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Abstract

Anapproachis suggested to equivalence and embedding problems for smooth CR-submanifolds of complex spaces
(and, more generally, for abstract CR-manifolds) in terms of complete differential systems in jet bundles satisfied
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conditions for the Levi form. It is shown by a simple example that these nondegeneracy conditions cannot be even
slightly relaxed to more general known conditions. In particular, for essentially finite hypersurfac&ssinch a
complete system does not exist in general. For embedding problems, source manifolds are assumed to be of finite
type and their embeddings to be finitely nondegenerate. Sufficient conditions on CR-manifolds are given, where the
last condition is automatically satisfied by all CR-embeddings.
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1. Introduction
1.1. The scope of the paper

One of the main results of this paper provides an approach to the solution of the equivalence problem
for (¢*) CR-structures having nondegenerate Levi forms or, more generally, satisfying nondegeneracy
conditions in terms of “higher order Levi forms”. Tlegjuivalence problenthat goes back to Poincaré
[52] and Cartarj19], can be stated as follows:

Given two manifolds with CR-structutashen does there exist a CR-diffeomorphism between them?

This problem is an important case of the more general equivalence problem for the s@eaiteztric
structureqsee e.g[54]) introduced by Cartan. Itis also closely related to the biholomorphic equivalence
problem for bounded domains @', » > 2. Indeed, by Fefferman’s theordB2] (and Bochner—Hartogs
theorem for the converse), two strongly pseudoconvex smoothly bounded domains are biholomorphically
equivalent if and only if their boundaries have equivalent CR-structures.

Among others, two major approaches are known for the equivalence problem: the ooeral
formsand the one oflifferential systemsThe normal form approach applies to CR-submanifolds’6f
(i.e. for embedded CR-structures) and concerns with normalization of the Taylor series of their defining
equations at a given point (see e.g. the suf@éyor the references). Once a normal form is established,
it solves the local biholomorphic equivalence problem for real-analytic CR-structures. Another approach
to the equivalence problem for real-analytic hypersurfacés'inatisfying higher order nondegeneracy
assumptions is due to Baouendi et[2].

In this paper we follow the approach of differential systems. Pioneer work here was done by Cartan
[19] who gave a solution of the equivalence problem for sma@vi-nondegenerathypersurfaces in
€2 and later by Tanakps5-57] Chern and Mosd®3], Burns and Shniddf7,18], Jacobowit441] and
Webster{58] in CV, where the problem has been reduced to the equivalence problem for the so-called
absolute parallelismsThe latter means a choice of a distinguished frame in each tangent space. The
reason that the equivalence problem for absolute parallelisms is well-understood (§6é]kig.that
the condition for a diffeomorphisiito preserve an absolute parallelism can be reduced to ordinary dif-
ferential equations foralong smooth real curves. Further reductions to absolute parallelisms have been
obtained by Miznef51], Garrity and Mizne{34], Ezhov et al[30], Cap and SchicHR0], Schmalz and
Slovak[53], Cap et al[22] andCap and Schmal21] for certain Levi-nondegenerate CR-manifolds of
higher codimension and by Ebenf{8] for certain uniformly Levi-degenerate hypersurfacesIn
each case, a stronger condition than that of Levi-nondegeneracy (or that of finite nondegeneracy in the
latter case) had to be imposed. The key problem for general Levi-nondegenerate CR-structures of higher
codimension, when trying to use the known methods, is the fact that already the first prolongation of the
corresponding differential system may develop singularities that are not allowed in general theory (see
e.g.[16]). When extending this theory to CR-manifolds of higher codimension, one has the additional
difficulty that the automorphism group of the Levi form may change evenin its dimension as the reference
point varies.

In the present paper we follow a “rougher” approach which, however, will allow us to treat more
general cases of CR-structures, in particular, all Levi-nondegenerate CR-structures in any codimension.
Instead of reducing CR-equivalence problem to that for absolute parallelisms, we follow a more direct
way of reducing it to solving (ordinary differential equations) ODEs. We further treat the case, where
the Levi form may change its rank from point to point. To the authors’ knowledge, no reduction to
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absolute parallelism is known in this case. A natural example of such a CR-structure is given by a con-
nected oriented hypersurface @ that has both strongly pseudoconvex and strongly pseudoconcave
points. Then it is clear from the continuity of the Levi form that there must exist also Levi-degenerate
points. It is also clear that such points cannot be avoided even by (global) small perturbation of the
hypersurface.

The reductionto ODEs is obtained here by deriving the so-catletblete systema partial differential
equations PDE system is calledmpleteif it expresses all partial derivatives of the highest order as
functions of the lower order derivatives. In Section 1.3 we state Theorem 1.1 establishing a complete
system for CR-diffeomorphisms and explain in more details how it can be used for the equivalence
problem. Example 1.5 shows that the nondegeneracy conditions in Theorem 1.1 cannot be replaced ever
by the next weaker known general conditions. In Section 1.4 an analogous statement yields an approach
to anembedding problerasking when there exists a CR-embedding with certain properties of a given
CR-manifold into another one, which is a natural generalization of the equivalence problem. The reader
is referred to that paragraph for more detailed discussion of this problem. Then in Section 2 we state
results on the existence of complete systems in a more general context containing both diffeomorphisms
and embeddings as well as some other situations.

The general approach of complete system has been successfully used for other problems related tc
CR-manifoldg[29,37,38,43Jand to related problems in differential geome4,25,36,42] In fact, the
present paper was very much inspired by the work of Ebeff#él (that was, in turn, inspired by the
work of Han[37]), where complete systems were used to obtain local jet parametrizations and unique
determinations of CR-diffeomorphisms for smooth finitely nondegenerate hypersurfadesiee below
for the definition). On the other hand, both method$33f and of[29] to derive complete systems are
very different from ours and yield in their cases of applicability systems of higher order than that given
by Theorems 1.1 and 2.1 below. One of the consequences of this differences is the fact that the order
in our system is independent of the (Kohn—-Bloom—-Graham) type of the CR-manifold (see below) and
hence, such a system cannot be obtained by “gaining missing directions through commutators” as in the
previous work.

The method to derive complete systems in present paper is based on a developmeSegiehset
method(originally due to Baouendi et a]1]) and is further inspired by the techniques useRi®1]
and especially4,11]. In [4] the authors obtain results on Taylor series of CR-maps between smooth CR-
manifolds at a given point. However, the present paper is the first one, where extensions of techniques
mentioned above are used to obtain properties of CR-maps of smooth CR-manifolds “beyond” their
Taylor series. Other applications of the Segre sets method include a characterization of the fifilie type
unique determination and an (explicit algorithmic) holomorphic parametrization of CR-maps by their
jets[2,4,43,48,61]algebraicity of (real-analytic) CR-maps between real-algebraic CR-man|fokiz]
and convergence properties of formal mfms,11,48-50]see also the references in the quoted papers
about related results obtained by other methods).

The construction of the Segre sets cannot be directly extended neither to abstract non-embeddable
(into someC?) nor to smoothly embeddable CR-structures because it makes use of the complexified
defining function: if a submanifold of" is locally defined by vanishing of a power serjgs, z), the
complexificationp(z, w) with z # w is needed already in the definition of tBegre varietiegthat are
the “first order Segre sets'®,, := {z : p(z, w) = 0}. The Segre sets are then defined inductively by
Qt = Qu, ijl = Uzegs, Q. Because of this analytic nature of the Segre sets, the above mentioned
applications of the Segre set method cannot be directly extended to the case of smooth CR-structures
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considered in this paper. In this paper we develpproximate Segre sets methibat is applied to any
smooth CR-submanifold af" and, more generally, to any abstract smooth CR-structure.

We would like to mention that the approximate Segre sets method in this paper yields a com-
plete system in an explicit and algorithmic way. In particular, CR-manifolds of finite smoothness are
treated with explicit estimates for the required initial regularity in terms of their “degree of
nondegeneracy”.

1.2. Levi-nondegeneracy and higher order nondegeneracies

We begin with CR-submanifolds afV that serve as basic examples of (abstract) CR-manifolds. A
submanifoldd c C" is called CR if its complex tangent spa€gM := T,M N JT ,M has constant

dimension forp € M, whereJ: TCY — TC" denotes the standard complex structurg¢120) (resp.
(0, 1)) vector onM is a complex tangent vector of the fotkn—iJ X (resp.X +iJX)for X € T°M and a
(1, 0) (resp.(0, 1)) vector field is a section of the subbundl&€®M ¢ T°MQC (resp.TOIM c T°MRC)
ofall (1, 0) (resp.(0, 1)) vectors. IfM is of classg™, its (1, 0) and(0, 1) vector fields can be taken of class
%1, The best known invariant for CR-manifolds is thevi formdefined to be the (unique) hermitian
form

L TOIM x TXM — (T,M/TSM) ® C (1.1)
satisfying
1 —
Zp(L1(p), L2(p)) = mxlL1. L2l(p), (1.2)

for all (0, 1) vector fieldsL1, Lo, wheren: TM ® C — (TM/T°M) ® C is the canonical projection.
According to Beloshapkid 3], the Leviform<, is callednondegeneratié (1) £, (L1, Lo)=0forall L,
impliesL; =0 and (2) the vectors’,, (L1, L) for all L; andL, span the vector spac&, M/ T,fM) QC.

In [13] it was shown that, iM is a real quadric of the forrfim w = H (z, z)}, whereH: C" x C" — C¢

is hermitian, this condition of nondegeneracy is necessary and sufficient for the local stability group (i.e.
for the group of local biholomorphisms @f”*¢ fixing a point) of M to be a (finite-dimensional) Lie
group.

For manifolds more general than quadrics, the nondegeneracy of the Levi form appears to be only a
sufficient condition for the finite-dimensionality of the local stability group. For instance, the tube over
the light cone irC” given by(Re z,)?=(Re z1)°+- - - + (Re z,_1)? is everywhere Levi-degenerate but has
a finite-dimensional stability group. In order to have more optimal conditions, one often has to replace
Levi-nondegeneracy by findigher ordernondegeneracy conditions (see e.g. sury&y&3] for related
references). Natural generalizations of the conditions (1) and (2) in the above definition of nondegenerate
Levi form are the conditions of finite type and of finite nondegeneracy.

Recall that a CR-submanifold is said to be ofinite typeat a pointp € M (in the sense of Kohf#5]
and Bloom and Grahafi4]) if all (1, 0) and(0, 1) vector fields oriM together with all their higher order
commutators span the spatgM ® C. The minimal lengthy>1 of the commutators required to span
T,M ® Cis called theypeof M atp and is denoted here by(This is not a well-established terminology
but it will be used throughout this paper.) Ttype of M(without specifying a point) is the maximal type
of M atp for all p € M. If the latter number is finite\ is said to be simply ofinite type
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A CR-submanifoldv ¢ CV is calledfinitely nondegeneratat p (see[7,27,35]and alsd3, Section
11.1) if, for some integek >1,

span{ 7L, (... 71,(71,0) .. )(p) : 0<s <k, Lj € I(T®'M), 0 € I(T*°M)} = T;+OM,
(1.3)

whereT*0M c 7*19M denote the bundles of complex 1-formsithat vanish respectively dff M ® C
and onT%M c T°M ® C and7; =i, od + d o iy is the Lie derivative alond.. Recall that for any
(0, 1) vector fieldL, the Lie derivative7; leaves the space(T*1-°M) invariant and is given there by
I =irdw, wherei; denotes the contraction. llfis the minimum of alk for which (1.3) holdsM is
calledl-nondegeneratatp. In this case we also say thas thedegeneracyf M atp. (Again, also this is
not an established terminology.) Tegeneracy of Nk the maximal degeneracy bfatpforall p € M.

If the latter number is finiteM is said to bdinitely nondegeneratd he reader is referred to the boH
for further details.

Both conditions to have type and degeneraclat p involve finite number of differentiations and
therefore are meaningful far* CR-submanifolds provided< x and/ <x — 1. In contrast to the Levi-
nondegeneracy, the condition of finite nondegeneracy and of finite type (at every point) can be always
achieved by (global) small perturbations of the submanifold (see the forthcoming[fpaper

1.3. Complete systems for CR-diffeomorphisms

In this section, for the sake of simplicity of statements, we restrict ourselves to the case of smooth
(°°) CR-manifolds. More general statements for finite smoothness will be given in Section 2. Recall
that anabstract CR-manifold of CR-dimension n and of CR-codimensisna teal(2n + d)-dimensional
(smooth) manifoldV together with a real vector subbundiéM c T M of real rank 2 and a complex
structure] viewed as a bundle automorphism7®M — T°M with J2 = —id satisfying the following
integrability condition for any two (0, 1) vector fields, their commutator is also(@, 1) vector field
(equivalently, a commutator dfl, 0) vector fields is(1, 0)). Here(1, 0) and (0, 1) vector fields, finite
type and finite nondegeneracy are defined by repeating the definitions in the embedded case given above
See e.g[3,15] for further details on abstract CR manifolds.

Given two manifoldsM and M’ and an integek, denote byJ*(M, M’) the bundle of alk-jets of
smooth map$between (open pieces d¥) andM’ (at all points) and by* f € J*(M, M’) thek-jet of f
atx € M. If, in addition, dimM = dim M’, denote byG¥(M, M') c J¥(M, M’) the open subset of all
jets of invertible maps. One of the main results of this paper providing, in particular, an approach to the
equivalence problem, yields complete systems in jet bundles satisfied by all CR-diffeomorphisms:

Theorem 1.1. Let M and M’ be smoothabstrac) CR-manifolds of the same dimensitoth finitely
nondegenerate and of finite type. Then there exist a number r and a smootlh:i6dpv, M) —
G™1(M, M) such that every smooth CR-diffeomorphism f between open pieces of M’ asadisfies
the complete differential system

J =l f), (1.4)

for all x in the domain of definition of f. The number r can be chosen t@(bet+ 1)/, where d is the
CR-codimension and | is the degeneracy of M. The a@an be chosen as a sectjdre. satisfying
no ®=id, wherer: G"tY(M, M') — G" (M, M’) is the natural projection
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Remark. The assumptions of Theorem 1.1 are, in particular, satisfied for Levi-nondegenerate CR-
manifolds (see e.d3]). Since both conditions of finite type and finite nondegeneracy are invariant
under CR-diffeomorphisms, it is sufficient to require them onlyNbor only for M’. Observe that the
orderr of the system (1.4) does not depend on the type @ihd M’ (defined above).

Theorem 1.1 and Corollaries 1.2—-1.3 in this paragraph are special cases of the more general statement:
given by Theorem 2.1 and Corollaries 2.2—-2.3 below.

In caseM andM’ are hypersurfaces i, a conclusion similar to that of Theorem 1.1 has been recently
obtained by Ebenfe[29] with the order = (2 + /2 4- [ + 1 (instead of = 4 given by Theorem 1.1 in
the hypersurface casé & 1)).

As an application of Theorem 1.1 we obtain the following unique determination result:

Corollary 1.2. LetM, M’ andr be asin Theoreth 1. Then CR-diffeomorphisms between connected open
pieces of M andV’ are uniquely determined by their r-jets at any point ofiM. if f, g:U c M — M’
are CR-diffeomorphism4J is connectedp € U and j, f = j g, thenf = g.

Furthermore, we obtain a local jet-parametrization, meaning that the CR-diffeomorphisms are not
only uniquely determined by theirjets but also depend on them in a smooth fashion. We denote by
G; p,(M, M’) the fiber inG" (M, M) over (p, p’) € M x M, i.e. allr-jets of invertible local maps

betweerM and M’ with fixed sourcep and targetp’.

Corollary 1.3. Let M, M" and r be as in Theorerh.1.Then for any p € M andp’ € M’, there exist an
open neighborhoo® of {p} x G, (M, M)y in M x G"(M, M") and a smooth mafy: @ — M’ such
that every smooth CR-map f from any neighborhood of any gointf into M’ with j, f € Q satisfies
the identity

fO0) =¥(x, j) ) (1.5)

for all x € M sufficiently close to q

We remark that Corollary 1.3 gives a stronger statement thgh4m3,48,61]n the cases considered
there. The main difference is that the parametrization in Corollary 1.3 is obtained simultaneously for all
pointsqg near a given one and for all local CR-maps in a neighborhoagl ®he idea of the proof of
Corollary 1.3 is to integrate the system (1.4) along curvéd shosen in a proper way. Vice versa, given
a parametrization (1.5), the statement of Theorem 1.1 can be obtained by differentiating (1.5). For the
latter conclusion, the mentioned stronger version of a parametrization with varyingypsiessential.

Using Theorem 1.1 and Corollary 1.3 it is showr 18] that under the assumptions of Theorem 1.1,
the groupAut(M) of all (global) smooth (resp. real-analytic) CR-automorphisms of a smooth (resp. real-
analytic manifold)M is a Lie group with respect to its natur@ (resp.C®) topology. In contrast to
Aut(M), the behaviour of thiacal stability groupAut(M, p) (that consists of germs ate M of all local
CR-automorphisms a¥l fixing p) is very different for smooth and for real-analytic CR-manifolds. In the
real-analytic case, under the same assumptions as in Theorem 1.1, it was shown by the second namet
author[61] (see alsg¢2] in the hypersurface case and more recent stronger res(dh thatAut(M, p)
is a Lie group whose local action & is real-analytic. In the smooth caset(M, p) has in general no
Lie group structure (sefd4]).
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Corollary 1.3 can be used to obtain a solution to the CR equivalence problem in the following sense:

Theorem 1.4. LetM, M’ andrbe asin Theoreth1.Thenforany € M there existan open neighborhood
Qof{p} x G",(M, M) in M x G"(M, M") and a smooth real function: 2 — R such that there exists a
local smooth CR-diffeomorphism f between an open neighborhood of p in M and an opes$etith
jpf=4¢€G,(M,M)ifand only ifI'(-, 1) vanishes in a neighborhood of p

Finally we would like to mention that the condition of finite nondegeneracy in Theorem 1.1 cannot be
replaced by essential finiteness (see @pfor the definition) as the following simple example shows.

Example 1.5. The hypersurface
M :={(z,w) € C%: Imw = |z|*}

is essentially finite and of finite type but not finitely nondegenerate at 0. We claim that the conclusion of
Theorem 1.1 does not hold f&f andM’ := M. If it held, Corollary 1.3 would imply that the dimension

of the local stability groupAut(M, ¢) is upper-semicontinuous with respectgoe M. (Recall that
Aut(M, q) consists of all germs atof biholomorphic maps of? fixing q and sending/ into itself.) On

the other handyl is locally biholomorphically equivalent to the quadgc:= {Im w = |z|?} at any point

(z, w) with z # 0 via the mapz, w) — (z2, w). Hence the grouput(M, ¢) can be computed directly

and it is easy to see that its dimension is not upper-semicontinuous which is a contradiction proving the
above claim.

1.4. Complete systems for CR-embeddings

Afundamental problem naturally generalizing CR-equivalence problem s the foll@Rngmbedding
problem

Given two manifolds with CR-structureghen does there exist a CR-embedding of one manifold into
the other?

In our case the target manifold will always have positive CR-codimension, in particular, we do not
consider here embeddings of CR-manifolds into complex manifolds. The CR-embedding problem stated
here is related to the existence of proper holomorphic embeddings between smoothly bounded domains
of different dimension the same way the CR-equivalence problem is related to the biholomorphic equiv-
alence problem for such domains of the same dimension. Here the existence and regularity properties of
embeddings are much less understood (see the sUB&yd]for related results). Complete systems in
some cases were constructed for real-analytic hypersurfaces [8%38,43]

In this paragraph we show how to extend the results from the previous paragraph to treat so-called
finitely nondegenerate CR-embeddings between smooth (abstract) CR-manifolds (of any positive CR-
codimension). We begin by adapting the finite nondegeneracy condition for an embiafdingabstract)
CR-manifoldM into an (abstract) CR-manifoltf’. We shall identifyM with its imagei (M) and hence
seeM as a submanifold a#7’. Denote here b;TA(}lM/ the sheaf of al{0, 1) vector fields om/’ that are
tangent taM. (That is, a(0, 1) vector fieldL on M’ is in F(T,%lM/) if and only if L(x) € Txo’lM for all
x € M whereL is defined.) The embeddingM — M’ is then calledinitely nondegeneratat a point
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p € M if, for some integek > 1, in the notation of Section 1.2,

Span-{ 71, (... 71,(71,0) .. .)(p) : 0<s<k, L; € I(Ta*M'),
0 e r(r*°m)}=T;Mm". (1.6)

If 1is the minimum of the integers the embedding is calleldnondegeneratel'he arguments similar
to those in[3, Section 11]show that, ifM’ is a CR-submanifold irc"’, the embedding oM is I-
nondegenerate if and only if it isnondegenerate in the sense[48,47] It is easy to check that if an
embedding oM into M’ is finitely nondegenerate, theéd’ is itself finitely nondegenerate. The converse
is not true: the simplest example is the standard linear embedding of the gphers® ¢ C? into the
sphereM’ = §° ¢ €3 which is not finitely nondegenerate.

In Theorem 1.1 we had a complete system defined for all invertible jets of smooth maps bktween
andM’ whereas the nondegeneracy conditions were piM andM’. In the case of embeddings we have
the same finite type condition dv but the condition of finite nondegeneracy & is replaced by finite
nondegeneracy of an embedding. In fact, the last condition involves only finitely many derivatives and
hence can be considered as a condition on the jet of an embedding. We writ®’Hesé, M) for the
subset of alf-jets of smooth embeddings that are CR &mbndegenerate for some /. (The reader is
referred to the next paragraph for a more precise definition and discussion of this notion.) We then have
the following version of Theorem 1.1 for CR-embeddings:

Theorem 1.6. Let M andM’ be smoottfabstrac) CR-manifoldswhere M is of finite type. Thefor any
>0 there exist a number> 0, an open neighborhoog@ of D-/(M, M’) in J" (M, M') and a smooth
mape: Q — J'tY (M, M") such that every smooth CR-embedding f of an open piece of Méitehich

is I-nondegenerate at every point witki/ depending on the poipsatisfies the complete differential
system

it =G f) (1.7)

for all x in the domain of definition of f. The number r can be chosen tadetr 1)/, where d is the
CR-codimension of M

Theorem 1.6 is obtained as a special case of the more general statement given by Theorem 2.1 below
As a consequence, we obtain results analogous to those in Section 1.3 for finitely nondegenerate CR-
embeddings.

A prototype of the above condition éfnondegeneracy (in connection with a different problem) ap-
peared in a paper of Cima et §26] and was later improved by Fargdl]. Faran gave his condition
in different terms but it can be shown to be equivalent to that of 2-nondegeneracy in his case, where
M c ¢V andM’ c CV' are strongly pseudoconvex (or Levi-nondegenerate) real-analytic hypersurfaces.
Later Han[37] gave a condition equivalent to thatlehondegeneracy in this case for dnyn all these
cases a certain partial normalization of the defining equatidd’dfas been used (that is known to exist
due to the Chern—Moser normal fof23]). Note that no such normalization is known in generalif
is not a Levi-nondegenerate hypersurface or of higher codimension. On the other hand, the condition of
I-nondegeneracy was further extended by the first aift®)to general real-analytic hypersurfaces and
Lamel[46-48]to smooth embedded CR-manifolds of any codimension.
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Remarkably, the condition of finite nondegeneracy for CR-embeddings that may look restrictive at first
glance, holds sometimes automatically for all embeddings of manifolds of certain classes. We give two
situations where this phenomenon occurs. The first situation was considered by \{E3jdtethe case
of a smooth CR-manifold!l of hypersurface type embedded into the unit sphéte= §2*+1 - ¢+l
such that has the real codimension 2 i’. In this setting Webster established a fundamental relation
between the pseudo-conformal curvature tefgpof M defined by Chern and Mosg3] and the second
fundamental form of the embedding Mffinto A’. In fact, it follows from his formuld59, (2.14)]that,
if Sy does not vanish at a poipt € M, then the restriction of the fundamental form]tpM also does
not vanish for any embedding bf into M’. But the last condition means exactly 2-nondegeneracy of the
embedding as was shown by Faf&f]. Hence we obtain the following application of Theorem 1.6:

Corollary 1.7. LetM’ = §'*+1 ¢ ¢*+1 be the unit sphere and M be any smooth strongly pseudoconvex
CR-manifold of hypersurface type of dimensian— 1 whose tensof,, does not vanish at any point.
Then the conclusion of Theorelr6 holds for all CR-embeddings of an open piece of M imtowith the
jetorderr = 8.

Recall thatS;, always vanish wheM is 3-dimensional. On the other hand, in any higher dimension,
if (M, p) is not locally equivalent to the sphere for some M, thenS;, does not identically vanish in
a neighborhood gp.

We conclude by giving another general situation where all embeddings are automatically finitely
nondegenerate. This time a condition is put only on the target manMdld\e call a smooth CR-
manifold M’ finitely nondegenerate in dimensioraha pointp € M’ if, for any linearly independent
(0, 1) vector fieldsXy, ..., X,, on M’, there exists an integé&rsuch that

Spart{yﬁs(. T, (T0) . ) (p) 0<s <k, L;e {X1,..., X,},
0 e I(T*°M)} = T;°M. (1.8)

The notion of-nondegeneracy in dimensiaris defined in the obvious way as before. It follows directly

from the definition that ifM’ is finitely nondegenerate in dimensiorat a pointp’ and if M has CR-
dimension at least then any embedding &l into M’ throughp’ is finitely nondegenerate at this point.

The following example shows that nondegenerate manifolds in the above sense exist already in the lowest
dimension.

Example 1.8. We claim that the hypersurfadé’ c C2 given by
M’ = {(z1. 22, w) : Imw = |z1|? + |z2/2 + Im (2321 + (z1 + 22)°@1 + 72))}

is 3-nondegenerate in dimension 1at= 0. Thus any embedding of any hypersurfadec €2 into
M’ through 0 is automaticall{-nondegenerate at 0 for some& 3. Indeed, given &0, 1) vector field
X1 with X1(0) # 0, the span in (1.8) fok = 1 consists of all1, 0) forms vanishing on the orthogonal
complement td.1 (0) with respect to the Levi forrx1|2 + |z2|2. Furthermore, (1.8) holds fér=2 unless
X1(0) = (a, 0) or X1(0) = (0, b) for somea, b # 0. In the last case (1.8) holds fbr= 3 which proves
the claim.

We now have the following consequence of Theorem 1.6:
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Theorem 1.9. Let M andM’ be smootlifabstrac) CR-manifoldsM being of finite type and CR-dimension
n and CR-codimension d ard’ being I-nondegenerate in dimension n. Then the conclusion of Theorem
1.6 holds for all CR-embeddings of an open piece of M imtowith » = 2(d + 1)1.

2. Further results and generalizations

We now allowM and M’ to be abstract CR-manifolds of possibly different CR-dimensions and CR-
codimensions and consider CR-maps of finite smoothness that are not necessarily embeddisg¥. If
class#™, the condition orM to have the (finite) type at a pointp € M makes sense for< k. The finite
nondegeneracy condition from Section 1.4 extends to arbitrary CR-maps. As before, this condition will
require a restricted number of differentiations and hence will make sense in the case whereftaagnap

the manifolddV andM’ have finite degree of smoothness. Fonanple of integers = (a1, ..., o), we
write |o] :==ag + - - - + o, andL® = Lil ...L¥ whereLq, ..., L, is abasis of0, 1) vector fields near
p. Suppose for a moment that’ is embedded it"" with a local defining functiop’ = (o1, ..., p/d,)

near a poinp’ € M’. A 4" CR-mapf betweerM and M’ with f(p) = p’ is said to bd-nondegenerate
atpif

span (L', (f(x), FOO))(p) : 1<j<d’, 0< ol <} =V’ (2.1)

and if />0 is the minimal number for which (2.1) holds. Heré, = (@p"/ /0Zy, ..., 90" /0Z},,) de-
notes the complex gradient with respect to the standard coordi(@tes. ., Z},) € ¢V and hence

p”z,(f(x), f(x)) is a (vector-valued) differentiable function efe M. The definition makes sense for

[ < min(r, k — 1). In this form it is due td43,47,48] The arguments if7,48] show that this definition
does not depend on the choice of the bdsis. . ., L,, the defining functiorp’ and the coordinates’
(where the gradiem’fz, is computed). In particular, the given definition does not depend on the embedding

of M into C'.

An inspection of the above definition shows that it does not really use the whole CRbuiagather its
I-jet atp. Moreover, condition (2.1) can be written for any mapM — M’, not necessarily CR. It will
be still independent of the choice b, ..., L, and ofp’ but will in general depend on the coordinates
Z'. In order to eliminate this dependence, we restrict ourselves in this definition tgetsethat we call
CR r-jetsand that are defined to be thasgets at a poinpp € M of 4" mapsf: M — M’ that satisfy

feLl(x) =0(]x — plrfl) mod 7%1M’ asx — p

for any (0, 1) vector fieldL on M. The latter condition means thaiL(x) for x € M nearp can be
written as a sum of two vectorgx) andb(x) in Tr M’ ® C with a(x) = o(|x — pl' Y asx — pand
b(x) € Tp;y, M’ for all x. Any jet of a CR-map is a CR jet in this sense but, in general, there may be more
CRr-jets (betweerM andM’) at a given poinp than CR-maps defined nearWe now call a CR-jet
A€ (M, M’) I-nondegenerat@l <r) if (2.1) holds for some (and hence for any) representdtofed
defined neap. Again, the arguments ¢47,48]show that this definition is independent of the choice of
Ly, ...,L,, p andZ’.

We now extend the notion d¢fnondegenerate maps to the case, wilétes not necessarily embedded
in the same spirit as it was done in Section 1.2lfobndegenerate CR-manifolds and in Section 1.4 for
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CR-embeddings. Since we wish to allow CR-maps that are not embeddings we cannot in general push
(0, 1) vector fields fromM to M’. The trick to avoid this difficulty is to consider the graphf@mbedded

into M x M'. We call a¥” CR-mapf as abové-nondegeneratatp if there exists an integer<Qk </ such

that

spani{ 7z, (... 71,(71,0) .. )(p, f(p)) : 0<s<k, L; € I(T*YM x M")),
0 (T%M x M)} = (;l})(p))(M x M) modn*(T*M ® C), (2.2)

wheren: M x M" — M denotes the standard projection, only those vector fieldare considered that
are tangent to the graphfind/ >0 is the minimal number with this property. We dathedegeneracyf

fatp. If fis defined on an open subgétc M, we call itl-nondegeneratelifis the maximal degeneracy of
fatpforall p € U. If M’ is embedded, the given definition is equivalent to the one of L7¢lOn the
other hand, ifM’ is merely abstract, it can be “approximately embedded” of sufficiently high order in the
sense of Proposition 3.1 below and therondegeneracy of CR-maps intf can be equivalently defined
through any such approximate embedding. Finally, the notions of-{&®& and theiil-nondegeneracy
introduced above can be also directly extended to abstract CR-manifolds in an obvious way.

The main result stated in this section gives a complete differential system on the jet Bugidler’)
that is satisfied by alknondegenerate CR-maps betwdéandM’. We express it as a section of the fiber
bundles"tY(M, M"y — J" (M, M") obtained by the natural projection @f+ 1)-jets of maps fronM to
M’ to theirr-jets. As before, denote bQ”(M M’y Cc J" (M, M’) the set of all CR-jets inJ" (M, M)
that are/-nondegenerate for some0<!.

Theorem 2.1. Let M andM’ be ¢* abstract CR-manifolds and denote by d the CR-codimension of M.
Suppose that M is of the type2<v<k, fix a numbet >0 and set

ro=2d+ DI, k:=4d’+dwl+41—d>l+2dv—2d + 1. (2.3)

Then if x>k, there exists an open neighborho@df D™/ (M, M') in J" (M, M') and a%"~*~ section
. Q — J'tY (M, M’) such thatfor every open subsét ¢ M and evend</ </, everyl-nondegenerate
%* CR-mapf:U — M’ satisfies

i r=eGrf), xeU. (2.4)

In the particular case wheM is of hypersurface type (i.el = 1), (2.3) yieldsk = 8vl + 2v — 1. In
general, a more refined estimate can be obtain by replaciity the sum of all Hérmander numbers of
M atp due to Lemma 3.5 and Theorem 4.1 below.

Remark. It follows from the proof of Theorem 2.1 that the same conclusion holds also for every/
and evenj-nondegenerate* mapf from a neighborhood of in M into M’ that is only CR up to order
k atx rather than “precisely” CR.

Theorem 2.1 will be used to obtain a smooth local parametrization of CR-maps by -{b&sras
follows:

Corollary 2.2. With the notation and under the assumptions of TheoZehfor every r-jetlo €
D"'(M, M) at a pointxg € M, there exists &"**~1 map © from a neighborhood? of (xg, Ao) in
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M x J¥(M, M’) into M’ such that for every € M, 0</<! and an/-nondegenerat&* CR-map f from
a neighborhood/ (p) ¢ M into M’ with (p, ipf) € @ satisfies the identity

fx)=0(x, J',Zf)
for all x € M in a neighborhood (p) C U (p) that depends oty (p) and g but not on f

An immediate consequence of Corollary 2.2 is the following regularity property for CR-maps:

Corollary 2.3. With the notation and under the assumptions of The®eimany I-nondegenerate*
CR-map between open pieces of M afitis necessarily of class“*~1. In particular, if M and M’ are
#>°, then fis alsog®°.

Forx = oo and, wherM andM’ are embeddable, the statement of Corollary 2.3 was recently obtained
by Lamel[46]. We would like to mention that classical methods for showing regularity as in Corollary
2.3 are based on holomorphic extension into wedges and hence cannot be directly applied to abstract
nonembeddable CR-manifolds considered here.

3. Approximate Segre sets and iterated complexifications
3.1. Approximation of abstract CR-manifolds by embedded ones

We begin by proving a result on approximation of abstract CR-manifolds by embedded real-analytic
ones. It is well-known (see e.fL5]) that there exists a smooth abstract CR-manifold that is not locally
embeddable in angZN. On the other hand, even if a CR-manifditis smoothly embedded into!, it
can be shown that, in general, it may not be embedded as a real-analytic CR-submanifold [44 .e.g.
Here we have a different point of view: we look for embeddings that are CR only up to some order. The
following proposition shows that such embeddings always exist.

Proposition 3.1. Let M be an abstractg® CR-manifold (2<x<o0) of CR-dimension n and CR-
codimension d and let<x be any integer. Therfor any p € M, there exists a neighborhood U of
pin M and ag“* mape: U x U — C"*¢ such that for every € U, the following hold

() ¢, = o(x,-)is an embedding of U int6"+< with ¢, (x) = 0whose image is a generic real-analytic
CR-submanifold of codimension d

(i) the mapep, is CR of order k at xi.e. Lo, (y) =o(|x — y|¥~1) asy — x for any(0, 1) vector field L
on M defined in some neighborhood of x

We callg, (U) c CV anapproximatelocal) embedding of Minto CV) of order k at x For the proof
of Proposition 3.1 we need the following approximate version of the holomorphic Frobenius theorem:

Lemma 3.2. Letk >0be any integer and.4, ..., L, be linearly independent holomorphic vector fields
in C™ defined in a neighborhood 6fsuch that

[Li. Li)(Z) =) ¢ (ZLy(Z)+o(ZI")., Z—0, 1<i,j<n, (3.)
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for some holomorphic functiomﬁj (Z). Then there exist holomorphic vector fields ..., L, spanning

the same subspace ds, ..., L, at every point and a local holomorphic change of coordinafes
vanishing at0 such that

.0 - .
Li:§+o(|2|k+l), Z—0, 1<i<n.

1

Moreoverif L1, ..., Ly depend smoothl§*) on some given real parametetise vectorfield&q, ..., L,
and the coordinateZ can be chosen to depend smoothly on the same parameters with the same smooth-
ness

Proof. Without loss of generality.; (0) = 0/0Z; for 1<i<n. We writeZ = (z, w) € C" x C"™" for
the local coordinates. Then we can further assumelthat w) =0/dz; + ) _ a;’ (z, w)(0/0w;) for some
holomorphic functionszij (z, w). For this choice of vector fields, (3.1) implies

[Li, L;1(Z)=0(ZF), Z—0, 1<i, j<n. (3.2)

It is easy to see that there exists a holomorphic pm&pm a neighborhood of 0 i@™ into C"~" such
that

@0, w) = (L*w")(0,w), O0<|ul<k+2, 1<i<m —n, (3.3)

wherex € 7'} is any multiindex. Furthermore, the identity (3.2) allows us to permute the order of applying
the vector fields on the right-hand side of (3.3) with a controlled error term:

@, -0, 7O, w) = (Li; ... Li, w)(0, w) + o(Jw[FT27%), (3.4)

Zi

whereil,; .ise{l, ..., n},0<s <k + 2, 1<i <m —n. Then it follows that the change of coordinates
givenbyZ(z, w)=(z, y(z, w)) satisfies the required conclusion. The last statement about the dependence
on parameters follows directly from the proofl]

Proof of Proposition 3.1. The proof can be obtained by following the arguments in the proof of Theorem
2.1.11in[3] and using approximate complexifications of the smooth vector fields and Lemma 3.2 instead
of Theorem 2.1.12 ifi3]. The details are left to the reader

The constructive proof of Proposition 3.1 can be directly extended to yield the following parameter
version of Proposition 3.1 that we state here, for simplicity, only in the smadt) Case:

Proposition 3.3. Let M be a smooth manifold? ¢ R® an open set and let on evelf x {v}, v € V,

be given anabstrac) smooth CR structure of CR-dimension n and CR-codimension d which depends
smoothly on(p, v) € M x V. Then given an integer k and a poir{po, vo) € M x V, there exist a
neighborhood/ x Vg of (po, vo) and a smooth map: U x U x Vo — C"*+¢ such thatfor everyv € Vj,

the mapy := ¢(-, -, v): U x U — C"*¢ satisfies both propertig# and i) in Proposition3.1.

3.2. Complexifications of smooth families of generic manifolds

In the sequel we use the semicolon “;" to separate the variables, where the functions (or maps) are
holomorphic, from the other variables, where they are merely continuously differentiable of certain order.
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Motivated by Proposition 3.1 we consider a genefamapg: U x U — CN with U x U ¢ R?**4 x R”

(h is a fixed integer) being an open neighborhood of the origin such that eyery (-, x) is an
embedding ol into CV with ¢, (U) > 0 and whose image is a real-analytic generic submanifold of
CR-dimensiom and CR-codimensiod. As beforeN =n + d. We write M (x) := ¢, (U).

By the implicit function theorem, there existss4 family of local (C?-valued) defining functions of
M(x), p(Z, Z: x), defined in a neighborhood of 0, that are holomorphic in the first two arguments and
vanish atZ =0 for everyx. As usual, we writg=(p1, . . ., p%) and assumépl (-, -; x)A- - -Adp? (-, -; x) #

0 on the domain of definition for each fixadFinally, we can choose a neighborhood, whare-; x) is
defined, to be independentxandk (eachp(-, -; x) can be chosen to be a polynomial of degkge

We can now define a family afomplexifications oM (x) by

Mx) :={(Z,0: p(Z,{x) =0}

Then.#(x) is a complex submanifold af" x CV through 0 of complex codimensiah We further
consider (cf[1,4,11,61}, for everys >1, the family

M) = {E= (L, ) e COTIN 2 =0, p T Eix) =0forall j=1,...,5),
where

P &) if jis even

i—1 i, A
Pj(éj ’fj’x) T {p(é/'_l, &y x) if Jj is odd

(We write the index op below to avoid the confusion with the component indices that we wrote above.)
It follows that, for everyx € M (close top), .#*(x) c C6+DN is a complex submanifold of dimension
sn + N through the origin.

3.3. Finite type for smooth abstract CR-manifolds

LetM be an abstract” CR-manifold having finite type at a pointp € M with 1<v<k<«k. Thenthe
approximation (p) = ¢, (U) given by Proposition 3.1 is also of finite typet 0 e M (p).

Going back to a general famil (x) c CV,x € U c R", as in the previous section, assume fhat0
and M (0) is of finite typev at 0 € M(0). After a possible biholomorphic change of local coordinates
Z = (z,w) € C" x €% in a neighborhood of the origin we may assume thaik)’s are locally given by

w=0(z,z, w; x), (3.5)

whereQ(., -, ; x), x € U, is a%" family of holomorphic maps from a neighborhood of 0Gf x ¢4
into C¢, vanishing at 0. In addition we may assume that the coordinates are normid(®r(see e.g.
[3], Section 4.2), i.e.

0(z,0,71;00=0(0,y,7:0) =1.
We next consider local parametrizations (&fL, Section 10]

C2"xU>@% ...t L)y 200, . . 2wy e w® cc@®HDN (3.6)
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near the origin, where

@0, 2 ) = A0, P, vzt R ), 0P R,
v1® 71 x), 0, x) 3.7

and the components
V(€ x U,00— (CV,0), s=0,1,...,

are defined (as germs at 0) inductively as follows.i8¢t) := 0 and

VO e x) =10 060, vt . 1% X)) e €t x (3.8)
fors>0,19¢1, ..., € C" andx € U. Itis easy to check that for>0,
TG0, L 0, G X)) € M (x), (3.9)

and hence (3.7) defines a family of parametrizations/gfc) as desired. By the constructioB is a
function of class™ in its variables and holomorphic in®, ..., 21 for x fixed.

We now observe that, since the coordinate€th= C" x C¢ are chosen to brormalfor M (0) at
0, v*(-; 0) coincides with thesth Segre mapor its conjugate) in the sense [@f. Hence by{4, Theorem
3.1.9] the generic rank of* (-; 0) equalsN for s >d + 1.

By Lemma 4.1.3 irf4], we have

vZS(O, ul, st uh x)=0,

(this identity is stated if4] only for normal coordinates but can be obtained using the same argument in
general case) and the generic rank of the partial derivative matrix

o>
o(t0, s+ 1542, 127

along the linear subspace
(O, ut, .., L uwt w0l T ) e C)

equalsN. As in[4] we introduce variablegs = (4%, ..., #*) € C" andé = (&0, ..., &~ 1) e C* and put
Vi &x) =@t o T e R e+ ). (3.10)

Then the generic rank @fV /0¢ along{(y, 0; x)} equalsN for x € U near 0 and we can shrirtk around
0, reorder thesn components ot, and writeé = (&L, £2) € CN x ¢"=N such that the determinant of
0V /oY (n, 0; x) does not vanish identically for eaghe U. Hence the map

Vi, ¢t x) o=V, (64,0); x) (3.11)

satisfies the assumptions of the following lemma (whéris replaced by for brevity). This lemma is
a variant of Proposition 4.1.18 [d] with smooth parameters (see also Lemma 10A14}). The proof
given here closely follows the argumentg4f.
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Lemma 3.4. Let V (i, & x) be a map of clasg* from a neighborhood dd in C" x CV x R™ into CV
with V (-, -; x) holomorphic for each fixed x. Suppose thdy, 0; x) = 0 and

oV 2
o(n; x) == det(E(n, 0; x)) *0 (38.12)

for each fixed x. Then there exists a map, Z; x) from a neighborhood ddin C"* x CV x R” into CV
of class#™ and holomorphic for each fixed such that the identity

1% Z Nx)=z
(n, ¢ <’1’ S(n; x)’x> ’x> -

holds for all (1, Z; x) with (; x) and Z/5(y; x) sufficiently small

Proof. SinceV (y, &; x) is holomorphic in(y, &) andV (i, 0; x) = 0, we can write it in the form

Vin, & x)=Viln, & x)E,
whereVy is the N x N matrix function of class™ given by

Lav
Viln, & x) = —(n, t&; x) dt.
o 0¢
In particular, we have

oV
Vi(n, 0; x) = E(n, 0; x). (3.13)

The mapV; is also of clas¥™ because of the Cauchy type formula for the derivatives. By applying the
same procedure one more time we can Writ@;, &; x) = Vi(n, 0; x) + Va(y, & x)¢ with V, again being
of class¢*. Then

V(n, & x) = Vi, 0; x)¢ + R(n, & x)(E, ©),

whereR(n, & x)(-, -) is the bilinear form defined bys.

By (3.12) and (3.13) we have dé&h (n, 0; x)) = 0 for each fixedk. We setd(y; x) := det(V1(y, 0; x)).
We now proceed exactly as in the proof of Proposition 4.1.18]inVe write the equatioW (z, & x)=Z
as

Vin, 0; x)E+ R(n, & x)(E, 8 =Z

and solve it foré by using Cramer’s rule in terms &f/A(y; x) and R(n, & x)(¢/A(y; x), ). In the
expression obtained we divide both sidestgy; x) and apply the implicit function theorem with respect

to &/A(n; x):
¢
A(n; x)
Then the map
o(n, Z; x) := A(; ) (n, Z; x) € CV
satisfies the conclusion of the lemmaél]

v ( z ) e, Y( ) holomorphic
= 7” ——5: X 9 ¢ 9 o X
A(; x)2
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3.4. Hormander numbers and the vanishing ordes@f x)

As in the previous section, let us begin with an abstr&o€R-manifoldM which is of finite typey <«
at p € M. Recall that theHormander number@<u;< --- <u, = v of M at pare defined as follows.

For 1< j <d, thejth Hormander numbeyr; is the minimal integer.<v with the property that all vector
fields in 7°M (of class%*~1) together with their commutators of length less or equal &pan atp a
vector subspace df, M of dimension at least+ j. In particular, we havg, = v. (This definition differs
slightly from the one given in Section 3.4 |8], where the same Hormander numbers are counted as a
single number with multiplicity.)

If ¢ is given by Proposition 3.1 for a fixddwith v <k <, property (ii) there implies that alsd (p) =
¢,(U) has finite typev at 0. Furthermore, since the valuespatf all commutators of vector fields in
T°M (p) of length at mosk coincide with those of vector fields IR°M, all Hormander numbers @f (p)
atp coincide with those oM.

Again, going back to a general smooth familf(x) as before, assume th&t(0) is of finite typev at
0 and has Hormander numbers 2, < --- <p; = v at 0. We now use the so-calledrmal canonical
coordinateqse€[9,14]). For our purposes, it will be convenient to have the normal canonical coordinates
in the form of Theorem 3.2.3 if#] (see also Theorem 4.5.1[i8]). It follows that there exist holomorphic
local coordinates = (z, w) € C" x C? = CV in a neighborhood of, whereM (0) is locally given by
the equations

wj=w; ++Pj(z,z,w) + Rj(z,z,w), 1<j<d,

where the function®; andR; are holomorphic in their arguments, satisfy the normalization conditions
Pj(z,0,w) = R;(z,0,w) = Pj(0,z,w) = R;(0,z,w) =0

and, in the notatiogw := (¢"1w1, ..., e¢"dwy), the weight homogeneity conditions
Pj(ez, ¢Z, 8'W) = e Pj(z,Z, W), Rj(ez, 2, &) = O (M)

for smalle > 0. The functionsP; (z, z, w) are nonzero polynomials and the submanifdlg := {w; =
w; + Pj(z,7, w), 1< j<d} is of the same finite type and has the same Hormander numbéfs (s a
weighted homogeneous generic submaniiolitie sense of Section 4.4 [8]).

As was observed if], in the canonical coordinates introduced above, the miap-; p) has a power
series expansion whose firstomponents are linear and, foKY <d, its (n + j)th component starts
from a nonzero homogeneous polynomial of degred’he same holds for the component¥/dtiefined
in (3.11)). Hence the power series expansion of the determinant in (3.12) starts from a homogeneous
polynomial of degre€u; — 1) +--- + (ug — 1) = ug + - - - + pg — d. SinceMy is of finite type aip, the
determinant cannot vanish identically. Thus we come to the following conclusion:

Lemma 3.5. Let V (1, &; x) be given by3.11)and é(y; x) be given by Lemma.4. Then there exists a
vectorngy € C*" such that the vanishing order m of the functigi) := 6(ing; p) at A =0 € C equals
2(pq + -+ + pg — d). In particular, m <2d (v — 1).
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4. Jet parametrization of local holomorphic maps

Consider two generic CR-submanifols c ¢V andM’ c CV'. If p € M andp’ € M’ are fixed
andf: (M, p) — (M’, p') is a germ of @&” CR-map (or, more generally, of@d map which is CR up
to orderr), it can be shown (see e.g. the arguments in the proof of Proposition 1.73)4 ihatf can be
approximated up to orderby the restriction tdVl of a holomorphic polynomial map: c¥ — CV' of
degree satisfying

p(F(x), F(x))=0(x — p|") asx — pin M, (4.1)

wherep’ = (%, . .., p/d,) is a local defining function foM’ vanishing at 0 wittop’> A - - - A ap/d, #0

on M'. If (4.1) holds, we say that sends M intoM’ up to order r at p This notion extends that of
(r + 1)-equivalence given ifil1]. If M is generic ap, i.e. if T,M + JT ,M = T,C" foranyp € M,
then the jetj, F € J"(C", ¢’ is uniquely determined by, f € J"(M, M'). We also say that anjet
AC J;(CN, ¢y sends M intaM’ if some (and hence any) holomorphic representdfi# A sends

M to M’ up to orderr atp. The condition (2.1) of-nondegeneracy can be also written witteplaced

by F and is again independent of the choicelaf . .., L, and of Z’ providedF is holomorphic. If, in
addition,F send$/ into M’ up to order- >1 + 1 atx, then this condition is also independent of the choice
of p’. In this case we call both and its jetj, F I-nondegeneratéwith respect to M and/1’). Following

the line of the notation of Section 2, we denotelb% w C J7(CN, cN') the subset of all jets that send

M into M’ and ard-nondegenerate for sonie/ with respect tal andM’. Forx € M andx’ € M’ we
also WriteD;’j’x;M,’x, = D;’IZ’M/ N J;’x/(CN, c™") for the corresponding subset of jets with fixed source
x and target’.

In the previous section we have shown how to approximate an abstract smooth CR-mieriifplal
smooth family of embedded real-analytic generic submanifoldg'df passing through 0, whereand
d are respectively CR-dimension and CR-codimensioMofn this section we consider a genetl
(resp.#®) family of generic submanifolds/(x) ¢ CV of codimensiord through 0 (WithN := n + d),
defined forx € R*® near O (for some fixed integer=0), in the sense that there existg'a (resp.¢*)
simultaneous parametrization

o:U xV C R xR - ¢V,

whereU x V is an open neighborhood of the origin, such that= ¢(-; x): U — C" is an embedding
with imageM (x) = ¢, (U) for everyx € V. We use this terminology in the following statement which
is the main technical result of this section:

Theorem 4.1. LetU x U’ C R® x R* be a neighborhood of the origin and (x) c ¢V, M'(x") c ¢V,
(x,x") e U x U', be%" (2<k<o0) families of generic real-analytic submanifolds passing through the
origin. Suppose thad/(0) is of codimensior!/ >1 and of finite type2<v<k. Fix a numberl/ >0, set

r:=2(d+ Dl and fix a jetdg € D%(O)’O;M,(O)’O. Then there exist a neighborhoadof (0, Ag, 0, 0) in

N x J7(CN, cN'yx U x U’ and for every k withmax(r, v) <k <x—1,a%* *map¥*(Z, 4; x, x'): Q@ —
cN', holomorphicin(Z, 4) e CY x Jg (C", CV') for each fixedx, x), such that the following holds.

For every(x, x') € U x U’, every holomorphic map F from a neighborhoodddfi CV into V" with
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F(0)=0and(0, jjF; x, x") € Qthat sendsV (x) into M’ (x") up to order k a0, satisfies the identity
F(Z)=Y/k(Z,j(r)F;x,x/)+o<|Z|rfl%rl), as Z — 0, (4.2)

wherem <2d(v — 1) is an integer. IR<py < - - - <py = v are Hormander numbers @ (0) at 0, we can
setm = 2(uy + - - - + uy — d). If the familiesM (x) and M’ (x") are in addition%®, the mapsP* can
also be chose@™”.

The rest of this section is devoted to the proof of Theorem 4.1 that is split into four subsections.
4.1. Basic reflection identity

Our first goal will be to establish a relation between jets of a holomorphic Fhap in Theorem
4.1 at two different pointZ and( satisfying the reflection relatio(, {) € .#(x), where.Z(x) is the
complexification ofM (x) as in Section 3.2. For € U near 0, fix a¢* family of real-analytic defining
functionsp(Z, Z; x) of M(x). We further choose @* family of holomorphic functions(Z, Z; x) as
in Section 3.2. Then it follows form Cauchy type formulas for the derivatives of holomorphic functions
that partial derivatives of(Z, Z: x) in (Z, Z) are also#* in all variables. Hence we can fix a basis
Lj(x)= Lj(Z,Z x) of (1, 0) vector fields inCV near 0 forx € U near 0, which are real-analytic in
(Z, Z) and%* in all their variables.

As in Theorem 4.1, consider amondegeneratejet Ag € D

rl

0).0:0/(0),00 & POINt(x, x) € U x U’

near 0 and a holomorphic mapfrom a neighborhood of 0 it" into CV" sending 0 to 0 and sending
M (x) to M'(x") up to orderk at 0. We shall assum@, x) and ther-jet jg F to be sufficiently close to
(0, 0) andAg respectively. Then, fof := F|y ), the condition (2.1) still holds witp replaced by 0 and
p by p'(-,-; x"). We conclude that

sparL(x)*p'}, (F(Z), F(Z); x')(0) : 1< j<d’, 0<|a|<l} = CV' (4.3)

for F as above.
SinceF sendsM (x) into M’(x") up to orderk at 0, we have

P(F(Z),F(Z);x)y=0(Z|*) asZ — 0in M(x). (4.4)
By applying vector fieldd. ; (x) to (4.4) we obtain
L) (F(Z), F(Z);x'y=0(Z|F"") asz — 0in M(x), |o<l. (4.5)

Since eaclL ;(Z, Z: x) is real-analytic in(Z, Z), we can consider the complexificatiohg(Z, (; x). By
the standard complexification argument, (4.5) implies

L(Z, 8 x) 0 (F(2), F(O; x') =o((Z, O)IF ) as(Z,0) — 0 in.#(x), (4.6)

where we use the notation from previous sections. Recalpthat, {’; x") as well as eacli(Z, {; x) is

of class#* and holomorphic inZ’, {') and in(Z, {) respectively. Under the assumptions of Theorem
4.1 we clearly havé< k. Since all differentiations in (4.6) are taken in the “holomorphic directions”, we
conclude that the left-hand side of (4.6) is of cl@qsee similar arguments in the proof of Lemma 3.4).

By using the chain rule and the fact thiatZ, ¢; x)*F () = 0, we can write the left-hand side of (4.6)
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for |«| <! as ag* function in(Z, j, F, ¢, F(0); x, x"), holomorphic in(Z, j. F, ¢, F(()) for each fixed
(x, x") near the origin. B
In view of (4.3), the implicit function theorem can be used to solve (4.6F1@ in the form

FQO =Y 2, jLF;x, ") +o((Z, 01" as(z,0) — 0in.u(x), (4.7)

where ¥O(¢, Z, A; x, x') is a CV'-valued function of clas¥” in a neighborhood 0f0, 0, Ag; 0, 0),
holomorphic in(¢, Z, A) for each fixedx, x').

We next differentiate (4.7) iZ. Since (4.7) holds fo(Z, {) € .#(x), we first have to expressas a
function ofZ. Due to the construction o/ (x), for ((Zo, {g); x) € .4 (x) x U close to the origin, there
exists a¢" function Z = Z((, Zo, {o; x) € CV in a neighborhood of 0, witlZ ({o, Zo, {o; X) = Zo,
holomorphic in(¢, Zo, o) and satisfying Z({, Zo, {g; x), {) € #(x). After substitutingZ (¢, Zo, {g; x)
for Zin (4.7) and differentiating if we obtain thebasic reflection identity

JF=Y(Z, j5 Fix, X)) +o((Z,01F7Y) as(Z,0) — 0in.u(x), (4.8)

1<k — [, where¥'((, Z, A; x, x') is still of classé*, because we have differentiated only in the “holo-
morphic directions”.

Recall that ther-jet 49 € J§o(C", cV') is assumed to senll into M’. Then, by following the
construction, we see that (4.8) also holds vkitleplaced by and any representatieof 4. Hence we
obtain

A5 =¥°(0,0, 45™;0,0) € JGo(CV, V) (4.9)
for © + I<r, where g € Jg(C", c™") denotes the image ofg under the canonical projection

JreN, cVy > JicV, c,
We summarize the result of this paragraph indicating the dependelt¢®ok by adding a superscript:

Proposition 4.2. Let M (x) and M'(x’) be as in Theorem.1.Fix any numberg, t, k >0 with t + [ <k
and a jet41g € DIT\;_(I(Si,O;M’(O),O' Then there exist a neighborhood
Q=0(0,0,10:0,0) c €V x € x J§H @V, V) x U x U’
and a%™ map
whi(, Z, A x, x') @ — JT(N, V),
holomorphic in(¢, Z, 4) € CN x Jg’O(CN, ¢N") such that the following holds
(i) For the imager e Jg o(CY, CV') of Ao under the projectio ™ (cV, cV') — J7(cV, '), one
hasAg = ¥*7(0, 0, Ag; 0, 0).
(i) For everyx € U andx’ € U’, every holomorphic map F from a neighborhoodddh " into ¢’

with (0,0, jg F; x, x") € Q that send® into 0 and M (x) into M’(x’) up to order k a©, satisfies the
identity

JF =Y Z, 5 Fx X)) +o((Z, 01T as (2,0 = 0in i (x). (4.10)

If M(x) andM’(x’) are in addition real-analyticthe mapsP** can be also chosen to be real-analytic
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4.2. Singular jet parametrization
Our next step will be to iterate the identity (4.10) ag4ril1,61] The property (i) in Proposition 4.2

allows us to iterate it fo(Z, j7 F; x, x) sufficiently close td0, Ao; 0, 0). After iterating (4.10) 24 + 1)
times we obtain

FEO = 0. 2T, jhg Fix ) +0((@0 L 2D (4.11)
as((0, ..., 2@ty 5 0in.#24+D (x), wherer = 2(d + 1)I as before and* ({0, ..., (29D A; x, x')
is of class¢” and holomorphic inc?, ..., (2€@+D 4y,

Now lets ande be as in Lemma 3.4. Pgt@+D = 0 and

CO=Z=V<V/,<0<V/,L;x);x>
o(n; x)

in the identity (4.11). We obtain

~ k Z . k Z /
F(Z)=V% (n,—,]rF;x,x/) + R <17,—;x,x , (4.12)
3(n; x)" 70 FAXT o(nx)
where®" andR%. are of clas¥*, their restrictionsifk(-, -, x,x") andRX.(; x, x") are holomorphic and
Ry, Z; x,xy=o((n, 2)|*") as(n.Z) > 0 (4.13)

for each fixed(x, x"). We note that here, exactly as[ihl], only R}, (but not #') depends orf (this

dependence is indicated Byin the subscript). A new ingredient comparing with] is that®" is merely
smooth and depends on the choice of the familigs) and M’ (x’).

Letyg € C*" be given by Lemma 3.5 and defingi; x) = d(Ang; x) for A € C near the origin. Then,
settingny = Ang in (4.12), we have

~ V4 A V4
F(Z):Tk <Z,A—,j6F;x,x/> +le: (/"L,A—;x,x/>, (4.14)
30 %) 3(2; x)

- k A , . . : -
where¥ andR’; are defined in the obvious way and have the properties analogous to thBS@nd

R’; respectively. After a holomorphic change of the parameterC, we may assume that; 0) = 1,
wherem <2d (v — 1) is the vanishing order considered in Lemma 3.5. We shall view the vectoR*
as arow. Then

50 x) = ™ +a(: x)x, (4.15)

wherea(/; x) is a%*~1 vector column which is holomorphic for each fixedThen (4.14) implies

k. Z a(l; x)x -1 . , A Z ,
FZ)y=¥ |4 5\ 1+ — JjoFix, x|+ RE (A ——x,x" ). (4.16)
A A 5(J; x)

Note that the decompaosition (4.15) is used only for the first term on the right-hand side. Such “trick”
will be essential for proving smoothness of the first term after resolving the singularity. As for the second
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term, we shall need only an estimate on the vanishing order for each(fixe) that will be obtained
directly. We now rewrite (4.16) in the form
. Z A Z
F(Z)= A (/1, —, im, JoF; x,x’) + Rk ()b, — X, x/) , (4.17)
A2 0(; x)

where V" (1. 7. %. A; x,x') is defined andg*~! for (4, Z, %, 4; x, x') in a neighborhood of0, 0, 0,
Ag; 0, 0) and holomorphic in(4, Z, x, A). This is thesingular jet parametrizatiothat we shall use for
the proof of Theorem 4.1.

4.3. Resolution of singularities with smooth parameters

We will apply the following statement to the mafpk above that can be seen as a variant of Lemma
10.6 in[11] with smooth parameters.

Lemma 4.3. Let P(4, f; x) be a function of clasg” in a neighborhood 00 in C x C" x R" such that
P(-, -; x) is holomorphic for each fixed ket

t .
P <)v, F; x) = Z cy(t; x)A (4.18)

v

be the Laurent series expansioniiThen the coefficieny is of classg™ in a neighborhood of the origin
and is holomorphic there in t for each fixed x. If furthermore P is real-analytic in all variasiessco.

Proof. SinceP(., -; x) is holomorphic, we can write

P(LTix)=) " Pa()XT
V,0
in a neighborhood of the origin witP, ,(x)| < C**1* for some constant > 0. ThenP, , € %* and
cot; x)= Y Py’ (4.19)
v=|o|m

is clearly holomorphic irt for (¢; x) near the origin. Since partial differentiations commute, all partial
derivatives ofP (Z, t; x) with respect tox are holomorphic in the variablés, 7):

dunohP=03l5,,P=0
for every|B| <. Furthermore the power series
AP Fix)=Y AP ()2
v,o
converge absolutely for alp| <t and for(/, ) near the origin. Then

feo(t;x)y =" P, (01",

v=|o|m
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shows thato(z; x) is of classg™ as required. Finally, iP is real-analytic, it can be further expanded near
0 as a convergent power serieqinx). Thenco must be real-analytic as a consequence of (4.109).

The following lemma will be used for the functiofi{;v in the right-hand side of (4.17) and can be also
seen as a variant of Lemma 10.61ri] with smooth parameters.

Lemma 4.4. Let R(4, ) andé(2) be holomorphic functions near the originsnx C" and inC respec-
tively such that

R, D =o0( DM as (4,7)—0

and suppose thait(1) has the vanishing order g at= 0 for some nonnegative integers h and g. Consider
the Laurent series expansion

() m) = XV: Cv(t))vva

where eacl, (¢) is a formal power series obtained by expanding the left-hand side.c@r=o0(|¢| ¢+ Ll

ast — 0.

)

Proof. We writeRandz/5(2) as formal power series:

~ ~ t
RO =) RAT,  sos =10 a0+ av+azi® + -,

whereag # 0. The substitutiom = ¢/5(/) yields

Z Ry, t*2 8 (ag + ar + a2i® + - - )™
5(/L)

Then it is easy to see thad(r) = >_ b,t* is a formal power series such that each coeffickgns a finite
linear combinations oR, , for v — g|«| <0. By the assumptiorR (4, 7) = o(h) and hence the inequality

v + |o| > A holds for all nonvanishing coefficient®, ,. Putting these inequalities together we obtain
la| > /(g + 1) showingco(r) = o(h/(g + 1)) as required. O

4.4. The end of proof of Theorem 4.1

Let M(x), M'(x"),x,v,d,l,r and A9 be as in Theorem 4.1. For eackc®<r, denote byA; e
J*(CV, cN") as before the image ofy under the projectiod” (CV, c¥'y — J7(c, cV'). Consider the

the Laurent series expansion/imf the functioni’k in (4.17), where we substituté/ 2" for the second
argument as in (4.17) and2™ for the third argument with € R*:

vk Z t
4 ()v o —, A x,x/> = Z c'f,(Z, t, A x, xHA. (4.20)

v
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By Lemma 4.3p’5(Z, t, A; x, x") is of classg® and holomorphic in(Z, ¢, A) for each fixed(x, x’). We
obtain thez™ map

PR(Z, A x, %) = cé(Z, x, A; x,x)

defined in a neighborhood @, A¢; 0, 0) and holomorphic in(Z, A). It remains to show (4.2). For this,
consider the Laurent series expansions of both sides of (4.L75imce

RE(, Zyx,xy =0(1(4, 2)|F") as(), Z) — 0

by (4.13) and the construction &, it follows from Lemma 4.4 that the constant tetgin / in the
Laurent series expansion of

Iélfp (i, AL; X, x’) (4.21)
0(2; x)

iso(k —r/m, + 1) in Zfor fixed (x, x"), wherem, is the vanishing order of(/; x) at.=0. Clearly we

havem, <m for x close to 0, where: = mg is the vanishing order o?f(i; 0). Therefore the expression

in (4.21) is always at least(k — r/m + 1). By equating the constant terms (ihin the Laurent series

expansion of (4.17) we obtain the required identity (4.2). The proof of Theorem 4.1 is complete.

5. Applications of Theorem 4.1: proofs of the main results

Proof of Theorem 2.1. We keep here all notations and assumptions from Theorem 2.1. We first construct
a sectionp locally near a fixed jetg € D"!(M, M') with a sourcerg € M and atarget) € M'. For this,
we apply Proposition 3.1 to bo andM’ to obtain, for the given integéy ¢ ~* familiesM (x)=¢, (U),
M'(x")= ¢, (U"), (x,x") e U xU" C M x M, of local real-analytic approximate embeddings of order
k of M and M’ into C¥ andC"’ respectively passing through 0. Fixing real coordinates/oand M’
vanishing atvg andx;, we may identifyU andU’ (after possible shrinking) with open neighborhoods of
0inR* andR*’ respectively withs := dimg M ands’ := dimg M’.

Next we use the diffeomorphismg: U — M (0) andey: U" — M'(0) to transferlg € Jo.o(M, 78]
to ajetlo € J§o(M(xo), M'(xp)) by settinglo := j§(¢y o f o pg™), wheref is any representative of
/0. Since bothypy and ¢ are CR up to ordek at the origins, it follows thalg € D"/(M(0), M'(0)).
Similarly we consider, for eacfx, x’), the one-to-one transformation sending a/jet J(’x’x,)(M, M)
represented by a mdjo the jet

Joi= jo (@l o foprt) € JGo(M(x), M'(x')).

Furthermore, as indicated at the beginning of Section 4, any-igRi. € Jg’o(M(x), M'(x")) extends
uniquely to a holomorphic-jet A4 € Jg’o(CN, cN sending(M (x), 0) into (M’(x’), 0) (the uniqueness
follows from the property thad/ (x) is generic inC"). We can now write1 = Z1(2; x, x’), where, in
local coordinates, the components&f(/; x, x’) can be written as polynomials in the components of
/. whose coefficients ar¢“~" in (x, x"). HenceZ; is a%¢*“~" map from a neighborhood @flo, 0, 0) in

J' (M, M) into Jg,O(CN, cM"). By the construction, the jeto := Z1(Jg; x, x') is in D;’j(o) 0:M/(0).0"
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where as in Section 4" denotes the set of alljets sendingM (0), 0) into (M’(0), 0) that

M (x0),0; M’ (x),0
arel-nondegenerate for some .

We can now apply Theorem 4.1 (withreplaced byc — k) to the familiesM (x) andM’(x") and the
jet Ao. Let ¥¥: @ — CV' be thex**—1 map given by this theorem, whegsis an open neighborhood of
(0, Ag, 0,0)inCN x J"(CN, CN') x U x U’. Our choice of andkin (2.3) and the inequality: < 24 (v—1)
in Lemma 3.5 imply thatk — r)/(m + 1) >r + 1. Hence Theorem 4.1 gives a parametrization of jets of
orderr + 1 of holomorphic maps fromt" to €V’ that we have to “transform” back to jets of the same
order of smooth maps betwedhand M’. In other words we differentiate the identity (4.2} 1 times
in Z and evaluate af = x. We obtain an |dent|tyo+lF Y(jo F; x, x"), where¥ can be chosen to be

a family of local sections of the bundll% eV, ey > J. 0)((12N cV")defined in a neighborhood of

Ap. Moreover, since? is obtained by d|fferent|at|ng’k only in Z, where¥* is holomorphic, it follows
from the Cauchy formula tha¥ has the same smoothnesstds
If now f satisfies the assumptions of Theorem 2.1 &d" — CV a holomorphic extension of
¢l o f o it as above, it follows again from the chain rule thifit? f = Z,(j5 T F; x, x'), wheres,
is a %"= =1 function in a neighborhood afo; 0, 0). By composing? with =1 and =, we obtain
Jrttf = (I f), whered is a¢** 1 J"*1(M, M")-valued function defined in a neighborhood of
(xo, J0). Clearly® can be assumed to be alocal section of the fiber bundlett (M, M) — J" (M, M').
In order to obtain a global sectiah of = over D™/ (M, M’) as claimed we use the fact thatarries
a canonical affine bundle structure. More precisely, one can use standard trivializatioinslo€ed by
local coordinates oM and M’. Then it follows from the chain rule that the transition maps are affine
on the fibers ofr. Hence linear combinations of sectionsroére well-defined provided the sum of the
coefficients is 1. Hence we can use a partition of unitpir (M, M’) to glue the above local sections to
obtain a global sectio satisfying the required propertiestd

Proof of Corollary 2.2. Since the main argument seems to be well-known, we only give a sketch of
the proof (see e.d10,29] for a similar argument). Le® be given by Theorem 2.1 and choose local
coordinatesc € RIMM onM andx’ € R4MM’ on p1’ vanishing respectively at the sourege M and

the targetx; of the jeto. Then the differential system given by (2.4) implies a system of differential
equations fori(x) := jI f of the form

0y, A(x) = B (x, A(x)). (5.1)

We obtain the required map by integrating (5.1) along paths. More precisely, every points € M
sufficiently close taxg can be connected in a unique way by a sequence of paths., ygim s Such
that eachy; is an integral curve of/dx;. Then we defin@(x, p, /) to be the result of solving the ODE
obtained from (5.1) along this uniquely defined chain of paths. It is easy to se2 shtisfies the required
conclusion. O

Proof of Theorem 1.4. The statementis a consequence of the local parametrization provided by Corollary
1.3. Indeed, given the map(x, A) as in this corollary, put’ 4 := ¥(-, A). Then, iff andqg are as in
Corollary 1.3 andt := j, f, then?, = f is CRin a neighborhood af. On the other hand, #' 4 is CR

and

T =4, (5.2)
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we obtain a local CR-diffeomorphisrfi := ¥, betweenM and M’ defined in a neighborhood af

and having it¥-jet there equal tol. Hence the system of tangential Cauchy-Riemann equation for
together with (5.2) give necessary and sufficient conditions for the existence of a CR-diffeomorphism
with prescribed jet as in the statement of the theorem. Clearly both conditions can be expressed in terms
of vanishing of a collection of real functiong, (x, 4), ..., ¢,(x, A). To finish the proof, it remains to

setl’ .= (p%—i--u—i-q)% U
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