Annales Academiæ Scientiarum Fennicæ Mathematica Volumen 25, 2000, 101–130

INFINITESIMAL GEOMETRY OF

QUASIREGULAR MAPPINGS

V.Ya. Gutlyanskiǐ^1 , O. Martio^2 , V.I. Ryazanov^1 , and M. Vuorinen^2

1 Ukrainian Academy of Sciences, Institute for Applied Mathematics and Mechanics Roze Luxemburg str. 74, 340114, Donetsk, Ukraine; math@iamm.ac.donetsk.ua 2 University of Helsinki, Department of Mathematics 2 P.O. Box 4, FIN-00014 Helsinki, Finland; olli.martio@helsinki.fi; vuorinen@csc.fi

Abstract. We introduce the notion of the infinitesimal space for a quasiregular mapping at a point. This can be used to study local topological and geometric properties of the mapping also at those points where the mapping is not differentiable.

1. Introduction

The local behavior of an analytic function f at z_0 can be read from its Taylor expansion at z_0 . In particular, f behaves like z → z^k for some k = 0, 1, . . ., up to a dilation, rotation and translation. For quasiregular mappings f in the plane or in space such a simple characterization is impossible. Moreover, no characterization for the local topological behavior of f is known in space.

The main purpose of this paper is to propose an approach to study the local behavior of a quasiregular mapping f at the points where f need not be differentiable. This approach is based on the convergence and compactness theory, cf., e.g., [Be], [BI], [BIK], [Fer], [GMRV_1 ], [GMRV_2 ], [GMRV_3 ], [Iw_1 ], [Iw_2 ], [IK], [LV], [MRV_1 ], [MRV_2 ], [MRV_3 ], [MRVu], [MSa], [MS_1 ], [MS_2 ], [Re_1 ], [Re_2 ], [Sr], [Vä], [Vu]. In the case of analytic functions our approach gives the aforementioned representation.

Let f: D → R^n , n ≥ 2, be a nonconstant quasiregular mapping. It is known that f has a total differential almost everywhere in D and, moreover, the Jacobian matrix f^′(x) is also nondegenerate almost everywhere. At every point x_0 of differentiability, under the assumption that f^′(x_0) ≠ 0, the local behavior of the mapping f is well-described by the linear transformation L(z) = f^′(x_0)z , z ∈ R^n . The local behavior of the mapping f at points where f either fails to be differentiable or has a degenerate Jacobian, for instance at branch points, is much more complicated.

Our method is based on the concept of the infinitesimal space T (x_0, f) of f at x_0 . If x_0 is a regular point of f , then T (x_0, f) consists of the unique linear

1991 Mathematics Subject Classification: Primary 30C65; Secondary 30C75.

102 V.Ya. Gutlyanskiǐ, O. Martio, V.I. Ryazanov, and M. Vuorinen

transformation L(z) = f^′(x_0)z , up to a constant positive factor. At an irregular point the infinitesimal space provides a useful extension of the tangent space notion for quasiregular mappings.

We prove that the infinitesimal space is always nonempty and consists of entire quasiregular mappings g: R^n → R^n , g(0) = 0, of polynomial type, that is g(z) → ∞ as z → ∞. The local behavior of a quasiregular mapping f at a point x_0 can be translated into the corresponding global behavior of the elements g of the infinitesimal space T (x_0, f). In particular, we prove that the local injectivity of f at x_0 is equivalent to the fact that the corresponding infinitesimal space consists of quasiconformal mappings only. Moreover, we establish that f at x_0 is weakly conformal if and only if T (x_0, f) consists of orthogonal mappings and that f at x_0 is asymptotically linear if and only if T (x_0, f) consists of linear mappings. As a consequence of the last statement, we obtain that asymptotic linearity of f at x_0 implies injectivity of f in a neighborhood of x_0 .

A new kind of local regularity emerges from the structure of the infinitesimal space. This is the case when T (x_0, f) consists of one mapping g: R^n → R^n only. We show that now B_g has a ray structure and its dilatation tensor and matrix dilatation have ray symmetry. Furthermore, in this case g is a homogeneous function of a positive order. The asymptotic behavior of the mapping f at the point x_0 has now a simple description in terms of g .

We recall the analytic definition of a quasiregular mapping. Let D ⊂ R^n be a domain. A continuous mapping f: D → R^n of class W^1_{n,loc} with the Jacobian J_f (x) > 0 a.e. is called Q-quasiregular, Q ≥ 1, if its local dilatation K_f (x) satisfies the inequality

(1.1) K_f (x) = ‖f^′(x)‖^n/J_f (x) ≤ Q a.e.

As usual, we denote by f^′(x) and J_f (x) the Jacobian matrix of the mapping f and its determinant, J_f (x) = det f^′(x), respectively. This definition can be applied to all nonconstant quasiregular mappings [Re_1 ].

Here and later on, we use the ordinary matrix norm

‖M‖ = sup

y∈R^n \{0}

|My| |y| .

The normalized Jacobian matrix of a nonconstant quasiregular mapping f is

(1.2) M_f (x) = f^′(x)/J_f (x)^{1/n} a.e.

and the symmetrized normalized Jacobian matrix is

G_f (x) = M^∗_f (x)M_f (x)

Infinitesimal geometry of quasiregular mappings 103

where M^∗ is the transpose of M . Note that (1.2) is, first, given at every regular point x ∈ D , i.e. at points where f is differentiable and J_f (x) ≠ 0. For the other points x ∈ D we set M_f (x) = I to complete the definition. We also call M_f (x) and G_f (x) the matrix dilatation and the dilatation tensor of the mapping f at x, respectively, see, e.g., [A_1 ], [A_2 ].

In what follows, we also use the so-called inner dilatation K_I (f) of the mapping f , that is the smallest number K ≥ 1 for which the inequality J_f (x) ≤ K‖f^′(x)‖^n holds a.e. The smallest number Q ≥ 1 of (1.1) is called the outer dilatation of f and denoted by K_O(f), see [MRV_1 ].

2. Infinitesimal space Let f: D → R^n , n ≥ 2, be a nonconstant Q-quasiregular mapping, x_0 ∈ D , ϱ_0 = dist (x_0, ∂D), R(ϱ) = ϱ_0/ϱ, ϱ > 0. For z ∈ B ( 0, R(ϱ) ) , let

(2.1) F_ϱ(z) = f(x_0 + ϱz) − f(x_0) r(x_0, f, ϱ) , where r(x_0, f, ϱ) is the mean radius of the image of the infinitesimal ball B(x_0, ϱ) at the point x_0 under the mapping f: D → R^n ,

(2.2) r(x_0, f, ϱ) = ( meas f ( B(x_0, ϱ) ) Ω_n

)_{1/n} > 0.

Here Ω_n denotes the volume of the unit ball B^n = B(0, 1) in R^n . Note that for each x_0 ∈ D , r(x_0, f, ϱ) is defined for small radius of ϱ.

Denote by T (x_0, f) the class of all the limit functions for the family of the mappings F_ϱ as ϱ → 0. The limit is taken in terms of the locally uniform convergence.

We call the set T (x_0, f) the infinitesimal space for the mapping f at the point x_0 . The elements of T (x_0, f) are called infinitesimal mappings for f at x_0 . Finally, we call the family (2.1) an approximating family for f at x_0 .

Note that R(ϱ) → ∞ as ϱ → 0 and that all the mappings F_ϱ(z), z ∈ B ( 0, R(ϱ) ) , F_ϱ(0) = 0, ϱ > 0, are Q-quasiregular mappings. Hence, by the Reshetnyak theorem applied in every fixed ball B(0, m), m = 1, 2, . . . , in R^n , see [Re_1 , p. 180], T (x_0, f) consists only of Q-quasiregular mappings g: R^n → R^n , g(0) = 0. We will soon see that they are all nonconstant.

At every regular point x_0 , the space T (x_0, f) consists of a single linear mapping (2.3) A (z) = M_f (x_0)z, z ∈ R^n, where M_f (x) is the matrix dilatation of the mapping f .

In what follows, we will use the term entire for mappings which are quasiregular in the whole space R^n , n ≥ 2. Quasiregular mappings g: R^n → R^n such that g(z) → ∞ as z → ∞ are called mappings of polynomial type.

104 V.Ya. Gutlyanskiǐ, O. Martio, V.I. Ryazanov, and M. Vuorinen

2.4. Remark. It is well known, see [MRV_2 ], [MS_1 ], [Sr], that the normalization g(z) → ∞ as z → ∞ holds if and only if

(2.5) sup{card g^{−1}(w) : w ∈ R^n} < ∞,

that is, g has a bounded valency in the whole space R^n . Moreover, g can be extended to a quasiregular mapping g: R^n → R^n with g(∞) = ∞ and then the degree of g can be defined by the formula

(2.6) ∑ z∈g^{−1} (w)

i_g(z) = deg g < ∞

for all w ∈ R^n . Here i_g(z) denotes the local topological index of g at z , see [MRV_1 ].

2.7. Theorem. Let f: D → R^n , n ≥ 2, be a nonconstant Q-quasiregular mapping and let x_0 ∈ D . Then the infinitesimal space T (x_0, f) is not empty and each g ∈ T (x_0, f) is a nonconstant Q-quasiregular mapping of R^n onto R^n such that (i) g(0) = 0, (ii) meas g(B^n) = meas B^n , (iii) i_g(0) = i_f (x_0), (iv) deg g = i_f (x_0), and (v) g(z) → ∞ as z → ∞.

2.8. Corollary. Let f: D → R^n , n ≥ 2, be a quasiregular mapping. If f is locally injective at x_0 ∈ D , then each g ∈ T (x_0, f) is a quasiconformal mapping of R^n onto R^n . The converse conclusion is also true.

Thus, T (x_0, f) contains quasiregular mappings g: R^n → R^n which not only inherit the aforementioned local topological properties of f at the origin but also transform them in the corresponding global properties. Section 3 contains some detailed analysis of this phenomenon.

Recall, see [MRV_1 ], [Re_3 ] and [Vu, Theorem 10.22], that for nonconstant Qquasiregular mappings f: D → R^n , n ≥ 2, at every point x_0 ∈ D

(2.9) H(x_0, f) = lim sup_{ϱ→0}

L(x_0, f, ϱ) l(x_0, f, ϱ)

≤ C < ∞,

(2.10) C = 1 + τ^{−1}_n ( τ_n(1) K_O (f)i_f (x_0) )

where τ_n(s) = cap ( [−e_1, 0], [se_1, ∞) ) , s > 0, is the capacity of the Teichmüller condenser. Here we denote as usual

(2.11) l(x_0, f, ϱ) = inf_{|x−x0|=ϱ} |f(x) − f(x_0)|

Infinitesimal geometry of quasiregular mappings 105 and (2.12) L(x_0, f, ϱ) = sup_{|x−x0|=ϱ} |f(x) − f(x_0)|,

for every 0 < ϱ < ϱ_0 where ϱ_0 = dist (x_0, ∂D).

The mean radius r(x_0, f, ϱ) of the image of the infinitesimal ball B(x_0, ϱ) under the mapping f has l and L as the natural bounds (2.13) l(x_0, f, ϱ) ≤ r(x_0, f, ϱ) ≤ L(x_0, f, ϱ).

The proof of Theorem 2.7 is based on convergence and compactness properties and the following distortion estimates of infinitesimal spherical rings for quasiregular mappings, see [GMRV_3 , p. 252].

2.14. Lemma. Let f: D → R^n , n ≥ 2, be a nonconstant Q-quasiregular mapping. Then for all x_0 ∈ D the inequalities

(2.15) C^{−2}Λ^α ≤ lim inf_{ϱ→0} l(x_0, f, ϱΛ) L(x_0, f, ϱ)

≤ Λ^β and (2.16) Λ^α ≤ lim sup_{ϱ→0}

L(x_0, f, ϱΛ) l(x_0, f, ϱ)

≤ C^2Λ^β

hold for all Λ ≥ 1 on the left side and for all Λ > γ on the right side, where α = 1/Q,

(2.17) β = ( Q · i_f (x_0)

)_{1/(n−1)} , (2.18) γ = C^{2Q} > 1.

(2.19) Here C depends only on n and the product Q · i_f (x_0) and is the same as in (2.9).

Using the maximum principle for the open mappings we deduce the following consequence.

2.20. Corollary. Under the hypothesis of Lemma 2.14,

(2.21) lim sup_{ϱ→0} max |x−x_0|≤ϱΛ

|f(x) − f(x_0)| min |x−x_0|=ϱ

|f(x) − f(x_0)|

≤ C^2Λ^β

for all Λ > γ .

106 V.Ya. Gutlyanskiǐ, O. Martio, V.I. Ryazanov, and M. Vuorinen

Proof of Theorem 2.7. From the inequality (2.21) we obtain that the approximating family F_ϱ(z) is locally bounded and, consequently, by the Arzela– Ascoli theorem and Theorem 3.17 from [MRV_2 ] is a normal family. Hence, the infinitesimal space T (x_0, f) is not empty and, by the Reshetnyak theorem applied in every fixed ball B(0, m), m = 1, 2, . . ., in R^n , see [Re_1 , p. 180], consists only of Q-quasiregular mappings g: R^n → R^n .

The equality g(0) = 0 is obvious because the approximating mappings satisfy F_ϱ(0) = 0, ϱ > 0.

Next, from (2.1) and (2.13) we have the following obvious estimates of the approximating mappings

l(x_0, f, ϱ) L(x_0, f, ϱ) ≤ l(x_0, f, ϱ) r(x_0, f, ϱ)

≤ |F_ϱ(z)| ≤

L(x_0, f, ϱ) r(x_0, f, ϱ) ≤ L(x_0, f, ϱ) l(x_0, f, ϱ)

and by (2.9) we obtain the inequalities C^{−1} ≤ |g(z)| ≤ C on the unit sphere for all g ∈ T (x_0, f). Since g(0) = 0, it implies that T (x_0, f) does not include constant mappings.

Further, the equality meas g(B^n) = meas B^n easily follows from the second normalization of approximating mappings meas F_ϱ(B^n) = meas B^n , ϱ > 0. Indeed, let ϱ_j → 0 and F_{ϱj} → g locally uniformly as j → ∞. Then for every ε > 0 there is N = N(ε) such that for all j > N

F_{ϱj} (S^{n−1}) ⊂ g(S^{n−1}_ε )

where S^{n−1}_ε denotes the ε-neighborhood of the unit sphere S^{n−1} = ∂B^n . Note that g(S^{n−1}_ε ) is an open neighborhood of g(S^{n−1}). Thus, for j > N , the symmetric difference

g(B^n)ΔF_{ϱj} (B^n) = [ g(B^n) \ F_{ϱj} (B^n) ] ∪ [ F_{ϱj} (B^n) \ g(B^n) ] is contained in g(S^{n−1}_ε ) and since g(B^n) and F_{ϱj} (B^n) are connected open sets with 0 ∈ g(B^n) ∩ F_{ϱj} (B^n), we obtain

(2.22) |meas g(B^n) − meas B^n| ≤ meas g(S^{n−1}_ε ).

Since g is quasiregular, meas B_g = meas g(B_g) = 0, see, e.g., [MRV_1 , p. 38–39], and meas g(S^{n−1}_ε ) ≤ ∫ S^{n−1}_ε

J_g(z) dm,

see, e.g., [Vä, p. 113]. Hence by the absolute continuity of the indefinite integral meas g(S^{n−1}_ε ) → 0 as ε → 0 and by (2.22) meas g(B^n) = meas B^n .

Now, there is an r_0 > 0, for all 0 < ϱ < r_0 , such that the x_0 -component U(x_0, f, ϱ) of f^{−1} ( B(f(x_0), ϱ) ) is a normal neighborhood of x_0 . Using this and

Infinitesimal geometry of quasiregular mappings 107

the convergence of the topological degree for the approximating sequence we see that deg g = i_f (x_0) and it easily follows that i_g (0) = i_f (x_0) as well.

Finally, by (2.15) for |z| ≥ 1

|g(z)| ≥ C^{−2}|z|^{1/Q}

for all g ∈ T (x_0, f). Thus, g(z) → ∞ as z → ∞ and we have completed the proof.

2.23. Remark. The following properties of the elements g of the infinitesimal space T (x_0, f) follow immediately either by the definition, by Theorem 2.7 or by its proof:

(1) The origin is the only zero of the mapping g ,

g(z) ≠ 0, z ∈ R^n \ {0}.

(2) For all z ∈ R^n , i_g (z) ≤ i_f (x_0).

(3) For every r > 0, the only component of g^{−1} ( B(0, r) ) is a normal neighborhood of 0, see [MRV_1 , p. 9–10]. The same is true for every z ∈ R^n such that i_g (z) = i_f (x_0).

(4) For every z, y ∈ R^n and |z| = |y| > 0,

|g(z)|/|g(y)| ≤ H(0, g) = H(x_0, f) ≤ C.

(5) For z on the unit sphere ∂B(0, 1) in R^n it holds

C^{−1} ≤ |g(z)| ≤ C.

Here C , as in (2.9), depends only on n and the product Q · i_f (x_0).

Later on, the following lemma on the infinitesimal space will be useful, too. 2.24. Lemma. Let f: D → R^n , n ≥ 2, be a nonconstant quasiregular mapping and let x_0 ∈ B_f . Then for every g ∈ T (x_0, f):

(2.25) lim inf_{x→x0,}

x∈B_f

i_f (x) ≤ lim inf_{z→0,}

z∈B_g

i_g (z).

To prove the lemma we need the following simple consequence of the upper semicontinuity of the local topological index, see [MRV_3 , p. 24]:

108 V.Ya. Gutlyanskiǐ, O. Martio, V.I. Ryazanov, and M. Vuorinen

2.26. Proposition. Let f_j : D → R^n , n ≥ 2, j = 0, 1, 2, . . ., be a sequence of discrete open mappings such that f_j → f_0 locally uniformly as j → ∞ and let x_j ∈ D , j = 0, 1, 2, . . ., be a sequence of points in D such that x_j → x_0 as j → ∞. Then:

(2.27) lim sup_{j→∞} i_{fj} (x_j ) ≤ i_{f0} (x_0).

Indeed, consider the sequence of the mappings h_j (x) = f_j (x + x_j − x_0), j = 0, 1, 2, . . . .

It is clear that h_j → f_0 locally uniformly as j → ∞ and by the semicontinuity of the topological index applied to the sequence h_j at the point x_0 we obtain (2.27).

Proof of Lemma 2.24. By the definition of the limes interior, there is a sequence z_j → 0, z_j ∈ B_g \ {0}, j = 1, 2, . . ., such that (2.28) lim_{j→∞} i_g (z_j ) = lim inf_{z→0,}

z∈B_g \{0}

i_g (z).

Further, by the definition of T (x_0, f) there is a sequence of approximating mappings, see (2.1), F_{ϱk} , k = 1, 2, . . ., for some ϱ_k > 0, ϱ_k → 0, such that F_{ϱk} → g locally uniformly as k → ∞. Denote by r_k(z), k = 0, 1, 2, . . . , the injectivity radius at the point z ∈ R^n of the mappings g and F_{ϱk} , k = 1, 2, . . ., respectively. In view of the continuity of the radius of injectivity, see [GMRV_3 , p. 268], r_k(z) → r_0(z) as k → ∞ for each fixed z ∈ R^n .

However, r_0(z_j ) = 0 because z_j ∈ B_g for every j = 1, 2, . . . . Hence by Proposition 2.26 for every j = 1, 2, . . . there is a branch point z_j of the mapping h_j = F_{ϱkj} such that

(2.29) |z_j − z_j | < 1 j and (2.30) i_{hj} (z_j ) ≤ i_g(z_j ). By (2.29) and (2.30) (2.31) lim inf_{j→∞} i_f (x_j ) ≤ lim_{j→∞} i_g (z_j )

where x_j → x_0 as j → ∞, (2.32) x_j = x_0 + ϱ_j z_j ∈ B_f by the construction.

Finally, (2.28), (2.31) and (2.32) imply the inequality (2.25).

Infinitesimal geometry of quasiregular mappings 109

3. The local behavior in terms of T (x_0, f)

In this section we study, using the infinitesimal space, asymptotic linearity, weak conformality and local injectivity.

We first recall some terminology from [GMRV_1 ]. Let D be a domain in R^n containing the origin 0 and let v, w: D → R^m be mappings, not necessarily continuous. We say that v(x) = o ( w(x) ) if for each ε > 0 there is a neighborhood V of 0 such that ‖v(x)‖ ≤ ε‖w(x)‖ for all x ∈ V \ {0}. Here the norm ‖ · ‖ need not be the usual Euclidean norm.

The functions v and w are said to be equivalent as x → 0, denoted as

(3.1) v(x) ∼ w(x), if (3.2) ‖v(x) − w(x)‖ = o ( ‖w(x)‖ + ‖v(x)‖ ) . It is easy to see that the relation v(x) ∼ w(x) is an equivalence relation and it is equivalent to either one of the relations

v(x) − w(x) = o ( v(x) ) , (3.3) or v(x) − w(x) = o ( w(x) ) . (3.4)

Moreover, if m = 1, then we have the usual equivalence of the real quantities.

Later on, the usual Euclidean norm and the usual inner product of R^m are denoted by | | and ( , ), respectively. It is shown in [GMRV_1 ] that the equivalence v(x) ∼ w(x) with respect to the usual Euclidean metric is equivalent to the following two geometric conditions:

|v(x)| ∼ |w(x)|.

(3.5) and ( v(x), w(x) ) ∼ |v(x)| |w(x)|.

(3.6)

The first condition means the equivalence of the lengths of the vectors v(x) and w(x) and the second one means that the angle between v(x) and w(x) converges to zero as x → 0.

We write v(x) ≈ w(x) and say that v and w have the same order of smallness at the origin if

(3.7) c^{−1}|v(x)| ≤ |w(x)| ≤ c|v(x)|

for some c ≥ 1 as x → 0.

The equivalence relations (3.1) and (3.7) are quasiconformal invariants, see [GMRV_1 ]. Now we are ready to give the main definition.

110 V.Ya. Gutlyanskiǐ, O. Martio, V.I. Ryazanov, and M. Vuorinen

A mapping f: D → R^m , f(0) = 0, is said to be asymptotically linear at 0 if for each ϱ ∈ R \ {0}

(3.8) f(ϱx) ∼ ϱf(x)

as x → 0 and

(3.9) f(x + z) ∼ f(x) + f(z)

as x → 0 and x + z , x, z have the same order of smallness.

If (3.8) holds uniformly with respect to ϱ, c^{−1} ≤ |ϱ| ≤ c, for each 1 ≤ c < ∞, then we say that f is uniformly asymptotically linear at 0.

We have proved in [GMRV_1 ] that, for quasiconformal mappings, asymptotic linearity always implies uniform asymptotic linearity.

3.10. Theorem. Let f: D → R^n , n ≥ 2, be a nonconstant quasiregular mapping and x_0 ∈ D . Then the following assertions are equivalent:

(1) T (x_0, f) consists of linear mappings. (2) f is asymptotically linear at the point x_0 .

Proof. Without loss of generality we may assume that f(x_0) = x_0 = 0 ∈ D . (1) ⇒ (2). Assume that (3.8) does not hold for f . Then there exist ϱ ∈ R\{0} and a sequence x_j → 0, x_j ∈ R^n \ {0}, such that

(3.11)

|f(ϱx_j ) − ϱf(x_j )| |f(ϱx_j )| + |ϱ| |f(x_j )| ≥ ε for some ε > 0. Without loss of generality we may assume that η_j = x_j /|x_j | → η_0 ∈ R^n , |η_0| = 1. Moreover, setting t_j = |x_j | and arguing as in the proof of Theorem 2.7 we may also assume that the corresponding approximating sequence F_{tj} converges to F_0 ∈ T (x_0, f) locally uniformly as j → ∞ where |F_0| ≥ C^{−1} > 0 on the unit sphere. Thus, we obtain

lim_{j→∞}

|f(ϱx_j ) − ϱf(x_j )| |f(ϱx_j )| + |ϱf(x_j )|

= lim_{j→∞}

|F_{tj} (ϱη_j ) − ϱF_{tj} (η_j )| |F_{tj} (ϱη_j)| + |ϱF_{tj} (η_j )| = |F_0(ϱη_0) − ϱF_0(η_0)| |F_0(ϱη_0)| + |ϱF_0(η_0)| = 0 and this contradicts (3.11).

Next, let us suppose that (3.9) does not hold for f . Then there exist sequences x_j , z_j ∈ R^n \ {0}, x_j , z_j → 0 as j → ∞ such that x_j + z_j ≈ x_j ≈ z_j and

(3.12) α_j =

|f(x_j + z_j ) − f(x_j ) − f(z_j )| |f(x_j + z_j )| + |f(x_j ) + f(z_j )| ≥ ε

Infinitesimal geometry of quasiregular mappings 111

for some ε > 0.

Let y_j = (x_j + z_j )/|x_j + z_j |, η_j = x_j /|x_j + z_j |, ζ_j = z_j /|x_j + z_j | and assume that y_j → y_0 , η_j → η_0 , ζ_j → ζ_0 , y_0, η_0, ζ_0 ∈ R^n as j → ∞ and |y_0| = 1. Then, setting t_j = |x_j + z_j | and arguing once more as above we deduce that for the corresponding approximating sequence F_{tj} → F_0 :

lim_{j→∞} α_j = lim_{j→∞}

|F_{tj} (y_j ) − F_{tj} (η_j ) − F_{tj} (ζ_j )| |F_{tj} (y_j )| + |F_{tj} (η_j ) + F_{tj} (ζ_j )| = |F_0(y_0) − F_0(η_0) − F_0(ζ_0)| |F_0(y_0)| + |F_0(η_0) + F_0(ζ_0)| = 0

and this contradicts (3.12).

So the mapping f is asymptotically linear.

(2) ⇒ (1). Let F_0 ∈ T (x_0, f). Then F_{tj} → F_0 locally uniformly for some approximating sequence F_{tj} , t_j > 0, t_j → 0 as j → ∞. For each fixed x ∈ R, ϱ ∈ R \ {0} we have that F_{tj} (x) → F_0(x) and F_{tj} (ϱx) → F_0(ϱx) and, since f(ϱt_j x) ∼ ϱf(t_j x), also F_{tj} (ϱx) ∼ ϱF_{tj} (x) as j → ∞. Consequently, F_0(ϱx) = ϱF_0(x).

Similarly, for each fixed x, z, x + z ∈ R^n \ {0} we have that F_{tj} (x) → F_0(x) and F_{tj} (z) → F_0(z) and, since f ( t_j (x + z) ) ∼ f(t_j x) + f(t_j z), also F_{tj} (x + z) ∼ F_{tj} (x) + F_{tj} (z) as j → ∞. Consequently, F_0(x + z) = F_0(x) + F_0(z) and we have proved that F_0 is linear.

3.13. Corollary. Let f: D → R^n , n ≥ 2, be a nonconstant quasiregular mapping that is asymptotically linear at x_0 ∈ D . Then f is homeomorphic in a neighborhood of x_0 .

Indeed, by Theorem 3.10, T (x_0, f) consists of linear mappings g: R^n → R^n . On the other hand, by Theorem 2.7, T (x_0, f) contains only nonconstant quasiregular mappings. Since every nonconstant quasiregular mapping is an open mapping, see, e.g., [Re_1 ] and [MRV_1 ], we deduce that g(R^n) is an open subset of R^n . Thus, the linear mappings g ∈ T (x_0, f) are nondegenerate because otherwise the image of the whole space under the mapping g should be contained in some hyperplane. The corollary now follows from Theorem 2.7.

3.14. Corollary. Let f: D → R^n , n ≥ 2, be a nonconstant quasiregular mapping that is asymptotically linear at x_0 ∈ D . Then f is uniformly asymptotically linear at x_0 .

Indeed, Corollary 3.13 implies that the mapping f is quasiconformal in a neighborhood of x_0 and the statement follows by Lemma 4.14 from [GMRV_1 ].

We denote by H_f (r) the least upper bound of the numbers t ≥ 1 such that

(3.15) sup_{|x|=r} |f(x)| ≤ t inf_{|x|=r} |f(x)|,

112 V.Ya. Gutlyanskiǐ, O. Martio, V.I. Ryazanov, and M. Vuorinen

where 0 < r < d(0, ∂D). The origin is called a point of spherical analyticity for f if (3.16) lim_{r→0} H_f (r) = 1.

Later on we say for brevity that a mapping f: D → R^m , f(0) = 0 ∈ D , is weakly conformal at the origin if it is, simultaneously, asymptotically linear and spherically analytic there. In this case the mapping f preserves infinitesimal spheres and spherical rings and angles, in some generalized sense, between rays emanating from the origin. In other words, it has properties typical of conformal mappings. For some examples of mappings in these classes see [GMRV_1 ].

3.17. Theorem. Let f: D → R^n , n ≥ 2, be a nonconstant quasiregular mapping and x_0 ∈ D . Then the following assertions are equivalent:

(1) T (x_0, f) consists of orthogonal mappings. (2) f is weakly conformal at the point x_0 .

Proof. We may assume that f(x_0) = x_0 = 0 ∈ D .

(1) ⇒ (2). By Theorem 3.10 f is asymptotically linear at the origin. To prove that the origin is a point of spherical analyticity for f let us suppose the converse. Then there exist sequences x_j and z_j ∈ R^n \ {0}, |x_j | = |z_j | → 0 as j → ∞ such that

(3.18) lim_{j→∞}

|f(z_j )| |f(x_j )|

= 1 + ε

for some ε > 0. Without loss of generality we may assume that y_j = z_j /|z_j | → y_0 ∈ R^n , η_j = x_j /|x_j | → η_0 ∈ R^n , |η_0| = |y_0| = 1, as j → ∞. Moreover, arguing as in the proof of Theorem 2.7 we may assume also that the corresponding approximating sequence converges, F_{tj} → F_0 ∈ S_f (0) locally uniformly as j → ∞, where we set t_j = |x_j |. Consequently, F_{tj} (y_j ) → F_0(y_0), F_{tj} (η_j ) → F_0(η_0) as j → ∞.

Now, the mapping F_0 is an orthogonal mapping. Hence

lim_{j→∞}

|F_{tj} (y_j )| |F_{tj} (η_j )| = 1 and this contradicts (3.18).

(2) ⇒ (1). Again, by Theorem 3.10, T (x_0, f) consists of linear mappings. To prove that T (x_0, f) consists of orthogonal mappings let us suppose the converse. Then there is F_0 ∈ T (x_0, f) and y, η ∈ R^n , |y| = |η| = 1, such that

|F_0(y)| |F_0(η)|

= 1 + ε

Infinitesimal geometry of quasiregular mappings 113

for some ε > 0. By the definition of the infinitesimal space there is a sequence of t_j of positive numbers tending to zero such that the approximating sequence F_{tj} converges locally uniformly to F_0 . In particular,

lim_{j→∞}

|F_{tj} (y)| |F_{tj} (η)|

= 1 + ε

and, consequently,

lim_{j→∞}

|f(t_j y)| |f(t_j η)|

= 1 + ε.

However, this last relation contradicts the weak conformality of the mapping f .

3.19. Theorem. Let f: D → R^n , n ≥ 3, be a nonconstant quasiregular mapping and let the dilatation tensor G_f (x) or the matrix dilatation M_f (x) be approximately continuous at x_0 ∈ D . Then the infinitesimal space T (x_0, f) contains only mappings of the form

(3.20) g(z) = U ∘ L(z)

where U are orthogonal mappings, U ∈ O(n), and L(z) = M_f (x_0)z , z ∈ R^n .

Proof. The approximate continuity of G_f (x) and M_f (x) at x_0 means that the dilatation tensors G(z, t) = G_f (x_0 + tz) and the matrix dilatations M(z, t) = M_f (x_0 + tz) of the approximating family F_t(z) converge as t → 0 in measure to G_f (x_0) and M_f (x_0), respectively. If g ∈ T (x_0, f), then there is an approximating sequence F_{tj} → g converging locally uniformly where t_j → 0 as j → ∞ and by the corresponding convergence theorems, see [IK] and [GMRV_2 ], G_g (z) ≡ G_f (x_0) and M_g(z) ≡ O(z)M_f (x_0) where O(z) ∈ O(n), respectively. Since the mapping φ = g ∘ L^{−1} is a 1-quasiregular mapping, by the well-known Liouville theorem φ is a Mbius transformation. In view of the normalization of g , see Theorem 2.7, φ is an orthogonal mapping. The proof is complete.

3.21. Remark. The above theorems have a number of consequences. For example:

(1) Theorems 3.10 and 3.19 imply that f is asymptotically linear at x_0 , if G_f or M_f is approximately continuous at x_0 , cf. [GMRV_3 ].

(2) By Corollary 3.13 we conclude that f is a homeomorphism in a neighborhood of x_0 , if G_f is either continuously differentiable as in [Fer] or continuous as in [BIK], and also if G_f or M_f is approximately continuous [GMRV_3 ].

(3) By the well-known theorem of Zorich [Zo_1 ] we obtain global injectivity of f: R^n → R^n , n ≥ 3, under the conditions in Theorems 3.10 and 3.19 and Corollary 3.13.

(4) Theorems 3.17 and 3.19 imply that f is weakly conformal at x_0 , if G_f or M_f is approximately continuous at x_0 and G_f (x_0) or M_f (x_0) is an orthogonal matrix.

114 V.Ya. Gutlyanskiǐ, O. Martio, V.I. Ryazanov, and M. Vuorinen

(5) Extending the approach used for the proof of Theorem 3.19 we may show that T (x_0, f) contains only linear mappings and therefore, by Theorem 3.17, f is asymptotically linear and by Corollary 3.13 f is injective in a neighborhood of x_0 , if G_f or M_f has vanishing mean oscillation at x_0 , see [MRVu].

4. Description of simple infinitesimal mappings

We say that the infinitesimal space T (x_0, f) is simple if it consists of one mapping g only. In this case g has interesting additional properties. We call every such g a simple infinitesimal mapping.

4.1. Theorem. Let f: D → R^n , n ≥ 2, be a nonconstant quasiregular mapping and x_0 ∈ D . If T (x_0, f) consists of one mapping g: R^n → R^n only, then g is a positively homogeneous nonconstant quasiregular mapping, i.e. there is d > 0 such that for all t > 0

(4.2) g(tz) = t^dg(z).

It easy to see that, in general, every positively homogeneous nonconstant quasiregular mapping of R^n is simple infinitesimal for itself at the origin.

Theorem 4.1 has useful consequences.

4.3. Corollary. Under the conditions of Theorem 4.1, the following assertions hold:

(1) The branch set B_g of g and its image g(B_g) have a ray structure at the origin, i.e. each of them is a union of rays emanating from the origin.

(2) The local topological index i_g(z), z ∈ R^n , is constant in every such ray, i.e.

(4.4) i_g (tz) = i_g (z), t > 0, z ∈ R^n \ {0}.

(3) The matrix dilatation M_g (z), z ∈ R^n , also has a ray symmetry, i.e.

(4.5) M_g (tz) = M_g (z), t > 0, z ∈ R^n \ {0}.

The same is true for the dilatation tensor of the mapping g .

(4) The infinitesimal mapping g is absolutely continuous on every ray,

(4.6) g(Rη) =

∫_R 0 ∂g_r(rη) dr, R > 0, η ∈ S^{n−1}.

Proof of Theorem 4.1. We may assume that x_0 = 0 and f(0) = 0. Fix ζ ∈ R^n , ζ ≠ 0, and τ > 0. Now, if g is the only mapping in T (x_0, f), then f(tτ ζ) ∼ r(tτ )g(ζ) ∼ r(t)g(τ ζ)

Infinitesimal geometry of quasiregular mappings 115

as t → 0, t > 0. Here, as above, we use the abbreviation r(t) = r(x_0, f, t) for the mean radius (2.2) and the symbol ∼ for the equivalence relation (3.1) of vector-valued functions.

Thus, the vectors g(ζ) and g(τ ζ) are collinear, i.e. g(τ ζ) = ω(τ )g(ζ) where ω(τ ) = lim_{t→0} r(tτ )/r(t) > 0 is independent of ζ ∈ R^n \ {0}.

Hence we have for each fixed τ > 0 that r(tτ ) ∼ ω(τ )r(t) as t → 0. So for any fixed τ, s > 0 we have r(tτ s) ∼ ω(τ s)r(t) ∼ r(tτ )ω(s) ∼ ω(τ )ω(s)r(t) as t → 0 and, consequently, ω(τ s) = ω(τ ) · ω(s).

Write φ(T ) = ln ω(e^T ).

Then φ(T_1 + T_2) = φ(T_1) + φ(T_2) for all T_1 and T_2 ∈ R and hence φ(m) = m · φ(1) where m = 0, ±1, ±2, . . . . In general, for each rational number we obtain the same φ ( m k ) = m k · φ(1).

Since the set of all rational numbers is everywhere dense in R, we conclude that φ(γ) = γ · φ(1) for all γ ∈ R, provided that the function φ is continuous. But the continuity of φ holds because, by Theorem 2.7, g(ζ) ≠ 0, ζ ∈ R^n \ {0}, and ω has the representation ω(τ ) =

|g(τ ζ)| |g(ζ)| for each fixed ζ ∈ R^n \ {0} and the function g is clearly continuous.

Consequently, ω(τ ) = e^{φ(ln τ)} = e^{φ(1) ln τ} = τ^d where d = φ(1). Since g(0) = 0 and g(τ ζ) → 0 as τ → 0, we obtain that d > 0.

116 V.Ya. Gutlyanskiǐ, O. Martio, V.I. Ryazanov, and M. Vuorinen From Theorem 4.1 we also have the following statement on the asymptotic behavior of the mapping f .

4.7. Proposition. Under the conditions of Theorem 4.1, the mapping f: D → R^n , f(0) = 0 ∈ D , has the asymptotic representation (4.8) f(x) ∼ ϱ(|x|) · g(x) = r(|x|) · g(x/|x|) as x → 0 where the function

(4.9) ϱ(t) = r(t) t^d is such that for all s > 0

(4.10) lim_{t→0} ϱ(st) ϱ(t)

= 1.

Here r(t) = r(0, f, t) denotes the mean radius (2.2) of the image of the infinitesimal ball B(0, t) under the mapping f .

Proof. Fix ζ ∈ R^n , ζ ≠ 0, and s > 0. If T (0, f) contains one mapping g only, then by (4.2) r(st)g(z) ∼ f(stz) ∼ r(t)g(sz) = s^dr(t)g(z) as t → 0, t > 0. Thus, for all s > 0 r(st) ∼ s^dr(t) as t → 0, t > 0, and (4.10) holds.

Finally, setting t = |x|, z = x/|x|, x ∈ D \ {0}, x → 0, we see, again from (4.2) and from the definition of the infinitesimal mapping g , that

f(x) ∼ r(|x|)g ( x/|x| ) = g(x) r(|x|) |x|^d and (4.8) follows.

Next we shall give a complete description of the infinitesimal mappings g in the simple case. In view of the positive homogeneity (4.2), it is enough to describe the corresponding mappings φ = g|_Sn−1 : S^{n−1} → R^n of the unit sphere S^{n−1} = ∂B^n ⊂ R^n into R^n .

Infinitesimal geometry of quasiregular mappings 117

Recall to this end a class of mappings, see [MV]. Let L ≥ 1 and let D be a domain in R^n , n ≥ 2. A continuous mapping h: D → R^n is said to be of L-bounded length distortion, abbreviated L-BLD, if h is discrete, open, sensepreserving and

(4.11) l(α) L ≤ l(hα) ≤ Ll(α)

for every path α in D . Here l(α) denotes the length of the path α.

We also say that h: D → R^n is of bounded length distortion and write h ∈ BLD , if h is of L-BLD for some L ≥ 1. Note that h ∈ BLD if and only if h is quasiregular and |h^′(x)| is essentially bounded away from 0 and ∞.

Similarly, on the unit sphere S^{n−1} = ∂B^n , n ≥ 2, we say that a continuous mapping φ: S^{n−1} → S^{n−1} is of bounded length distortion in S^{n−1} and write φ ∈ BLD(S^{n−1}), if φ is discrete, open, sense-preserving and, for some L ≥ 1 and every path γ in S^{n−1}

(4.12) l(γ) L ≤ l(φγ) ≤ Ll(γ)

where l(γ) denotes the length of the path γ in the metric of the unit sphere S^{n−1} induced by the Euclidean metric in R^n .

A number of criteria for BLD are known, see [MV, p. 429]. 4.13. Theorem. Let L ≥ 1 and D be a domain in R^n , n ≥ 2, and let h: D → R^n be a continuous mapping. Then each of the following conditions is equivalent to the property of h to be of L-BLD:

(1) h is ACL,

(4.14) |y| L ≤ |h^′(x)y| ≤ L|y| for all y ∈ R^n,

and J_h(x) ≥ 0 a.e.

(2) For each x ∈ D , there is r > 0 such that

(4.15)

|z − x| L ≤ |h(z) − h(x)| ≤ L|z − x| for all z ∈ B(x, r),

and J_h(x) ≥ 0 a.e.

(3) For each x ∈ D , L(x, h) ≤ L, l(x, h) ≥ 1/L and J_h(x) ≥ 0 a.e. Here we use the standard notations

(4.16) L(x, h) = lim sup_{z→x}

|h(z) − h(x)| |z − x|

, l(x, h) = lim inf_{z→x}

|h(z) − h(x)| |z − x| .

118 V.Ya. Gutlyanskiǐ, O. Martio, V.I. Ryazanov, and M. Vuorinen

4.17. Remark. Note also the following facts related to BLD-mappings: (a) Although a BLD mapping satisfies (4.15), it need not be a local homeomorphism. As typical examples we can consider the winding mappings f_k: R^n → R^n , defined by f_k(r, ϑ, y) = (r, kϑ, y), k = 2, 3, . . ., in cylinder coordinates. These mappings are k -BLD.

(b) If h: D → R^n is a local homeomorphism, then h is L-BLD if and only if h is locally L-bilipschitz. Such mappings are called also local quasi-isometries or quasi-isometries, see, e.g., [Ge_2 ], [Jo_1 ], [Jo_2 ], [MSa].

(c) If a BLD-mapping h: D → R^n is of the class C^1 , then its Jacobian J_f (x) never vanishes. Hence h is a local homeomorphism. For nonconstant C^1 quasiregular mappings in dimensions n ≥ 3, this is an open question.

(d) Let n = 2 and a mapping h: D → R^2 be complex analytic. If h has a branch point z ∈ D , then h^′(z) = 0, and so h cannot be of BLD.

(e) BLD-mappings, being locally lipschitz, are absolutely continuous on every line segment.

4.18. Proposition. Let f: D → R^n , n ≥ 2, be a nonconstant quasiregular mapping and x_0 ∈ D . If T (x_0, f) consists of one mapping g: R^n → R^n only, then g has the representation:

(4.19) g(z) = h ( s(z) )

where the mapping s: R^n → R^n ,

(4.20) s(z) = z|z|^{d−1}, d > 0,

is the radial stretching of R^n and the mapping h: R^n → R^n , h(0) = 0,

(4.21) h(w) = |w| · g(w/|w|), w ∈ R^n \ {0},

is homogeneous of degree 1,

(4.22) h(tw) = th(w), t > 0,

and of the class BLD(R^n). The mapping g is of the class BLD(R^n) if and only if d = 1.

In other words, every simple infinitesimal mapping is a homogeneous BLD map up to a radial stretching of R^n . The converse conclusion is also true because every BLD map is quasiregular.

Proof. In view of (4.2) h = g ∘ s^{−1} where s is a quasiconformal mapping of R^n in (4.20). Consequently, the mapping h is nonconstant quasiregular and, in particular, discrete, open and sense-preserving.

Infinitesimal geometry of quasiregular mappings 119 By Theorem 2.7 for all z ∈ R^n (4.23) i_g (z) ≤ i_f (x_0), and, in particular, we have the inequality for the linear dilatation for all η ∈ S^{n−1} (4.24) H(η, g) ≤ C, where the constant C as in (2.9) depends only on n and the product Qi_f (x_0).

Moreover, by (4.2) there exists the derivative in the radial direction for all η ∈ S^{n−1} (4.25) ∂_rg(η) = d · g(η). Hence, see Remark 2.23(4), we obtain the following estimates (4.26) d · C^{−1} ≤ |∂_r g(η)| ≤ d · C, η ∈ S^{n−1}.

Consequently,

L(η, g) = lim sup_{ζ→η}

|g(ζ) − g(η)| |ζ − η|

≤ d · C^2, η ∈ S^{n−1}, (4.27) and l(η, g) = lim inf_{ζ→η}

|g(ζ) − g(η)| |ζ − η|

≥ d · C^{−2}, η ∈ S^{n−1}. (4.28) Now, the stretching s deforms the space R^n only in the radial direction and (4.29) |∂_rg(η)| = d · |∂_r h(η)|, η ∈ S^{n−1}.

Hence, in view of (4.21), for d ≥ 1, (4.30) L(z, h) ≤ d · C^2, l(z, h) ≥ C^{−2}, z ∈ R^n, and, for d ≤ 1, (4.31) L(z, h) ≤ d^2 · C^2, l(z, h) ≥ d · C^{−2}, z ∈ R^n.

So by Theorem 4.13(3), we conclude that h ∈ BLD(R^n).

120 V.Ya. Gutlyanskiǐ, O. Martio, V.I. Ryazanov, and M. Vuorinen

4.32. Remark. As we have seen from the proof, the mapping h of the representation (4.19) is of the class L-BLD(R^n) with

(4.33) L = C^2 max{d, d^{−1}}.

Theorems 7.2 and 7.3 of [Re_1 ] give bounds for the degree d > 0 in (4.2) in terms of f

(4.34) ( K_I (f)/i_f (x_0)

)_{−1/(n−1)} ≤ d ≤ ( K_O(f) · i_f (x_0)

)_{1/(n−1)}

because K_I (g) ≤ K_I (f), K_O(g) ≤ K_O (f) by the lower semicontinuity of the dilatations, see, e.g., [Re_1 ], [Vä], [Ri], and i_g(0) = i_f (x_0) by Theorem 2.7. Hence

(4.35) L ≤ C^2 [ K(f) · i_f (x_0)

]_{1/(n−1)} , where K(f) is the maximal dilatation of the mapping f ,

(4.36) K(f) = max{K_O(f), K_I (f)},

and C is a constant as in (2.9) depending only on n and the product K_O(f)i_f (x_0).

In particular, if f is locally injective at the point x_0 , then h is of the class L-BLD(R^n) with

(4.37) L = C^2 [ K(f)

]_{1/(n−1)}

where the constant C depends only on n and K_O(f).

Now, it is easy to describe all simple infinitesimal mappings g when g(S^{n−1}) ⊂ S^{n−1} . As observed above this is sufficiently large.

4.38. Corollary. The formula

(4.39) g(z) = |z|^dφ(z/|z|), d > 0, φ ∈ BLD(S^{n−1}),

represents all simple infinitesimal mappings preserving the unit sphere S^{n−1} .

Indeed, if g is a simple infinitesimal mapping preserving S^{n−1} , by Proposition 4.18, φ = g|_Sn−1 : S^{n−1} → S^{n−1} satisfies (4.15) and hence φ is differentiable almost everywhere in the unit sphere. In view of (4.2), we have almost everywhere in the unit sphere

(4.40) J_g(η) = d · |g(η)| · J_φ(η) > 0,

i.e. φ is sense-preserving, see, e.g., [FG, p. 115].

Moreover, as the restriction of the quasiregular mapping g: R^n → R^n , the mapping φ: S^{n−1} → S^{n−1} is open in the topology of the unit sphere S^{n−1} induced by the topology of R^n . The discreteness of the mapping φ is clear, of course. Hence φ belongs to the class BLD(S^{n−1}).

Conversely, for any d > 0 and φ ∈ BLD(S^{n−1}) the mapping g in (4.39) is quasiregular, see [MRV_1 , p. 23], and g is the only mapping in T (0, g).

Infinitesimal geometry of quasiregular mappings 121

4.41. Remark. Note also that the inclusion g(S^{n−1}) ⊂ S^{n−1} always implies the equality

(4.42) φ(S^{n−1}) = S^{n−1}

because the image φ(S^{n−1}) must be simultaneously open and closed in the topology of the unit sphere S^{n−1} induced by the topology of R^n .

4.43. Corollary. The formula

(4.44) g(z) = |z|φ(z/|z|), φ ∈ BLD(S^{n−1}),

gives the representation of all simple infinitesimal mappings in the class BLD(R^n), preserving the unit sphere S^{n−1} .

Some examples of such mappings have been given in [MS_2 ].

5. The low dimensional cases n = 2, 3

Corollary 4.43 shows that the set of all simple infinitesimal mappings in the space R^n , n ≥ 2, is at least as large as the class BLD(S^{n−1}) of all the bounded length distortion mappings of the unit sphere S^{n−1} .

In the case n = 3, we may interpret S^{n−1} as the so-called Riemann sphere or, what is the same, as the extended complex plane C = C ∪ {∞} with the spherical metric. By the well-known Stoilow theorem, see, e.g., [St], [LV, p. 252], every discrete open mapping φ of C may be represented in the form φ = A ∘ H where A and H are an analytic function and a homeomorphism of C , respectively. Since A^′ = 0 in each branch point of A, we obtain by the uniqueness theorem for analytic functions that the branch points of A are isolated and, in view of the compactness of the Riemann sphere C , the function A has only a finite number of branch points. So it is easy to see that A: C → C must be a rational function, i.e. a quotient of two polynomials, see Theorem 2.2, [MS_2 ]. In particular, every mapping in the class BLD( C ) is topologically equivalent to a rational function A: C → C .

Note that a rational function A cannot be in BLD( C ), if A has at least one branch point, see Remark 4.17(d). However, every rational function A: C → C is topologically equivalent to a function of BLD( C ), cf. [MS_2 ].

For example, consider the function

(5.1) A_k(z) = z^k, k = 2, 3, . . . ,

that has branch points at the origin and at ∞ of the same order k and the corresponding radial stretching

(5.2) s_k(ζ) = ζ · |ζ|^{−1+1/k}, ζ ∈ C ,

122 V.Ya. Gutlyanskiǐ, O. Martio, V.I. Ryazanov, and M. Vuorinen

that is a quasiconformal homeomorphism of C . Then the composition f_k = A_k ∘ s_k is the winding of the order k , that is of the class k -BLD( C ), see Remark 4.17(a).

Below, as canonical quasiconformal homeomorphisms of C , we use the mappings H_k: C → C , k = 2, 3, . . . , that coincide with the corresponding radial stretchings s_k of (5.2) inside of the unit disk B^2 and with the identity mapping outside of B^2 .

5.3. Remark. Let A: C → C be a rational function, b_j be its branch points of the orders k_j > 1, j = 1, 2, . . . , l , respectively. Further, let B_j ⊂ C , j = 1, 2, . . . , l , be arbitrary spherical disks with the the centers at b_j such that B_j are mutually disjoint and let M_j : C → C , j = 1, 2, . . . , l , be Möbius transformations translating b_j into the origin and B_j into B^2 . Denote

(5.4) h_j = M^{−1}_j ∘ H_{kj} ∘ M_j , j = 1, 2, . . . , l,

where H_{kj} is as above and

(5.5) H = h_1 ∘ · · · ∘ h_l.

Then the composition

(5.6) φ = A ∘ H

is of the class BLD( C ).

Note, that H: C → C is a quasiconformal homeomorphism of C which is the identity mapping outside the disks B_j and it is similar to the stretchings (5.2) up to the Möbius transformations M_j inside every disk B_j , j = 1, 2, . . . , l .

In the plane case simple infinitesimal mappings can be explicitly described, cf. [GR].

5.7. Proposition. Let f: D → R^2 , f(0) = 0 ∈ D , be a locally injective Qquasiregular mapping for which its infinitesimal space T (0, f) consists of a unique element g(z). Then there exists a real number τ , 0 ≤ τ < 2π , and a measurable function ν(e^{i arg z}), |ν(e^{i arg z})| ≤ (Q − 1)(Q + 1)^{−1} , such that

(5.8) g(z) = Ce^{iτ} ω(z), C = ( π meas ω(B^2)

)_{1/2} , where

(5.9) ω(z) = { |z| exp ( i ∫_{arg z} 0 γ(θ) dθ

)}_{1/a}

, a > 0,

Infinitesimal geometry of quasiregular mappings 123

with

(5.10) γ(θ) =

1 − ν(e^{iθ})e^{−2iθ} 1 + ν(e^{iθ})e^{−2iθ} , satisfying the assumption

(5.11) 1 2π ∫_{2π} 0 γ(θ) dθ = a.

The function ω(z) for each ν(e^{i arg z}) is a Q-quasiconformal automorphism of the complex plane with the complex dilatation μ(z) = ν(z/|z|), keeping the points 0, 1 and ∞ fixed.

Proof. By Theorem 2.7 and Theorem 4.1 the infinitesimal space T (0, f) consists of positively homogeneous Q-quasiconformal mappings g: C → C normalized by the conditions g(0) = 0, g(∞) = ∞, and such that meas g(B^2) = meas B^2 . Next, the positive homogeneity implies that the complex dilatation μ of the mapping g has the ray symmetry. Since μ(sz) = μ(z), s > 0, μ is a function of the variable arg z only. Set μ = ν(e^{iθ}), where θ = arg z . Using the well-known Stoilow representation formulae for the open discrete mappings, see, e.g., [St], [LV, p. 252], we find that g(z) = A ∘ ω(z).

Here ω is a Q-quasiconformal automorphism of the complex plane with the complex dilatation ν(e^{i arg z}), keeping the points 0, 1 and ∞ fixed, and A(w) is an entire locally injective analytic function having zeros only at the origin and such that A(w) → ∞ as w → ∞. This last fact implies that A(w) = cw where c is a complex constant.

In order to define ω(z) we have to find all homeomorphic solutions of the Beltrami equation

(5.12) ω_{z̄}(z) = ν(z/|z|)ω_z (z) a.e.

keeping the points 0, 1 and ∞ fixed. By Schatz’s theorem [Sch] all such solutions can be found explicitly

(5.13) ω(z) = { |z| exp ( i ∫_{arg z} 0 γ(θ) dθ

)}_{1/(a+ib)} , a > 0,

(5.14) 1 2π ∫_{2π} 0 γ(θ) dθ = a + ib

124 V.Ya. Gutlyanskiǐ, O. Martio, V.I. Ryazanov, and M. Vuorinen

where the integrand has the form (5.10).

It is easy to see that ω maps radial lines arg z = const into infinitely winding spirals if and only if b ≠ 0. When b = 0, all radial lines map to radial lines and therefore this condition is necessary and sufficient for ω(z) to be positive homogeneous. To complete the proof we need to choose

(5.15) c = e^{iτ} ( π meas ω(B^2)

)_{1/2}

, 0 ≤ τ < 2π,

in order to make the corresponding mapping g(z) volume-preserving.

5.16. Proposition. Let f: D → R^2 , f(0) = 0 ∈ D , be a Q-quasiregular mapping for which its infinitesimal space T (0, f) consists of a unique element g . Then there exists a real number τ , 0 ≤ τ < 2π , an integer k , k = 1, 2, . . ., and a measurable function ν(e^{i arg z}), |ν(e^{i arg z})| ≤ (Q − 1)(Q + 1)^{−1} , such that

(5.17) g(z) = Ce^{iτ} ω^k(z),

where the mapping ω and the constant C are defined by (5.8)–(5.11).

Proof. Arguing as in the proof of Proposition 5.7 we find that

g(z) = A ∘ ω(z)

where ω is the normalized homeomorphism of the plane with complex dilatation μ(z) = ν(e^{i arg z}) and A(w) is an entire analytic function with the following properties: A(0) = 0, A(w) ≠ 0, w ≠ 0, for the rest of the points and A(w) → ∞ as w → ∞. By the Liouville theorem A(w) = cw^k , for some k = 1, 2, . . . . Next, the positive homogeneity of g implies the same property for the mapping ω(z) and therefore it has the representation (5.8)–(5.11). The condition meas g(B^2) = π yields the value of c.

5.18. Remark. Each of the functions given by (5.17) is a simple infinitesimal mapping. So, (5.17) is a complete and explicit description of the class of all simple infinitesimal mappings in the plane case.

Below we will identify the (x_1, x_2)-plane with the complex plane z = x_1 + ix_2 and, correspondingly, (u_1, u_2)-plane as the complex plane w = u_1 + iu_2 .

5.19. Proposition. Let a > 0 and ω(z): C → C be given by (5.9)–(5.11). Then the mappings g: R^n → R^n , n ≥ 2,

(5.20) (z, y) → ( ω^k(z), y^{k/a} ) , where y^{k/a} = (x^{k/a}_3 , . . . , x^{k/a}_n ), k = 1, 2, . . . , are infinitesimal mappings satisfying g ∈ T (0, g).

Infinitesimal geometry of quasiregular mappings 125

In particular, if a = 1 and ω(z) ≡ z is the identity mapping, then the mappings (5.20) are topologically equivalent to the k -winding mappings f_k: R^n → R^n , k, n ≥ 2 (5.21) (r, ϑ, y) → (r, kϑ, y) written in terms of polar coordinates in the (x_1, x_2)-plane, cf., e.g., [Sr, p. 106].

Let O(n) be the space of all orthogonal transformations of R^n . Denote by G the class of all entire quasiregular mappings G: R^n → R^n (5.22) G(x) = U ∘ Ω ∘ V where U, V ∈ O(n) and let Ω be defined by (5.20).

5.23. Proposition. Let G_1, . . . , G_l ∈ G. Then (5.24) g = G_1 ∘ G_2 ∘ · · · ∘ G_l is a simple infinitesimal mapping for itself at the origin.

The formula (5.24) provides us, in particular, with a wide family of mappings that have a ray structure of the branch set B_f and fB_f .

5.25. Remark. Note that the example g of (4.44) with φ(ζ) = ζ^2(ζ − 1)^3, ζ ∈ C , where we identify the sphere S^2 with the extended complex plane C shows that (5.24) does not describe all simple infinitesimal mappings because the degrees must be multiplied under compositions of mappings (5.22), see Remark 2.4. 6. Bounds for local degree and dilatations Here we give some consequences of Theorem 4.1 and the following theorem that was proved in [Ma, p. 13]:

6.1. Theorem. Let f: D → R^n , n ≥ 3, be a quasiregular mapping and x_0 ∈ D . If K_I (f) < i_f (x_0), then f is differentiable at x_0 and f^′(x_0) = 0.

6.2. Corollary. Let f: D → R^n , n ≥ 3, be a nonconstant quasiregular mapping and x_0 ∈ D . If T (x_0, f) consists of one mapping g: R^n → R^n only, then for all z ∈ R^n \ {0} (6.3) i_g(z) ≤ K_I (g).

Indeed, if i_g (z) > K_I (g) for a point z ∈ R^n \ {0}, then i_g(tz) > K_I (g) for all t > 0 by Corollary 4.3(2). Consequently, by Theorem 6.1, g^′ ≡ 0 on the ray tz, t > 0. So by Corollary 4.3(4), g ≡ 0 on this ray. However, this last conclusion contradicts the fact that g is discrete.

126 V.Ya. Gutlyanskiǐ, O. Martio, V.I. Ryazanov, and M. Vuorinen The estimate (6.3) can be used to study the initial mapping f . 6.4. Theorem. Let f: D → R^n , n ≥ 3, be a nonconstant quasiregular mapping and x_0 ∈ D . If T (x_0, f) is simple, then lim sup

x→x_0, x∈D\{x_0}

i_f (x) ≤ K_I (f).

Proof. Let us assume that there exists a sequence x_j ∈ D \ {x_0}, x_j → x_0 as j → ∞, such that lim_{j→∞} i_f (x_j ) > K_I (f), i.e. in terms of the approximating mappings, see (2.1), (6.5) lim_{j→∞} i_{Fϱj} (η_j ) > K_I (f) where ϱ_j = |x_j − x_0| and η_j = (x_j − x_0)/|x_j − x_0| ∈ S^{n−1}.

In view of the sequential compactness of the unit sphere S^{n−1} , we may assume, without loss of generality, that η_j → η_0 ∈ S^{n−1} as j → ∞.

Consider the sequence h_j(ζ) = F_{ϱj} (ζ + η_j − η_0).

It is clear that h_j → g locally uniformly as j → ∞. By the upper semicontinuity of the local topological index, see [MRV_3 , p. 24], we obtain that lim sup j→∞ i_{hj} (η_0) ≤ i_g (η_0).

Hence, in view of (6.5), i_g(η_0) > K_I (f) and by the lower semicontinuity of the inner dilatation, see, e.g., [Vä], [Ri], i_g(η_0) > K_I (g).

However, the last inequality contradicts Corollary 6.2.

Theorem 6.4 enables us to prove the conjecture [Ma] on K_I (f) in the case of a simple T (x_0, f), cf. [Se].

Infinitesimal geometry of quasiregular mappings 127

6.6. Corollary. Let f: D → R^n , n ≥ 3, be a nonconstant quasiregular mapping, x_0 ∈ D and let T (x_0, f) be simple. If (6.7) K_I (f) < 2, then f is injective in a neighborhood of x_0 .

Indeed, by Theorem 6.4, the condition (6.7) implies that lim sup

x→x_0, x∈D\{x_0}

i_f (x) = 1.

However, space quasiregular mappings cannot have isolated branch points, see, e.g., [AM], [Zo_2 ]. Consequently, x_0 is not a branch point.

Below we also use the following consequence of Theorem 6.1, see [Ma, p. 14]: 6.8. Corollary. Let f: D → R^n , n ≥ 3, be a nonconstant quasiregular mapping and and let α ⊂ B_f be a rectifiable curve. Then (6.9) K_I (f) ≥ inf_{x∈α} i_f (x).

Using Corollary 6.8 we can now obtain upper bounds for i_f (x_0) in terms of K_I (f), if B_f has a very weak tangential structure at x_0 . In this case T (x_0, f) need not be simple.

We say that the branch set B_f has a tangent ray at a point x_0 ∈ B_f , if there is a ray R emanating from the point x_0 and a positive function ε(r) such that ε(r) → 0 as r → 0 and (6.10) dist ( R ∩ ∂B(x_0, r), B_f ∩ ∂B(x_0, r) ) ≤ rε(r) for 0 < r < r_0 .

6.11. Theorem. Let f: D → R^n , n ≥ 3, be a nonconstant quasiregular mapping such that B_f has a tangent ray R at a point x_0 ∈ B_f . Then (6.12) lim inf_{x→x0,}

x∈B_f

i_f (x) ≤ K_I (f).

Proof. From (6.10) it easily follows that R_0 ⊂ B_g for every g ∈ T (x_0, f) where R_0 = R − x_0 is the corresponding ray emanating from the origin.

Next, arguing locally we obtain from Corollary 6.8 that (6.13) lim inf_{z→0,}

z∈B_g \{0}

i_g(z) ≤ K_I (g).

By the lower semicontinuity of the inner dilatation (6.14) K_I (g) ≤ K_I (f), and the inequalities (6.13), (6.14) and from Lemma 2.24 we obtain (6.12).

128 V.Ya. Gutlyanskiǐ, O. Martio, V.I. Ryazanov, and M. Vuorinen

6.15. Corollary. Let f: D → R^n , n ≥ 3, be a nonconstant quasiregular mapping such that B_f has a tangent ray at a point x_0 ∈ B_f . Then K_I (f) ≥ 2.

Acknowledgments. Research of the first author was partially supported by the Russian Foundation of Fundamental Investigations (RFFI) Grant number 95- 01-00345a. The third author thanks for the support of the Department of Mathematics of University of Helsinki.

References

[A_1 ] Ahlfors, L.: On a class of quasiconformal mappings. - Österreich. Akad. Wiss. Math.- Naturw. K1. Sitzungsber. II 185, 1976, 5–10.

[A_2 ] Ahlfors, L.: Quasiconformal deformations and mappings in R^n . - J. Analyse Math. 30, 1976, 74–97.

[AM] Agard, S., and A. Marden: A removable singularity theorem for local homeomorphisms. - Indiana Univ. Math. J. 20, 1970, 455–461.

[Be] Belinskii, P.P.: General Properties of Quasiconformal Mappings. - Nauka, Novosibirsk, 1974 (Russian).

[BI] Bojarski, B., and T. Iwaniec: Analytical foundations of the theory of quasiconformal mappings in R^n . - Ann. Acad. Sci. Fenn. Math. 8, 1983, 257–324.

[BIK] Bojarski, B., T. Iwaniec, and R. Kopiecki: Riemannian Manifolds with Non- Smooth Metric Tensors and QC-Maps. - In: Proc. Seminar on Monge–Ampere Equations Related Topics, Firenze 1980, Roma, 1982, 123–165.

[Fer] Ferrand, J.: Regularity of conformal mappings of Riemannian manifolds. - Lecture Notes in Math. 743, 1979, 191–203.

[FG] Fonseca, I., and W. Gangbo: Degree Theory in Analysis and Applications. - Clarendon Press, Oxford, 1995.

[Ge_1 ] Gehring, F.: Rings and quasiconformal mappings in space. - Trans. Amer. Math. Soc. 103, 1962, 353–393.

[Ge_2 ] Gehring, F.: Injectivity of local isometries. - Comment. Math. Helv. 57, 1982, 202–220. [Gol] Gol’dshtein, V.M.: On behavior of mappings with bounded distortion under distortion coefficient close to 1 . - Sibirsk. Mat. Zh. 12, 1971, 1250–1258 (Russian).

[GMRV_1 ] Gutlyanskiĭ, V.Ya., O. Martio, V.I. Ryazanov, and M. Vuorinen: On asymptotic behavior of quasiconformal mappings in the space. - In: Quasiconformal Mappings and Analysis, Springer-Verlag, New York, 1998, 159–180.

[GMRV_2 ] Gutlyanskiĭ, V.Ya., O. Martio, V.I. Ryazanov, and M. Vuorinen: On convergence theorems for quasiregular mappings in the space. - Forum Math. 10, 1998, 353–375.

[GMRV_3 ] Gutlyanskiĭ, V.Ya., O. Martio, V.I. Ryazanov, and M. Vuorinen: On local injectivity and asymptotic linearity of quasiregular mappings. - Studia Math. 128(3), 1998, 243–271.

[GR] Gutlyanskiĭ, V.Ya., and V.I. Ryazanov: On the local behavior of quasiconformal mappings. - Izv. Akad. Nauk Rossii 59, 1995, 31–58.

[Iw_1 ] Iwaniec, T.: Regularity theorems for solutions of partial differential equations related to quasiregular mappings in several variables. - Dissertationes Math. CXCVIII, 1982, 1–48.

[Iw_2 ] Iwaniec, T.: Geometric function theory and partial differential equations. - Lectures in Seillac (France), May 27–June 2, 1995, 1–41.

Infinitesimal geometry of quasiregular mappings 129

[IK] Iwaniec, T., and R. Kopiecki: Stability in the differential equations for quasiregular mappings. - Lecture Notes in Math. 798, 1980, 203–214.

[Jo_1 ] John, F.: On quasi-isometric mappings, 1. - Comm. Pure Appl. Math. 21, 1968, 77–110. [Jo_2 ] John, F.: On quasi-isometric mappings, 2. - Comm. Pure Appl. Math. 22, 1969, 265– 278.

[LV] Lehto, O., and K. Virtanen: Quasikonforme Abbildungen. - Springer-Verlag, Berlin, 1965.

[Ma] Martio, O.: A capacity inequality for quasiregular mappings. - Ann. Acad. Sci. Fenn. Math. 474, 1970, 1–18.

[MRV_1 ] Martio, O., S. Rickman, and J. Väisälä: Definitions for quasiregular mappings. - Ann. Acad. Sci. Fenn. Math. 448, 1969, 1–40.

[MRV_2 ] Martio, O., S. Rickman, and J. Väisälä: Distortion and singularities of quasiregular mappings. - Ann. Acad. Sci. Fenn. Math. 465, 1970, 1–13.

[MRV_3 ] Martio, O., S. Rickman, and J. Väisälä: Topological and metric properties of quasiregular mappings. - Ann. Acad. Sci. Fenn. Math. 488, 1971, 1–31.

[MRVu] Martio, O., V. Ryazanov, and M. Vuorinen: BMO and injectivity of space quasiregular mappings. - To appear.

[MSa] Martio, O., and J. Sarvas: Injectivity theorems in plane and space. - Ann. Acad. Sci. Fenn. Math. 4, 1981, 383–401.

[MS_1 ] Martio, O., and U. Srebro: Periodic quasimeromorphic mappings in R^n . - J. Analyse Math. 28, 1975, 20–40.

[MS_2 ] Martio, O., and U. Srebro: On the local behavior of quasiregular maps and branched covering maps. - J. Analyse Math. 36, 1979, 198–212.

[MV] Martio, O., and J. Väisälä: Elliptic equations and maps of bounded length distortion. - Math. Ann. 282, 1988, 423–443.

[Re_1 ] Reshetnyak, Yu. G.: Space Mappings with Bounded Distortion. - Transl. Math. Monogr. 73, American Mathematical Society, 1989.

[Re_2 ] Reshetnyak, Yu. G.: Stability Theorems in Geometry and Analysis. - Nauka, Sibirskoe otdelenie, Novosibirsk, 1982 (Russian).

[Re_3 ] Reshetnyak, Yu. G.: The local structure of mappings with bounded distortion. - Sibirsk. Mat. Zh. 10, 1969, 1319–1333.

[Ri] Rickman, S.: Quasiregular Mappings. - Springer-Verlag, Berlin, 1993. [Sch] Schatz, A.: On the local behavior of homeomorphic solutions of Beltrami’s equation. - Duke Math. J. 35, 1968, 289–306.

[Se] Semenov, V.I.: Local injectivity of mappings with bounded distortion under conformality coefficient less than 2 . - Sibirsk. Mat. Zh. 36:2, 1995, 404–408.

[Sr] Srebro, U.: Topological Properties of Quasiregular Mappings. - Lecture Notes in Math. 1508, Springer-Verlag, Berlin, 1992.

[St] Stoilow, S.: Leçons sur les principes topologiques de la théorie des fonctions analytiques. - Gauthier-Villars, Paris, 1938.

[TV] Tukia, P., and J. Väisälä: Quasiconformal extension from dimension n to n + 1 . - Ann. Math. 115, 1982, 331–348.

[Vä] Väisälä, J.: Lectures on n -Dimensional Quasiconformal Mappings. - Lecture Notes in Math. 229, Springer-Verlag, Berlin, 1971.

[Vu] Vuorinen, M.: Conformal Geometry and Quasiregular Mappings. - Lecture Notes in Math. 1319, Springer-Verlag, Berlin, 1988.

130 V.Ya. Gutlyanskiǐ, O. Martio, V.I. Ryazanov, and M. Vuorinen

[Zo_1 ] Zorich, V.A.: The Lavrentiev theorem on quasiconformal space mappings. - Mat. Sb. 74 (116), 1967, 417–433 (Russian).

[Zo_2 ] Zorich, V.A.: Isolated singularities of mappings with bounded distortion. - Mat. Sb. 81 (123), 1970, 634–638 (Russian).

Received 9 April 1998