Abstract

This is a translation from French of an ENS exam which I particularly
loved as a student.

It gives an elementary proof, due to Selberg, of Dirichlet’s theorem on
primes in arithmetic progressions: Whenever a and b are coprime positive
integers (why do we require that?), there exist infinitely many prime numbers
of the form ak + b.

All it requires is basic group theory and basic material about series, as
well as some skill and courage!

Dirichlet’s theorem is obtained at the end of part V; part VI is an appli-
cation to cyclotomic polynomials, which may be left aside.
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Candidates may answer any part by admitting results stated in the previous parts.

It should be noted that once the results of part V have been admitted, the final part

is independent from the previous parts.

The symbols m, n (respectively, =) will denote integers (respectively, a real num-

ber) > 1. The symbol p will always denote a prime number.

We denote by v,(n) the highest powerE], possibly 0, of p which divides n.

The integer [z] denotes the flooif] of .

Whenever f, g are real-valued functions defined on a neighbourhood of 400, the no-

tation f = O(g) means that f is the product of ¢ by a function which is bounded in a

neighbourhood of +o00. Similarly, whenever u,,, v,, are complex-valued sequences, the

notation u,, = O(v,) means that the sequence w,, is the product of the sequence v,

and of a sequence which is bounded in a neighbourhood of +o0.

The notation Z ug denotes the sum of the uy ranging over the integers d > 1 that
d|n

divide n. |

We denote by log the natural logarithm.

We fix once and for all a positive integer N.

We denote by G(N) the multiplicative group of invertible elements of the ring Z/NZ.

Preliminary

1. Let > .. u, and > - v, be two series of complex numbers. Let U, =
> r_; ux be the partial sum. Check the identity

n n—1
E ULV = UnUn + E Uk<Uk — Uk+1).
k=1 k=1

*mascotn@tcd.ie
ITranslator’s note: Actually, the ezponent of this highest power, so that p?»(™) | n.
2Translator’s note: This means the largest integer < x.
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Let G be a finite Abelian group whose operation is written multiplicatively. We say
that a homomorphism from G to the multiplicative group C* is a character of G.
Let x and x’ be two characters of G. The product xx’ is defined by the formula

xX'(9) = x(9)X'(g) for g € G.

We denote by 1 the constant character of value 1. The set G of characters of G is
thus endowed with a group law whose identity element is 1.

We denote by G the group of characters of G.
Finally, we denote by X the character which maps g € G to the conjugate x(g)

of x(g). R
For all x € GG, consider the map ¢, € G:
G — C~
X X(x)
Our first goal is to prove that the morphism
(*) G — éj
r > ¢y
is injective.
1. Let x € G, x # 1, and let (z) be the subgroup of G spanned by . Prove that
there exists a character x of (x) such that x(z) # 1.

2. Let F be the set of subgroups H of G containing (z) such that x may be
extended into a character of H. Prove that F contains an element G’ of
maximal order. Suppose G’ # G. Let y be an element of G which does not lie
in G'. By considering the smallest n > 1 such that y™ € G’, whose existence
you must justify, prove that y may be extended to the subgroup spanned by G’
and y. What can you conclude from this?

3. Let X' € G and z € G. Compare the sums
> x(x) and Y xx'(x).
XE@ xe@
By suitably choosing x’, prove the formulae

Zx(x):()ifx#l,

xeG

> x(@) =|Glifz=1.
xeé
Similarly, prove the formulae

D x(z)=0if x # 1,

zeG

Y x(@) =|Glif x=1.

z€G



4. By considering the sum > x(z), prove that |G| = |G|. What can you

conclude about the morphism G — @ described at (x)?
IT

You are reminded that the symbol p denotes a prime number.
Recall the formula logn! = nlogn —n + O(logn).

1. Prove the identity

Deduce the bounds

2. By considering the expression (1 + 1)*™*1, prove that (*"*') < 4™. Deduce
the upper bound
H p < 4™,

m+1<p<2m+1

[Ir <4

psn

3. Prove the upper bound

by induction on n.

4. By considering log n!, prove the estimate

1
Z o}g)p =logz + O(1).

P<T

111

From now on, by character, we mean character of G(N). We say that a char-
acter x # 1 is nontrivial. We still denote by y the map from N to C defined
by x(m) = x(m mod N) if m and N are coprime and x(m) = 0 else. We have the
identity x(ab) = x(a)x(b) for all a, b.

1. Let x be a nontrivial character. Prove that series ), @ (respectively, > -,

converges. We denote its sum by L(x) (respectively, by Li(x)).

In this part, from now on, y is a nontrivial real-valued character.

2. Let f(n) =3, x(d). Prove that f(mn) = f(m)f(n) whenever ged(m,n) =
1. Deduce the lower bounds

f(n) > 1if n is a square, and f(n) > 0 else.

For x > 0, define g(z) =, . L\/%) How does g behave when x — 4007

x(n)logn )

n



3. Prove very carefully the identity

PRI DI

d'<\/x \F<d\ 7 d<\f

g(z) =

By a thorough analysis of the two terms of this sum, prove that the differ-
ence g(x) — 2y/xL(x) is bounded.

4. Prove that L(x) does not vanish in this case.

IV

1. We denote by p(n) the integer defined by p(n) = 0 if n is divisible by the
square of a prime number, else p(n) = (—1)" if n admits r (non-repeated)
prime factorﬂ. Prove that for all n # 1, we have the identity

> uld) =

dln

2. Let H be a nonzero function from N to C such that for all m,n € N, H(mn) =
H(m)H(n). Determine H(1). Suppose also that F' and G are functions
from [1,4+00) to C such that

Va € [1,400), G(x) = Y F(x/k)H(k).

1<k<z

Prove the formulall

Va € [1,400), F(x) = Y u(k)G(x/k)H (k).

1<k<z

3. Let A be the functionﬂ from [1,400) to R which maps p™ to log p and which
vanishes at all the real numbers which are not integers of the form p™. Prove

the formula
Z wu(d)log(m/d).
dm
v

Let x be a nontrivial character which may or may not be real-valued.

L. Let G(x) = ) <, wx(n). Prove that G(z) — xL(x) is bounded.
Suppose L(x) # 0. By using part IV, deduce that ) ”)—X(”) is bounded.

n<x
2. Suppose that L(x) = 0. Define Gi(z) = > ., ., Zlog (%) x(n). Prove
that G1(z) = —zLi(x) + O(logz). As in the previous question, deduce that
the function () ()
p(n)x(n
— 41
X)Z —— tloga

n<x

is bounded.

3Translator’s note: u is called the Mébius function.
4Translator’s note: This is known as the Mébius inversion formula.
STranslator’s note: A is called the von Mangoldt function.
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3. By using part IV, prove that

Zu ZX logp oQ).

nx p<T

4. Deduce from the above that

x(p 1ogp O(1) if L(x) # 0,
Z { —logx—I—g(l) if

L(x) =0.

p<T
5. Let T be the number of nontrivial characters such that L(y) = 0. By consid-

ering the expression
PR

XEG(N) PS®

prove the estimate

G Y loip:u_T)logHou).

p<T
p=1 mod N

6. Prove that T'= 0 (make the distinction between the real-valued case and the
complex-valued case).

Let ¢ be an integer which is coprime to N. By considering the sum
Z Z 1ogp
XEG(N) PS*
prove thatﬂ there exists infinitely many primes p such that p = ¢ mod N.

VI

Let P be a nonzero polynomial with integer coefficients. We denote by ¢(P) the
gcd of the coefficients of P.

1. Prove that if P and () are nonzero polynomials with integer coefficients, then

c(PQ) = c(P)c(Q).

Hint: Reduce to the case ¢(P) = ¢(Q) = 1, and consider a prime divisor
of ¢(PQ).

2. Let ¢ be an n-th root of 1. Let P, be the monic polynomia]ﬂ with coefficients
in Q and of minimal degree that vanishes at (. Prove that the coefficients
of P are actually integers.

We denote by Z[(] (respectively, Q[(]) the subring of C spanned by Z and ¢
(respectively, by Q and (). Let d be the degree of P.

6Translator’s note: This is known as Dirichlet’s theorem on primes in arithmetic progressions.
"Translator’s note: Such a polynomial is called a cyclotomic polynomial.
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3. Prove that B = (1,(,¢?,--+ ,¢% — 1) is a basis of the Q-vector space Q[(].

4. Let P be a polynomial with integer coefficients. Prove that for any prime
number p, there eixts a polynomial G, with integer coefficients such that

P(XP) = P(X)P + pGp(X).

Whenever z € Q[(], let M(z) be the matrix with respect to B of the Q-linear
map

Q¢] — Q[¢]

y — xy.

5. By using V.7., and by considering matrices M (z) for suitable = € Q[(], prove
that if £ is an integer which is coprime to n, then

P:(¢h) =0.
6. Prove that the union of the sets

k
Ed:{a | 1<k <dand gcd(k:,d):l}

for d > 1 dividing n agrees with

{Ellgkgn},
n

ad that the sets Fy for d > 1 dividing n are pairwise disjoint. Define

P, () = H (X - e?mik/my

1<k<n
ged(k,n)=1

Prove the identity

[[2a(x)=x"-1.
dln

Deduce that ®,(z) has integer coefficients for all n.

7. Which conclusions can you draw about F;?

END



