound independent of ε and δ . We claim

(3.4) h^ε_δ^{δ↓0}⇁ ( 1 + |∇^2u^ε|^2 )_{(2−μ)/4}

weakly in W^1_{2,loc}(D). First of all, for any fixed ε > 0, we find a subsequence δ ↓ 0 and a function h_ε in W^1_{2,loc}(D) such that

h^ε_δ ⇁ h^ε in W^1_{2,loc}(D),

h^ε_δ → h^ε a.e. as δ ↓ 0.

For proving (3.4) let us write (observe (1.5))

J_δ(u^ε_δ) − J(u^ε) = δ 2 ∫ Ω |∇^2u^ε_δ|^2 dx + J(u^ε_δ) − J(u^ε) = δ 2 ∫ Ω |∇^2u^ε_δ|^2 dx + ∫ Ω Df(∇^2u^ε) : (∇^2u^ε_δ − ∇^2u^ε) dx + ∫ Ω ∫_1 0 D^2f ( (1 − t)∇^2u^ε + t∇^2u^ε_δ )( ∇^2u^ε_δ − ∇^2u^ε, ∇^2u^ε_δ − ∇^2u^ε ) (1 − t) dt dx. The minimality of u^ε together with u^ε_δ ∈ K^ε implies ∫ Ω Df(∇^2u^ε) : (∇^2u^ε_δ − ∇^2u^ε) dx ≥ 0

so that by Lemma 2.1

lim_{δ↓0} ∫ Ω ∫_1 0 D^2f ( (1 − t)∇^2u^ε + t∇^2u^ε_δ )( ∇^2u^ε_δ − ∇^2u^ε, ∇^2u^ε_δ − ∇^2u^ε ) (1 − t) dt dx = 0. From the ellipticity condition (1.2) we get

∫_1 0 D^2f ( (1 − t)∇^2u^ε + t∇^2u^ε_δ )( ∇^2u^ε_δ − ∇^2u^ε, ∇^2u^ε_δ − ∇^2u^ε ) (1 − t) dt ≥ λ ∫_1 0 ( 1 + | ∇^2u^ε + t ( ∇^2u^ε_δ − ∇^2u^ε )|_2)−μ/2 |∇^2u^ε_δ − ∇^2u^ε|^2(1 − t) dt ≥ c(μ, λ) ( 1 + |∇^2u^ε|^2 + |∇^2u^ε_δ|^2 )_{−μ/2} |∇^2u^ε_δ − ∇^2u^ε|^2,

Higher order variational inequalities 517

hence

(3.5) ( 1 + |∇^2u^ε|^2 + |∇^2u^ε_δ|^2 )_{−μ/2} |∇^2u^ε_δ − ∇^2u^ε|^{2 δ↓0}→ 0

in L^1(Ω) and a.e. for a subsequence. h^ε_δ → h^ε a.e. on D implies

|∇^2u^ε_δ|^{2 δ↓0}→{h^ε}^{4/(2−μ)} − 1 a.e.,

{h^ε}^{4/(2−μ)} − 1 being finite a.e. Returning to (3.5) and observing that (1 + |∇^2u^ε|^2 + |∇^2u^ε_δ|^2)^{−μ/2} has a pointwise limit a.e. on D as δ ↓ 0 which is not zero we get ∇^2u^ε_δ^{δ↓0}→ ∇^2u^ε a.e. on D and in conclusion (3.4) is established at least for a subsequence of δ ↓ 0. But since the limit is unique, the statement is true for any sequence δ ↓ 0. Recall that

‖h^ε_δ‖_{W 12 (} ~_{D)} ≤ c( ~D) < +∞

for any subdomain ~D ⋐ D . Combining this with (3.4) we get ‖( 1 + |∇^2u^ε|^2 )_{(2−μ)/2}‖ W^1_2 ( ~D) ≤ lim infδ↓0 ‖h ε δ‖_{W 12 (} ~_{D)} ≤ c( ~D)

so that by Sobolev’s embedding theorem ‖∇^2u^ε‖_{Lp(} ~_{D)} ≤ c(p, ~D) ≤ +∞ for any finite p. Therefore u^ε ∈ W^2_{p,loc}(D) uniformly for any finite p and Lemma 2.3 implies u ∈ W^2_{p,loc}(D) (u^ε converges weakly as ε ↓ 0 to some function in W^2_{p,loc}(D), by Lemma 2.3 the limit is just u).

References [A] Adams, R.A.: Sobolev Spaces. - Academic Press, New York–San Francisco–London, 1975. [AH] Adams, D.R., and L.I. Hedberg: Function Spaces and Potential Theory. - Grundlehren Math. Wiss. 314, Springer-Verlag, Berlin–Heidelberg–Yew York; corrected second printing 1999.

[BFM] Bildhauer, M., M. Fuchs, and G. Mingione: Apriori gradient bounds and local C^{1,α} - estimates for (double) obstacle problems under nonstandard growth conditions. - Preprint, Bonn University/SFB 256 No. 647.

[EG] Evans, L.C., and R. Gariepy: Measure Theory and Fine Properties of Functions. - Stud. Adv. Math., CRC Press, Boca Raton–Ann Arbor–London, 1992.

[FLM] Fuchs, M., G. Li, and O. Martio: Second order obstacle problems for vectorial functions and integrands with subquadratic growth. - Ann. Acad. Sci. Fenn. Math. 23, 1998, 549–558.

518 Michael Bildhauer and Martin Fuchs

[FM] Fuchs, M., and G. Mingione: Full C^{1,α} -regularity for free and constrained local minimizers of elliptic variational integrals with nearly linear growth. - Manuscripta Math. 102, 2000, 227–250.

[FO] Fuchs, M., and V. Osmolovski: Variational integrals on Orlicz–Sobolev spaces. - Z. Anal. Anwendungen 17, 1998, 393–415.

[FR] Friedman, A.: Variational Principles and Free-Boundary Problems. A Wiley-Interscience Publication. Pure and Applied Mathematics. John Wiley & Sons, Inc., New York, 1982.

[FS] Fuchs, M., and G. Seregin: A regularity theory for variational integrals with L log L - growth. - Calc. Var. Partial Differential Equations 6, 1998, 171–187.

[S] Seregin, G.: Differentiability properties of weak solutions of certain variational problems in the theory of perfect elastoplastic plates. - Appl. Math. Optim. 28, 1993, 307–335.

Received 3 April 2000