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Q1. (4) By explicit calculation show that the torsion free metric connection is a connection

that is it obeys the coordinate transformation rule for a connection.

Firstly, the torsion free metric connection is given by

1

be = igad(aagdc + 0cGab — OaGne)-
Note in the following calculation g., = gpe.

Now z% — 2% then

d pc
Gde — Gd'¢¢ = Ad/Ac/gdc

so that
abgdc — 8b’gd’c’ - ab' (AZ’AZ’gdC)
= Ab/ 8@, (Ad/ AE/ gda)
- Ab/ [(abAzll/)AzgdC + Azll/ab(Azlgdc)]
= Abf{(ﬁbAZf)Aﬁfgdc + AL [AG (Dygac) + (DAL )gdc]}
9%z 0%x°
= Ab/a ba d Ac/gdc + Ab’Ad/A ab.gdc + Ab’Ad’a ba o Gde
or 62 d 62
T . . x°
ab/gd/c/ = a b/@ 7 A /gdc + Ag/Ad/Ac/abgdc + Aglmgdc
By cyclic permutations of indices d’, ¢/, b’ and d, ¢, b we get
9%t 9?ab
8d/gcfb/ = a d/a Ab/gcb + Ad/A Ab/adgcb + AC a dla Yy o 79cb
and 2,.b 62 d
T . T
8c/gb/d/ = WAZ/gbd + AC’AZ’ AZ/ acgbd + Aglmgbd

Now subtracting (4) from the sum of (3) and (5) and multipling by 3, we obtain
1
I_HS = §(ab/gd/c/ + ac/gb’d/ — ad’gc’b/)

(v, dY
v, dh.

!Conor Houghton, houghton@maths.tcd.ie, see also http://www.maths.tcd.ie/ houghton/442.html

Thanks to Niall Dooley for help with this solution sheet



and

and anc
RHS = 7146/ c Ab/ Ad/ Ac/a c Ad/ N 7~ s Yde
axb/axd/ ' 9d + b ¢ Ob9d + d &rb/ axcl 9d
0% . 0%xd
+ W!‘%de + AL A AL Oegra + AZ/ngd
ot , d pgc Ab . 0%
— WA /gcb - A /AC/A /adgcb - ACIWQCb
AL A% AL Oy + Dot — Dagr) + (A=)
= 1 Ao Ay \ObGde cgbd d9cb ¢ Ot O Gbc)d—b
0*x¢ 0?z¢
+ (Ablmgbc)d—»b + (Ad/mgcb)d—w b—c
62336 , 62 c . asz

+ Ab’ﬁ CH_A’ﬁC_A’ﬁC
( axcaxdgb>db badacgb Caxdal'bgb
62 c

a b/a C/gbC

0?x¢

- Ad/Ab/ zl{cb, d} + Ab/

— Ad/Ab/ zl{bC, d} + Ab/

where for example (AS B Efj Zd, Gbe)d—b 1S A o b’a — gde With the dummy index d changed to b.

Now equating, LHS = RHS get

[oating
I 03y . Ab Ac pd b
{b C 9 d } — A /AC/A /{bC, d} + Ad/ 783;5&56’ gbc
=Ty, = ¢vd, d}
_ Ab Ac Ad ad{bc d}+ 62556 Ab a'd
- 1 Aa Qg g ) 0xb/6xc/ a9 Gbe
2,.C
= Ab’AZ/AdlAZIAZ/gae{bC’ d} + 861)'; Ab,Aa Ad 9% Ghe
2
= AU ASAY " be, d} + 881), o AL 0" e
Ab AC Aa’ ad 82xc a’ _ab
= AyAsAyyg {bC;d}JFWAaQ Gbe
foating
— Ab,AC Aa a Aa 511
8 ¥ Oxc
821'0 /
= Ab/AC A“ be + = AL
8 Voxe
8237(1 /
= Ab/AC Aa be + == Ao .
8 Vg

on changing ¢ — a in the 2nd term.



This is a nice way to write the transformation, and is equivelent to the form
in lectures:

2 1
I, = Ab A, AYTe A A€ ﬂ
e’ T 43’4 ra * be b’ c’axbal,c'
To see these are the same, note that
e ot e 0%t
< Orbdre ¢ OxbOxe

because ) )
e Dz ozt Oz

¢ 0rbdre 0z 0rbore

and, by the product rule,
dat &z _J ( Ox® &E"/) B &z Oz
Oz Oxboxre  Oxb Oz dxc 0xboxc Oxc

used derived

(7)

(10)

Now, the first term on the right hand side is zero because it involves differenciating the Kroneker

delta. Next, by the chain rule

!
ot 0?x¢ Oz x4
Oxbdxe — Oxd dxc dxb  Oxd Ox¢ P

Putting all this together

821”“, ’ ’ 821'0
—Ab/Ac/i — Ab/Aa Ad P erraa—
Y Qb oxe e bazaxcd' ox® 2
_ (,).g// Aa/ xr _ Aa/ xr

¢ Oxd Oz ¢ Oxboxc

and c is a dummy index.

(11)

(12)



