442 Tutorial Sheet 1b! Well, this is just a change of codrdinates and we know how to this:

Gab — Ga'vy = Angngab
1. (2) Find an expression for
V VI — VgV T, (1)

in terms of the Riemann tensor.

Solution: So, the thing to remember here is that V7% is a three-indexed tensor and
must be differenciated accordingly. Hence

Ve (ViT%) = 0. (VyT%) + T2 (VyT4) — T, (VT9) — T4, (VaT?) (2) cos ¢sin 6
We also know that 7 cos ¢ cos
VT = 041 + TeqT% =TT, 3) —7rsin ¢sinf

Expanding out the whole lot

Ve (VaT%) = ( ede T F?fﬂd) T+ (_F;b,c + Ffbrgf) T°,
+terms symmetric in ¢ and d (4) — = singsind

where we haven't written out the terms symmetric in ¢ and d because we know they will rsin ¢ cosd

cancel when we subtract V T%). Now, .
When we subtr a(VeT) W 7 cos ¢ sin 6

Ve (Val%) = Va(VeT%) = (Tl = Tl + T4, = T4 TL) 79
+ (rib,d — e+ Ffbl“?}f - ngrif) T,

and finally z

Rip T + Ry, °T", (5) cos §

ecd

—rsinf

0
. (2) Calculate the usual metric on the surface of a sphere by considering a radius r sphere

22 4+ y? + 22 = r? embedded in three-dimensional flat space ds? = dz? + dy? + dz%. To

do this, change to spherical polar coordinates: . .
So, using the notation g, for gi1, g.- for g1:1- and so on we have

r = rcos¢sind
y = rsingsinf
z = rcosf (6) and

Grr = (cos ¢sin0)* + (sin ¢ sin 0)? + (cos0)? = 1

‘ 2 i 2 A 2
; goo = (rcospcos)” + (rsingcosf)” + (—rsinbh)” =r
and then set dr = 0 to restrict to the surface of the sphere.
and
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You should also check that the cross terms are all zero, for example
27 Febuary 2005
T g = ATAG+ AVAY+ AZA;

2




= rcos? ¢sinfcos B + rsin? ¢ cosfsin @ — rsin § cos f

Putting all this together we get
ds* = dr® + r*df? + r?sin® 0dp?
and, so, on the sphere dr = 0 and

ds* = r?d6* + r*sin® Od¢?

. (4) Find the curvature on a two-dimensional hyperboloid:
12— a? =2
embedded in Minkowski space:

ds* = —dt* + da® + dy?
In other words, change to hyperbolic coordinates

z = rcos¢sinhn

y = rsingsinhny
t

= rcoshn (20)

and then restrict to the surface of the hyperboloid by setting dr = 0. This gives the
metric on the surface of the embedded hyperboloid, now calculate its Ricci scalar.

Solution: To do the change of codrdinates, we could work out all the A factors as before,
a notationally simpler route is used here, we calculate dx, dy and dz by differenciating,
for example,

dx = sinh 7 sin ¢dr + r cosh 7 sin ¢dn + r sinh 7 cos ¢de. (21)

Next, we calculate ds? = —dt? + da? + dy?, this is just a matter of multiplying out and
gathering together. We get

ds® = —dr® + r2dn? + r? sinh® nd¢? (22)
and for fixed r we have dr = 0 and so the metric on the hyperboloid is
ds? = r’dn? 4 r? sinh? nde* (23)
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giving metric

(1 0
[gas] =7 (0 sinh? 7

[ ub] _ l 1 0
172 o 1/sinh?n

Next, we work out the connection coefficients:

c

1.,
ab = 59('1 (Oabab + ObYad — Oagav)

Hence, since [g®] is diagonal, we have

1
FZb = ﬁ (aagnb + 8bgm] - 8ngab) (27)

Now, the only non-constant term in the metric is gy, so the only non-zero connection
coefficient with superscript 7 is

1 1 . .
Tl = o5 (=0h9s0) = _2’_r'26n (r? sinh? n) = — coshnsinhp (28)

2r
Similarily

1
Iy, = DYCTE (Oagst + ObGap — OpGav) (29)

and the only non-zero possibilities are

1
¢ ¢ —
I, =T, = 22 sy (0ngse) = cothn (30)

Next, we work out the Riemann tensor
Rabcd = abFZc - aﬂrgc + Fgcrg_f - FI{CFZ/ (31)

and, because Rypeq = — Rpaca = —Rapae and the metric is diagonal, there is only indepen-
dant nonzero component of the Riemann tensor and it is sufficient to calculate Rgyq,.
Now,
n_ U] Ul S o fon
Ry’ = 0lgs — 054 + Loy — T3 1G5 (32)

Only the first and last term are non-zero, giving

R,, ¢” = —0, coshnsinhn + cothnsinh 7 coshn

= —sinh?n — cosh?n + cosh’n = —sinh?p




Ryp = R@a@“ =R, = —sinh® n

— e
a 22 2
Rgnen = Gna Ry’ = —r~sinh”n

Ry = 9% Rongy = —1

Putting all this together we get

2
R= gnan + F]@(DR@@, __“

r2




