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1. Introduction

Let E be a complex vector space of finite dimension and let K C GL(E) be
a compact connected subgroup. Then for fixed a € E the orbit K := K(a) is
areal-analytic submanifold of E that inherits various structures from E. For
instance, choosing a K-invariant positive definite inner product (x|y) on E
makes K a Riemannian manifold on which K acts transitively by isome-
tries. On the other hand, K inherits from E a Cauchy—Riemann structure
(CR-structure), that is given by the distribution of the maximal complex
subspaces H,K := T,K NiTK of the real tangent spaces 7, K C E,
x € K, together with the complex structure on every H,K (multiplication
by i). The subspace H,K is called the holomorphic tangent space to K at x
(see [9] and [4] as general references for CR-manifolds).

Of interest for the geometry of the orbit K = K(a) with respect to its
CR-structure is the study of the CR-functions (or more generally
CR-mappings) on K, i.e. of smooth functions f : K — C that satisfy
the tangential Cauchy—Riemann differential equations in the sense that the
restriction of the differential df to every holomorphic tangent space is com-
plex linear. For instance, all holomorphic functions defined in an open
neighbourhood of K C E give by restriction real-analytic CR-functions
on K. Actually, we deal with the more general continuous CR-functions
on K (which satisfy by definition the tangential CR-equations in the distri-
bution sense, or equivalently, which are locally uniform limits of sequences
of smooth CR-functions due to the approximation theorem of Baouendi-
Treves [6]). In this context it is of interest to determine the space of all
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points ‘to which every continuous CR-function on K can be holomorphi-
cally extended’, or in a more abstract setting, to determine the spectrum of
the Banach algebra of all continuous CR-functions on K. For this also the
explicit determination of the corresponding linear, polynomial and rational
convex hulls in E is of help. An important well-known tool and CR-invariant
of K is the (vector-valued) Levi form, which is a sesqui-linear form defined
on the holomorphic tangent space H, K with values in the complex vector
space (T, K + iT,K)/H,K — in a vague sense this can be understood as
a ‘holomorphic curvature’ that measures how far the variation of the sub-
space H,K C E differs from being CR in x € K. Hence the first step is
the understanding of the Levi form. Other natural questions are: When are
two orbits K(a) and K(b) for a, b € E isomorphic as CR-manifolds? When
are two CR-isomorphic K-orbits in E linearly equivalent? When can the
orbit K = K(a) be realized as the Shilov boundary of a relatively compact
domain in a suitable complex-analytic Stein space? The last question has
been treated (also if K in E is not an orbit) by Harvey-Lawson [20] in case
K is of hypersurface type, i.e. dim(7,K/H,K) = 1foralla € K. However,
if H,K in T,K is of higher codimension (also called the CR-codimension
of K), the last question, also treated in this paper for certain K-orbits, is
completely open in general.

A well understood case is when K C GL(E) is a maximal compact
subgroup, that is up to isomorphy, £ = C" with standard inner product
(x]y) = >_x;y; and K = U(n) is the unitary group. Then, choosing a unit
vector a € E, the corresponding orbit K = K(a) is the euclidian unit
sphere of E, and for every x € K the holomorphic tangent space H,K
is the complex orthogonal complement to the vector x in E. As is well
known, the holomorphic structure of the open unit ball D = {7z € E :
(z]z) < 1} is closely related to the CR-structure of its boundary K = 0D:
Every continuous CR-function on K extends to a holomorphic function on
& which is continuous up to the boundary, and the various convex hulls
(e.g. linear, polynomial, rational, holomorphic) of K all coincide with the
closed unit ball D (provided E has dimension at least 2, in which case
K(a) = S(a) holds for S = SU(n)). Furthermore, the group of all CR-
homeomorphisms of K can be identified with the group Aut(D) of all
biholomorphic automorphisms of the ball £, which is the group PSU(n, 1)
acting transitively by linear fractional transformations on .

The euclidian unit ball in C" is an example of a bounded symmetric
domain. Recall that, up to biholomorphic equivalence, the bounded sym-
metric domains are precisely the bounded circular (i.e. /D = D for all
t € R) convex domains £ in a complex vector space E of finite dimension
such that the group Aut(D) of all biholomorphic transformations acts transi-
tively on & (the adjective symmetric reflects the fact that then the symmetry
s(z) = —z about the origin 0 € D can be conjugated to a symmetry about
any point in ). One of the main invariants of the bounded symmetric
domain D is the rank, a certain integer that measures in a way the deviation
of O from being a euclidian ball. In particular, among all bounded symmet-
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ric domains the euclidian balls are precisely those of lowest possible rank
(namely 1) and also those with smooth boundary.

The next interesting case plays a remarkable role in many seemingly
unrelated contexts. It is the bounded symmetric domain of lowest possible
dimension whose boundary is not smooth, namely the open unit ball D
with respect to the operator norm in the space E of all complex symmetric
2 x 2-matrices. Its boundary is the union of two smooth parts: The Shilov
boundary of D (totally real and diffeomorphic to the homogeneous space
U(2)/0(2)) and areal hypersurface in E that is the bounded circular realiza-
tion of the tube over the light cone. This hypersurface is the simplest known
example of a real everywhere Levi-degenerate hypersurface that is not lo-
cally equivalent to a product of C with a hypersurface in C? (see [14] for these
and other related facts on CR-geometry of this hypersurface). In this ex-
ample the group K := GL(D) of all linear transformations g € GL(E) with
g(D) = D consists of all transformations z +— uzu’ with u € U(2) unitary
and u’ the transpose of u. The orbits of K and of its commutator sub-
group S (isomorphic to SU(2)/{%1}) in E have been studied in [13] and,
in a slightly different formulation, also in [3] and [24]. In particular, it has
been shown in [24] that among the S-orbits there are one-parameter families
of pairwise CR-inequivalent CR-manifolds, which are all diffeomorphic to
the 3-dimensional real projective space. It has been further shown in [3]
(see also [39]) that the universal coverings of these CR-manifolds cannot
be realized as boundaries of complex Stein spaces. Another remarkable
feature of this example is the presence of the complex-analytic cone of all
singular matrices in E, that realizes the simplest normal singularity and
can be seen as the complexification of every orbit K(a) = S(a) with a of
rank 1. Yet another feature is that the polynomial convex hull of any such
orbit K(a) with ||a|| = 1 is the image of the closed unit ball in C* under

the mapping (z, w) — (- o), which is the simplest known proper holo-

morphic mapping between euclidian balls of dimensions > 1 that is not
injective.

In this paper we give answers to the above questions for K- and S-orbits
in case where the group K C GL(E) is the connected identity component
of the group GL() associated to an arbitrary bounded symmetric domain
D C E ofrank r and S C K is the semisimple part of K. Every bounded
symmetric domain & can be written in a unique way as a direct product of
irreducible ones, i.e. those that cannot be further written as nontrivial direct
products. For simplicity we always assume that D is irreducible, which is
equivalent to K acting irreducibly on E or alsoto T := {z > 1z : |t] = 1}
being the center of K. One then always has K = TS. We shall extensively
use the associated Jordan triple product on the ambient space E that allows
one to carry out computations in an algebraic way. Of special importance
are the singular values o;(a) > o2(a) > ... > o,(a) > 0 of a € E that can
be defined in a purely Jordan algebraic way and which generalize the usual
singular values of rectangular matrices.



W. Kaup, D. Zaitsev

The irreducible bounded symmetric domains of positive dimension come
in 4 classical series and two separate exceptional domains (compare for
instance [21] or [33]). These are (without repetitions) precisely the following
domains, where n is the dimension and r is the rank. We write CP*4 for the
linear space of all complex p x g-matrices.

I,,: & ={zeCP:1,—zz"> 0}, where 1 < p < q are arbitrary
integers, ‘> 0’ means ‘positive-definite’, and z* is the conjugate-
transpose of z. Here n = pg, r = p and S is the group of all
transformations z +— uzv with u € SU(p) and v € SU(g).

I,: D={zeCP?:7 =—zand 1, — zz* > 0}, where p > 5 and 7’
is the transpose of z. Here n = (%), r = [4] and S is the group of all
transformations z +— uzu’ with u € SU(p).

OI,: & ={zeCP :7 =zand 1, — zz" > 0}, where p > 2. Here
n= (” T 1), r = p and S is the group of all transformations z — uzu’
with u € SU(p).

IV,: D ={zeC": (z]z2) ++/(z|2)® — |{z]z)|? < 2} (the Lie ball), where
n >5, (zlw) = Y zwy and (z|lw) = > zzwy. Here r = 2 and
S = SO(n) acting in the standard way on R” and C".

V:  An exceptional domain in dimension n = 16 with rank » = 2 and
S = Spin(10).

VI: An exceptional domain in dimension n = 27 with rank » = 3. Here
S is a compact exceptional group of type Eg.

The types can also be defined for smaller indices. But then there are for
instance the coincidences IV; ~ Ill,, IVy ~ L,,, IVs ~ 1L, IIz ~ I, 3,
and IV, is not irreducible.

For every irreducible & the connected identity component G of the
biholomorphic automorphism group Aut(D) is a simple real Lie group
acting transitively on . In case of the types I — IV, G is a classical group,
whereas for the types V, IV, it is exceptional of type E¢ and E; respectively.
For this reason, an irreducible bounded symmetric domain is called classical
if it is of type I — IV and exceptional otherwise.

A well understood case is when the orbits are of hypersurface type,
compare [3], [24], [1]. K-orbits of this kind appear for each bounded sym-
metric domain for elements a € E of rank 1 (see Sect. 5) and coincide
with their S-orbits. In addition, S-orbits of hypersurface type appear in in-
finite families of pairwise CR-inequivalent CR-submanifolds for each tube
type bounded symmetric domain of rank 2. We would like to mention that,
in general, K- and S-orbits may have any given CR-codimension and our
approach treats them in a uniform way.

An outline of the paper is as follows. In Sect. 2 we illustrate our results in
the case of type I, ;, (the space CP*7 of complex p x g-matrices) containing
already a rich class of CR-nonequivalent examples demonstrating main
phenomena. In Sects. 3—5 we survey basic facts of the well known Jordan
approach to bounded symmetric domains that will be extensively used
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throughout the paper. In particular, in Sect. 4 we describe all formally real
Jordan algebras together with their positive cones. These play an important
role for the fine structure of the Levi cones later on. In Sect. 6 we generalize
the well known Peirce decomposition for tripotents to arbitrary elements
a € E. This is motivated by the decomposition of E given by the tangent
spaces H,K C T,K of the orbit K := K(a) and allows us in Sect. 7 to
represent the tangent spaces as images of certain polynomial functions of
operators of low degree. Here the two main structurally different cases
become visible: the orbits of invertible and of noninvertible elements (for
types I — III invertibility is the same as the usual invertibility of matrices).
In the invertible case the K-orbits are nonminimal whereas the S-orbits
are minimal submanifolds of codimension 1 (recall that a CR-manifold
M is minimal at a point a in the sense of Tumanov [40] if any smooth
submanifold through a having the same holomorphic tangent space at every
point is necessarily open in M). In the noninvertible case K- and S-orbits
coincide. In both cases we show that the Levi cone of each S-orbit has
a nonempty interior. In Sect. 8 we study the orbit of the complexified
groups K© and S© where the K- and S-orbits respectively are embedded as
generic submanifolds (recall that a real submanifold is generic in a complex
manifold if its real tangent space at each point spans the ambient tangent
space over C). We also provide defining equations for both real and complex
orbits. We then turn to a more explicit computation of the Levi form and the
Levi cone of the orbits in Sect. 9. The Levi cone turns out to be a simplex
cone for orbits of elements with pairwise different singular values. On
the other hand, if some singular values coincide, the cone becomes more
complicated and is not necessarily finitely generated. In each case we give
explicit defining equations and inequalities for the Levi cone. We next
construct compact subsets of E, naturally associated to the elements of E,
having their tangent cones in the direction of the Levi cones that will play
an important role in the description of the natural hulls of the orbits. In
Sect. 10 we study the interior domains in the above compact sets proving, in
particular, that they are Stein. Those domains with automorphism group of
maximal dimension will be exactly the corresponding bounded symmetric
domains for which we give different characterizations. Section 11 is devoted
to the explicit description of convex, polynomial and rational convex hulls
of the orbits. In Sect. 12 we identify the maximal domains of holomorphic
extension of CR-functions on orbits. In each case these turn out to be the
domains studied in Sect. 10. The extension is obtained by using locally
a deformation version of the extension result of Boggess-Polking [10] and
constructing one-parameter families of orbits ‘moving’ everywhere inside
the Levi cone. It is shown that such families fill an open dense subset in the
domain of consideration whereas the extension to the full domain is obtained
by removing certain real-analytic submanifolds of high codimension. The
final continuous extension to the closure is obtained by a linear rescaling
argument in the case a is not invertible. In case a is invertible, more elaborate
arguments involving the fine boundary stratification of the hulls are needed.
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We conclude by giving in Sect. 13 as an application of our main results
the complete solution of the CR-equivalence problem for the orbits under
consideration.

Notation: For every complex vector space E of finite dimension we denote
by £L(E) the complex algebra of all linear endomorphisms of £ and by
GL(E) the maximal subgroup of invertible operators. SL(E) is the subgroup
of all operators of determinant 1. For every subset M C E we denote by
GL(M) C GL(E) the subgroup of all transformations g with g(M) = M.
Furthermore, L (E) is the complex algebra of all R-linear endomorphisms
of E. A sesqui-linear mapping L : E x E — F is always understood to be
complex linear in the first and conjugate linear in the second argument. For
every ring K we denote by K”*4 the space of all matrices with p rows and ¢
columns and entries from K. By 1, or simply 1 we denote the p x p-identity
matrix.

For every real or complex vector space V of finite dimension and every
subset M C V containing a in its closure, T,M denotes the (Whitney)
tangent cone to M at a, that is the set of all v € E such that there are
sequences (v;) in M and (¢;) in {t € R : ¢ > 0} with lim;_,, v; = a and
limj_mo tj(vj —a) = .

If ©2 is a topological space, C(€2) denotes the complex algebra of all
continuous complex-valued functions on 2. For every complex manifold
(or more generally for every complex space) X we denote by O (X) the
algebra of all holomorphic functions on X and by Aut(X) the group of
all biholomorphic automorphisms of X. For every CR-manifold M we
denote by Ccr(M) C C(M) the complex subalgebra of all continuous CR-
functions on M and by Autcr (M) the group of all CR-homeomorphisms
of M, i.e. homeomorphisms ¢ such that both ¢ and ¢! are CR in the
distribution sense. The groups Aut(X) and Autcgr (M) are always considered
as topological groups with respect to the compact open topology unless
stated otherwise.

For complex vector spaces V, W we simply write V @ W instead of
V ®c W. For subgroups G C GL(V) and H C GL(W) we denote by
G ® H C GL(V ® W) the subgroup of all transformations g @ h with g € G
and 7 € H. Clearly, the canonical surjection G x H — G ® H is not
injective in general.

2. Ilustration of the main results

In this section we illustrate our main results in the special situation of
matrix spaces. We begin with a general remark: Let £ be an arbitrary
complex vector space of finite dimension and let K C GL(E) be a compact
connected subgroup. Then K = ZS, where Z is the connected identity
component of the center and S is the (semi-simple) commutator subgroup
of K. Every K-orbit is foliated in S-orbits, more precisely, to every a € E
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there is a torus subgroup T C Z such that T x S(a) is a covering space of
K(a) via the mapping (t, z7) > #(z).

2.1 Remark. For every a € E the orbit § := S(a) has finite fundamental
group, whereas the fundamental group of K := K(a) is infinite if K # S. In
case Z C T := {z +— 1z : |t| = 1} (for instance if K acts irreducibly on E)
the holomorphic tangent spaces satisfy H,(K) = H,(S) forevery x € S.In
particular, K is not minimal as CR-manifold if Z =T and K # S.

Finiteness of the fundamental group of § follows from the same prop-
erty for the compact semi-simple group S (compare e.g. [22, p. 144]) and
the fact that the isotropy subgroup S, has only finitely many connected
components. The equality of the holomorphic tangent spaces follows from
a ¢ T,K = T,S ® Ria. Notice that this statement no longer remains true
if Z is not contained in T. As a counter-example consider E := C>*? iden-
tified with C* ® C? and set K = SU(2) ® SO(2). Then Z = 1 ® SO(2),
S =SU(2) ® 1, and for a := (g ,(},), t > 1 fixed, the orbit S(a) is totally
real while the orbit K = K(a) is not. Actually, K is generic in SL(2, C) and
7z + z7' defines for b := ad’ a Z-invariant CR-submersion from K onto
the minimal CR-submanifold {ubu’ € E : u € SU(2)} whose differential
induces an isomorphism of holomorphic tangent spaces at every point of K.
The image is a hypersurface in the affine quadric {z € SL(2,C) : 7/ = z}
~ SL(2,C)/S0O(2,C) and is real-analytically equivalent to the real pro-
jective space P3(R), but its CR-structure does not come from the standard
CR-structure on the 3-sphere S* C C? (cf. [24]).

Now fix for the rest of this section integers p, g > 1 and let E := CP*4
be the space of all complex p x g-matrices. Denote by r := min(p, g) the
maximal possible rank of matrices in £ and call it also the rank of E. For
simplicity (and without loss of generality) let us assume throughout p < ¢,
ie.r = p.

On E there is a canonical norm || ||, namely the operator norm if every
z € E is considered in the natural way as operator z : C? — C” between
complex Hilbert spaces (the operator norm ||z|| coincides with the largest
singular value of the matrix z € E, see below for more details). The open
unit ball D := {z € E : ||z]| < 1} is abounded symmetric domain (the type
I, , ., see Sect. 1). The biggest connected subgroup K C GL(E) leaving the
ball O invariant is the group of all transformations z — uzv with u € U(p)
and v € U(g), that is, K = U(p) ® U(qg) if we identify CP*? with C? ® C9.
The subgroup S = SU(p) ® SU(q) is semi-simple and of codimension 1.
The boundary 0D of O in E is smooth only in case p = 1 (and then || || is
a Hilbert norm). In general, there is a stratification 0D = §; U ---U S, into
(locally-closed) real-analytic submanifolds Sy C E. Each S consists of all
those z € 9D for which the hermitian matrix zz* has the eigenvalue 1 with
multiplicity k. The group G = Aut(D) of all biholomorphic automorphisms
of O acts by continuous transformations on the closure D of D (actually,
every g € G has a holomorphic extension to an open neighbourhood of D,
see for instance [29, p. 132] for more general results). Every S; is a G-orbit.
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For every a € E we are interested in the CR-structure of the orbits
K = K(a) and S = S(a) in E. It will turn out that the following two cases
are structurally different: (1) a is invertible (i.e. invertible as operator, which
clearly can only happen if p = ¢q), and (2) a is not invertible. For instance,
K = S holds if and only if a is not invertible, and this holds if and only if K
is minimal as CR-manifold. In any case, we have the following result that
will not be needed in the following but may be of independent interest.

2.2 Remark. For every z € E = CP*? the orbit § = S(z) is simply-
connected.

Proof. We may assume k := rank(z) > 0 and write all matrices in CP*7,
CpPx4,C7*9 as 2 x 2-block matrices (‘;Z) with upper left block a € CK**. We

may assume furthermore z = (jy) withx € GL(k, C). The simply-connected
group SU(p) x SU(q) acts transitively on S with isotropy subgroup at z given
by all pairs (((,). () satisfying ax = xc. But this group has the same
number of connected components as the group {(a, ¢) € U(k)? : ax = xc},
which is isomorphic to the centralizer {a € U(k) : ya = ay} of the hermitian

matrix y := xx*. This centralizer is isomorphic to a direct product of unitary
groups and hence is connected, that is, S is simply-connected. O

A rectangular matrix z = (z) € E is called diagonal if z; = 0 holds
for all j # k. Identify C” in the canonical way with the linear subspace of
all diagonal matrices in E. In this sense, the chamber

Ay ={xeRl x> >x, >0}

is identified with the corresponding set of real diagonal matrices in E.
From the singular value decomposition in linear algebra it is known that
for every z € E there is a transformation g € K and a unique diagonal
matrix d € A, with z = g(d). The diagonal entries o;(z) := dj; for
1 < j < p are called the singular values of the matrix z. In particular,
o= (01,...,0,) : E— A, realizes A, as the orbit space E/K. Another
way of saying this is that every K-orbit in E intersects the subset A, C E
in a unique point.

The singular values o(z) > 02(z) > --- > 0,(z) > 0 of the matrix
z € E = CP* play a prominent role in our discussion. Notice that o;(z)

also is the j™ biggest eigenvalue of the hermitian matrix (ZO* 0) and 0;(z)*

is the j™ biggest eigenvalue of the hermitian matrix zz* (every eigenvalue
counted with its multiplicity). One application of our main results states,
see 13.1:

2.3 Theorem. In case q > p (that is, every a € E is noninvertible) the
following holds:

(1) K- and S-orbits in E = CP*? coincide and are simply-connected
minimal Levi-nondegenerate CR-manifolds.
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(i1) The K-orbits K, K in E are CR-homeomorphic if and only if
K = tK for some t > 0. In particular, the moduli space of all CR-
homeomorphy classes of nonzero K-orbits in E can be identified with
the space {x e RP : 1 =x; > --- > x, > 0}.

(iii) The boundary 0D of the bounded symmetric domain D is the union
of pairwise CR-inequivalent K-orbits. Among these is the extremal
boundary 9,9 of the bounded convex domain D, which satisfies

0D = {z€eE:01(x) =0,(2) =1} = {zeCP:zz"=1,}

and is also the unique K-orbit in 0D with noncompact CR-automor-
phism group. Furthermore, as is well known, 3, has dimension
p(2q — p) and coincides with the Shilov boundary of D.

@{iv) For K = 0,D the group Autcr(K) coincides with Aut(D) =
PSU(p, q). For all other K-orbits K C 0D the group Autcr(K) coin-
cides with K.

Theorem 2.3 gives arich source of pairwise nonequivalent simply-connected
homogeneous CR-manifolds. The statements remain essentially true in case
p = q for noninvertible K-orbits (i.e. orbits, where some and hence every
element is noninvertible). For a € SL(p, C) C E the orbits K(a) and S(a)
do not coincide and K(a) is not minimal as CR-manifold. Also, the orbit
S(11,,) = SU(p) is totally real and (up to a constant factor) the unique S-orbit
in SL(p, C) that is Levi-degenerate. The inversion z — z~! on SL(p, C) in-
duces CR-diffeomorphisms between S-orbits that are not induced by linear
transformations of the ambient linear space £ = C?*? if p > 3 — notice

that on SL(2, C) inversion is given by (5 5) — (, »°). We will see later that

any two CR-isomorphic S-orbits in C”*” are equivalent under a transform-
ation z — cz*! for some ¢ € C*, where the exponent —1 clearly only can
occur for orbits in GL(p, C). As an example, the CR-homeomorphy classes
of S-orbits in C**3 are in 1-1-correspondence with all (s, f) € R? satisfying
0 <s<1landO <t < s* (every such pair corresponding to the S-orbit of
the diagonal matrix [1, s, ¢]).

The S-orbits in SL(p, C) are a special case of G x G-orbits in a semi-
simple complex Lie group L, where G C L is areal form and G x G acts
by z — uzv~! on L, compare for instance [17].

For every a € E = CP*1 with p < g arbitrary, the orbits K(a) and S(a)
are real-analytic connected submanifolds of E that can be characterized by
nice equations: Forallz, w € Eandevery 1 < j < pdenotebym (z, w) the
sumover all j x j-diagonal-minors of the matrix zw* € CP*?. Thenitis clear
that m ;(z, w) is holomorphic in z, antiholomorphic in w and homogeneous
of bidegree (j, j) in (z, w). For every z € E the number m;(z, z) is real,
nonnegative and coincides with the j™ elementary symmetric function of
o1(2)%, ..., crp(z)2 (and the p real polynomials m;(z, z) on E generate the
algebra of all K-invariant real polynomials on E, see the remark after (8.10)).
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Moreover, compare the more general statement (8.11),
Kla)={z€ E:mj(z,z) =mj(a,a) forall j < p}
and, in case p = ¢, det(a) = 1,
S(a) ={z € SL(p,C) :mj(z,z) =mj(a,a) forall j< p}.

With respect to the scalar product (z|w) = tr(zw*) = Zj’k Wi =
m1(z, w), which (up to a positive constant) is the unique K-invariant inner
product on E, for every a € E the orbit K = K(a) induces a unique
orthogonal decomposition

E=E(a) ® Eiz(a) ® Eo(a),

where Ei(a) @ Eyp(a) = T,K + iT,K is the C-linear span in E of the
tangent space T,K, Ei;,(a) = T,K NiT,K is the holomorphic tangent
space at a to K (also denoted by C7,K and H,K respectively) and Ey(a)
is the orthogonal complement of the other two spaces. In addition, there is
a unique (real) orthogonal decomposition

Ei(a) = A(a) ®iA(a)

with iA(a) = T,K N E;(a), thatis, T,K = iA(a) ® E;,»(a). It is remark-
able that all these linear subspaces have a natural algebraic meaning in
terms of the Jordan triple product {xyz} := (xy*z + zy*x)/2 on E, that
is associated to the bounded symmetric domain D C E. Clearly, {xyz} is
symmetric complex bilinear in (x, z) € E? and conjugate linear in y € E
(see Definition 3.1 in the abstract setting). Of importance are the commuting
operators L, and Q, on E defined by L,(v) = {aav} and Q,(v) = {ava} for
all a, v € E, and derived from these, the operators ¥, := 2(L, — Q,) and
O, = 4(L3 — Qi). In our special situation of rectangular matrices these
operators are given by

VY, (v) = aa*v — 2av*a + va*a,
®,(v) = aa*aa*v — 2aa*va*a + va*aa*a.

The relevance of the operators is due to the fact that the tangent space
T,K is the image of W, and that the holomorphic tangent space H,K is
the image of ®, in E, compare Proposition 7.1 for the general situation.
Even more important is the consequence that, for every fixed v € E, the
homogeneous (real) polynomial function z — X? := ©,(v) of degree 4 is
a vector field X" on E with X? € H K for all z € K. This is the key for
the explicit calculation of Levi form and Levi cone for the CR-manifold K,
compare (9.1) and Proposition 9.12.

To make things even more transparent assume without loss of generality
that @ € A, is a diagonal matrix with diagonal entries a; := o;(a). For
convenience puta; = Oforall j > p. Then E(a) is the linear subspace of all
matrices z € E such that z; # 0 implies a; = a; > 0, Ey/»2(a) is the space
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of all z such that z; # O implies a; # ai, and Ey(a) is the space of all z
such that z; # 0 implies a; = a; = 0. For a visualization of these spaces
write {ay, ...,a,,0} = {A,..., A, 0} with Ay > Ay > --- > A, > O and
denote by r; the multiplicity of A; as singular value of a. Then the space
E(a) consists of all diagonal block matrices in E, where the upper left
diagonal block is of size r; x r;, the second block is of size r, x r, up to
the last diagonal block, which is of size r, x r,, that is, E(a) consists of
all matrices in E having zero entries outside the dark-gray area according

to Fig. 1,

"

Fig. 1

and hence can be identified with C""*"1 @ - - - @ C's*’s. The space E|»(a)
consists of all matrices having zero entries outside the semi-gray area and
Ey(a) consists of all matrices having zero entries outside the white area.
Furthermore, A(a) is the R-linear space of all matrices z € E;(a) that are
hermitian in the sense of 7 = z; for all j, k < p, that is, we may identify
A(a) with the direct sum A; @ --- @ A,, where each A is the space of
all hermitian matrices in C'**’*, In every A; we have the cone Q; of all
positive semidefinite matrices, which is known to be the closed convex
cone generated by all idempotents (= projections) of rank one in A;. In
particular, the cone Qa) = Q1@ ® R, is aclosed convex cone in A(a),
the ‘semipositive cone’ of A(a).

An important invariant of the CR-manifold K = K(a) is the Levi cone
C(a) at the point a € K. This cone may be considered as a cone in A(a) and
has the following explicit description in the matrix case E = C?*?: Denote
by X(a) C A(a) the closed convex cone spanned by all

()le/lj - )xj_llftj_l) S A(Cl),
uj € Aj,uj_ € Aj_; idempotent of rank one

and j = 2,...,s. Then C(a) = X(a) holds if a is invertible and C(a) =
X(a) — Q(a) if a is not invertible (see Sect. 9 for the general case). In
particular, —a € A(a) is an interior point of the Levi cone C(a) in case a is
not invertible.

Our main results deal with various natural hulls of the orbits K = K(a),
S = S(a) and with the extension problem for CR-functions on these (com-
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pare Sects. 11 and 12 for the general case). It is not difficult to see that the
(linear) convex hull of K is given by

{zeE:lall; < lal; for j=1.....p},

where [|z]|; = 01(z) +02(2) +- - - +0;(2) is the sum of the j largest singular
values of the matrix z € E. Actually, || [|; isanorm on E. As amultiplicative
analogue denote for j = 1,..., p by u;(z) := 01(2)02(z) ---0;(z) the
product of the j largest singular values of the matrix z. Then, if we define
for convenience det(z) := 0 for every nonsquare matrix z, we have (compare
the more general case in 11.7 and 12.2):

2.4 Theorem. For every a € E the polynomial and the rational convex
hull of K = K(a) are

Z(a):={z€e E:nj(zx) <pjla for j=1,...,p} and
Y(a) :=={z € Z(a) : |det(z)| = | det(a)|} respectively .

For the orbit S = S(a), both hulls are X (a) := {z € Z(a) : det(z) =
det(a)} .

In Fig. 2 a visualization of the hulls Z(a) and X (a) is given for the special
case of 3 x 3 -matrices and a invertible. The pictures show the intersection
of the hulls with the space of all positive semidefinite real diagonal matrices
in C3*3, identified with the positive octant in R>. If @ is such a matrix with
diagonal entries 1 = A; > A, > A3 > 0, the polynomial convex hull Z(a)
has a 3-dimensional body as section, whereas the rational convex hull X (a)
has the shaded surface as section. Note that the orbit K(a) is of dimension
15,13, 13,9 and intersects the real octant 6, 3, 3, 1 times according to the
different cases (1), (2), (3), (4) shown in Fig. 2. In case (4) the interior of
Z(a) is the bounded symmetric domain » C C*** we started with. In this
case X (a) = S(a) and the orbits S(a) = SU(3), K(a) = U(3) are totally
real in E. The marked point on every picture corresponds to a.

(1) A>A,>A, @) M=A,>A, (3) A>h,=h, (@) A=A,=),
Fig. 2

The pictures in Fig. 2 can also be used for 3 x ¢ -matrices with g > 3
(or more generally for all factors of rank 3). But then K(a) = S(a) and
Z(a) = X(a) hold, and the intersection of the Levi cone of K(a) at a with
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the subspace R? of all real diagonal matrices coincides with the tangent cone
to the shown body (see Sect. 9). In case (1) the Levi cone is 3-dimensional,
is contained in R* and is a simplex cone, i.e. spanned as cone by 3 linearly
independent vectors. In cases (2) and (3) the Levi cone is 5-dimensional
whereas in case (4) it is 9-dimensional. Furthermore, its intersection with
R? is generated by 3 linearly independent vectors in cases (1), (2) and (4)
and by 4 vectors in case (3). The Levi cone itself is obtained by applying to
its intersection with R the isotropy subgroup K, of K at a.

Now let again E = CP*? with ¢ > p > 1 be arbitrary and denote by
k := rank(a) the rank of the matrix a. It is well known that the complex-
analytic cone

Z = {z € E : rank(z) < k}

in E has only normal singularities (more generally, see Proposition 8.3).
The nonsingular part of Z (the subset of rank-k-matrices in case k < p)
contains the orbit K = K(a) as generic CR-submanifold, and the interior of
Z(a) in Z is a bounded balanced domain. Our main result now is (see 12.1,
12.11 and 12.4 for more general statements):

2.5 Theorem. Every continuous CR-function on S(a) has a unique con-
tinuous extension to Z(a) that is holomorphic in its interior with respect to
Z ifthe matrix a € E = CP*1 s not invertible, and has a unique continuous
extension to X (a) that is holomorphic in its interior with respect to the com-
plex submanifold {z € E : det(z) = det(a)} of E if the matrix a is invertible.
The sets Z(a) and X (a) are maximal with respect to these extension proper-
ties. If K(a) # S(a) and hence a is invertible, every continuous CR-function
on K(a) has a unique extension to a continuous function on Y (a) that is CR
in its interior in the CR-submanifold {z € E : | det(z)| = | det(a)|} of E.

In fact we show that, if a is not invertible, Z(a) can be identified via
point evaluation with the spectrum of the complex Banach algebra of all
continuous CR-functions on K(a).

3. Jordan-theoretic description

The euclidian unit ball D = {z € C" : 1 — (z|z) > 0} and its boundary, the
unit sphere S = {z € C" : (z]z) = 1}, are well studied objects with respect
to their holomorphic and CR-structure. One reason seems to be that many
things can be expressed and easily computed in terms of the inner product
(z|lw) on C".

To some extent, the same is true for arbitrary bounded symmetric do-
mains if we allow more generally ‘operator-valued inner products’, more
precisely (compare [33] for more details):

3.1 Definition. A finite dimensional complex vector space E together with
a sesqui-linear map L : E*> — L(E) is called a positive hermitian Jordan
triple system (PJT for short) if for all x, y, z, w € E and ¢ € C the following
hold:
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(1) {xyz} := L(x, y)(z) is symmetric bilinear in the outer variables x, z
and conjugate linear in the inner variable y.
(i) [L(x,y), L(z,w)] = L({xyz}, w) — L(z, {wxy}), where [, ] denotes
the commutator of operators.
(ii1) {xxx} = tx implies r = |t| > O or x = 0.

Condition (ii) is called the Jordan triple identity. It implies for instance, that
the linear span of all operators L(x, y) is a Lie subalgebra of L(E). The
trace form

(3.2) (xly) :==tr(L(x, ))

defines a positive-definite (scalar) inner product on E which is invariant
under the automorphism group

(3.3)
Aut(E) := {g € GL(E) : g{xyz} = {(gx)(gy)(g2)} forall x,y,z € E}

as a consequence of L(gx,gy) = gL(x,y)g™! for all g € Aut(E). In
particular, L(x, y)* = L(y, x) for the corresponding adjoint of L(x, y) —
thus justifying the name hermitian Jordan triple system. The connection to
bounded symmetric domains comes from the fact that the set

(3.4) D:={z€E:idgp—L(z,z) > 0}

is always a bounded symmetric domain in £, where > 0’ means ‘positive-
definite’ for the hermitian operator idg — L(z, z) on E, and also GL(D) =
Aut(E). Conversely, every bounded symmetric domain (realized as circular
convex domain) occurs this way. For the classical types I — IV (see the end
of Sect. 1) the triple product {xyz} is given by (xy*z 4+ zy*x)/2 in case
I - IIT and by ((xly)z — (x|z)y + (zly)x)/2 in case of IV, where z — Z is
the natural conjugation on C" and (x|z) is the complex product as in Sect. 1.
It is known [19] that every IV, can be realized as a subtriple E C CP*?
for p = 2"7! in such a way that z* € E and z* € Cl, for all z € E. On
the other hand, every linear subspace £ C CP*? of dimension n satisfying
these two conditions is a subtriple isomorphic to IV,,.

Besides the C-linear operator L(a, b) for every a, b € E, we have the
conjugate linear operator Q(a, b) on E defined by z — {azb}. For every
a € E put

(3.5) L,:=L(a,a) and Q, := Q(a,a)

in the following. The element a € E is called invertible if the operator
Q. is invertible. E is called of fube type if it contains invertible elements.
This is known to be equivalent to £ being a bounded symmetric domain
of tube type. Choose an Aut(E)-invariant inner product (x|y) on E (e.g.
the trace form (3.2), a canonical choice will be made later, compare (5.8)).
Then, for all x, y, we have to distinguish between (triple) orthogonality
(i.e. L(x,y) = 0), (complex) orthogonality (i.e. (x|y) = 0) and (real)
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orthogonality (i.e. Re(x|y) = 0). Triple orthogonality implies complex
orthogonality. Every L, is self-adjoint with respect to the chosen K-invariant
inner product, and exp(itL,) € K holds for all + € R, where K is the
connected identity component of GL(D) = Aut(E).

For every a € E we can define the complex bilinear product x o y :=
{xay} (depending on a) on E, which makes E to a commutative (in general
not associative) complex algebra that we denote by E@. Actually, E@
is a Jordan algebra (see the next section for more details on this type of
algebra). Notice also that Lie algebras are in general not associative (but
anti-commutative).

4. Some basic facts on Jordan algebras

In this section we recall same basic material on real and complex Jordan
algebras that we will use later, see [11], [16] and [35] for further details. By
definition, a real vector space A together with a bilinear map

AXA—-> A, (x,y)rH>xo0y

is called a real Jordan algebraifforall x, y € A the following two properties
hold:

4.1) xoy=yox and xo(x’oy)=x%0(x0}Y),

where x? := x o x. For instance, every associative real algebra V with

product (x,y) — xy becomes a Jordan algebra V' with respect to the
Jordan product x o y := %(xy 4+ yx). In both algebras squares are obviously
the same.

Every idempotent ¢ € A (that is ¢> = ¢) induces a Peirce decomposition

4.2) A=Ai(c)® Ai2(c) ® Ap(c),

where Ay (c) is the k-eigenspace of L(c), where for every a € A the multi-
plication operator L(a) on A is defined by x — a o x. The linear subspace
Ai(c) is a Jordan subalgebra of A with unit c¢. The sum ¢; + ¢, of orth-
ogonal idempotents in A is again an idempotent, where x, y € A are called
orthogonal, if x o y = 0 holds. The idempotent ¢ # 0 is called minimal if
it is not the sum of two orthogonal nonzero idempotents.

We will assume for the rest of the section that the real Jordan algebra
A # 0 has finite dimension and is formally real, that is, x> + y*> = 0 always
implies x = y = 0. This is equivalent to A being euclidian, i.e. the trace
form (x, y) — tr(L(xoy)) being positive definite. As a formally real Jordan
algebra, A has always a unit e, and for every x € A the subalgebra R[x] of
A generated by e and x is associative (and commutative by the definition
of a Jordan algebra). In particular, all powers x", n € N, are well defined.
The element x € A is called invertible if x has an inverse in the associative
subalgebra R[x] C A and this inverse then is denoted by x~!. The set A~!
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of all invertible elements is open and dense in A, furthermore x > x~! is

a rational diffeomorphism of A~! onto itself.

In the formally real Jordan algebra A there exist always nonzero idem-
potents ¢, and ¢ is minimal if and only if A;(c) = Rc holds. Every x € A
has a (not necessarily unique) representation

4.3) x=aic+---+oc, cg+---+c=e

with pairwise orthogonal minimal idempotents c, ..., ¢, and real coeffi-
cients «; (called the eigenvalues of x). The number r in this representation
does not depend on the choice of minimal idempotents and also not on the
element x, it is called the rank of A. The group Aut(A) of all algebra automor-
phisms of A is a compact Lie group, and there is a unique Aut(A)-invariant
(real) inner product (x|y) on A such that (c|c) = 1 for every minimal idem-
potent ¢ € A. This inner product will be fixed on every formally real Jordan
algebra in the following. For x in (4.3) then (x|x) = a% + -4 af holds.

Although for x the representation (4.3) is not unique in general, for every
real-valued function f on R the element

fx) = flaoy)er + -+ flay)e, € A

does not depend on (4.3). In particular, for every x € A and n € N the
powers x" € A correspond to the scalar function f(f) = " on R, and x™
(called the nonnegative part of x) is obtained from the function 7 + " :=
max(t, 0) on R.

In a real vector space V of finite dimension a nonempty subset C C V
is called a cone if rC C C holds for every real t > 0. With C’ we denote the
dual cone of C, that is the set of all linear forms t on V with ¢(C) > 0. Itis
well known that the bidual cone C” is the closed convex hull of C in V. An
open convex cone C is called regular if the interior of C’ is not empty, and
then this interior is called the open dual of the regular cone C. In case that
there is given a (positive definite) inner product on V, the dual vector space
of V is identified with V in a natural way and then C’ can be considered as
aconein V.

In every formally real Jordan algebra A there are two important cones:

(4.4) Q={x>:xeA”"} and Q={x*:x€ A}.

Both cones are convex and contain e in the interior. The first one is open
and €2 is the closure of 2 in E. Furthermore

4.5) A=QoQ,

thatis, every x € A hasaunique representation x = x™—x~ with orthogonal

elements x, x~ € Q. The element x is in € if and only if in the repre-
sentation (4.3) all coefficients «; are nonnegative. €2 is also the connected
component containing e of the open set A~!. Furthermore, exp: A — Q is
a bianalytic diffeomorphism. We call Q (respectively 2) the semipositive
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(respectively the positive) cone of the formally real Jordan algebra A. They
are self-dual in the sense

Q={xeA:(x]y)>0 forall ye Q)

(4.6)
Q={xeA:(x|y) >0 forall ye Q}.

For all elements x, y € A we write x < yor y > x if y — x € Q holds, and
wewritex < yory>xif y —x € Q.

There exists a unique polynomial function N : A — R with N(x) =
aja; -+ - o for every x € A given in the form (4.3). N is homogeneous
of degree r = rank(A) and generalizes the determinant function on matrix
algebras. Its characteristic property is: N(x) # 0 < x € A~ and N(e) = 1.
The function N is called the generic norm of A. In addition, there is a unique
A-valued polynomial function x > x* on A with x~! = N(x)~'x* for all
x € A'. Clearly, x* is homogeneous of degree r—1 in x and is called the
adjoint of x.

We present briefly the classification of all formally real Jordan alge-
bras. From 2x o y = (x + y)> — x> — y? it is clear that the Jordan product
is uniquely determined by the square mapping. For every integer n > 1
let K, be the vector space R" with the following additional structure:

(x]y) = >_ x;y; is the usual scalar product and X := (x|, —xa, ..., —x,) for
all x = (x1,...,x,) and y = (y1, ..., y,) in R". The field R is identified
with {x € K, : X = x} viat — te, where ¢ := (1,0, ..., 0). In addition,

define the product of x and X formally as xx := (x|x) € R C K,. For
every integer r > 1 denote by #,(K,) C (K,)"™" the linear subspace of all
hermitian r x r-matrices (x) over K,,, that is, x/ € K, and ¥/ = x/' for all
1 <i, j < r.Obviously, #,(K,) has real dimension r + n(3).

Our conventions so far suffice to define all squares x* for x € #,(K,)
(just formally as matrix square). For » > 2 we need an additional structure
on some K,: Identify K, with the field C, K, with the (skew) field H of
quaternions and Kg with the real division algebra O of octonions in such
a way that x + x is the standard conjugation of these structures. With these
identifications also squares are defined in #,(K,) forallrandn = 1,2,4, 8
(again in terms of the usual matrix product). Now the complete classification
reads as follows:

Every formally real Jordan algebra is a direct sum of simple algebras. The
simple formally real Jordan algebras are (without repetition) precisely the
following, where r denotes the rank. The Jordan product in any case is
derived from the squaring as defined above:

r=1:R
r=2: #K,),n>1
r=73: J3(R), #;(C), H;3(H), #3(0)
r>3: #.(R), #.(C), . (H).
For A = #,(R) or A = #,(C) the cone Q is the set of all positive
semidefinite matrices in the usual sense and its interior €2 is the cone of all
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positive definite matrices. The algebra A = #3(0) has dimension 27 and
plays a special role. In contrast to the others it does not occur as Jordan
subalgebra of V™ for any associative real algebra V. Every Jordan algebra
with this property is called exceptional.

Now consider an arbitrary formally real Jordan algebra A with unit e.
Then by (4.3) for every x € A there exists an idempotent ¢ € A with
(xt|e) = (x|c). We will need later the following extremal characterization
of (x™|e) (compare Lemma 9.6).

4.7 Lemma. Suppose that A is not exceptional. Then

(xT|e) = sup(x|c) forall x € A.

2=c

Proof. Since A is not exceptional there exists an integer  and a realization
of A as Jordan subalgebra of #.(C) in such a way that e € A is also the
identity in #,(C). We may therefore assume without loss of generality that
A = #,(C) holds. Then (x|y) = tr(xy) holds for all x, y € #,(C). The
claim now is an easy consequence of Theorem 1 in [41]. m|

The complex analogs to formally real Jordan algebras are certain Jordan
*-algebras. Let us call a complex Jordan algebra U (i.e. the Jordan product
is complex bilinear) a Jordan *-algebra if there is fixed a conjugate linear
algebra automorphism z + z* of period 2 on U. Then the self-adjoint part
A :={z e U : ¥ =z} is areal Jordan algebra, and the following condi-
tions are equivalent in case U has finite dimension: (1) A is formally real,
(2) z = 0 for every z € U with z o z* = 0, (3) the trace form tr(L (x o y*))
is positive definite on U. It is clear that the formally real Jordan algebras
are in 1-1-correspondence with Jordan *-algebras that are positive defi-
nite in the sense of (3). On every such U there also exists a generic norm
(a complex homogeneous polynomial N : U — C of minimal degree with
N(e) = 1 and N(x) # 0 if and only if x is invertible in U). Finally, every
positive definite Jordan *-algebra U becomes a PJT by defining the triple
left multiplication operators by L(x, y) := [L(x), L(y*)] + L(x o y*).

5. Joint Peirce decompositions

In the following E is a PJT of dimension n. Then, as already mentioned at
the end of Sect. 3, every a € E makes E into a complex Jordan algebra E@
with respect to the product x o y = {xay}. In particular, the triple operator
L, = L(a, a) (see (3.5)) coincides with the multiplication operator L(a) in
the Jordan algebra E@. It is clear that a is an idempotent in £ if and only
if a is a tripotent in E, that is, if {aaa} = a holds.

As a consequence of (4.2) we have for every tripotent e € E the Peirce
decomposition

(5.1) E=E(e) ® E2(e) ® Eop(e),
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where Ej(e) is the k-eigenspace of L,. The operator Q. vanishes on
Ei)x(e) @ Eo(e) and splits Ej(e) into a direct sum A(e) @ iA(e) of
+1- and —1-eigenspaces. Actually, E|(e) is a Jordan subalgebra of E©
with unit e and x — x* := {exe} is an algebra involution making E(e)
a positive definite Jordan *-algebra with self-adjoint part A(e), which
is a formally real Jordan algebra with semipositive cone Q(e) = {x* :
x € A(e)}. The sesqui-linear map

(5.2) F:Eyp(e) X Ejjpp(e) > Er(e),  F(x,y) = {xye}

satisfies F(x, x) € Q(e) for all x € E, s2(e) and F(x, x) = 0 holds if and
only if x = 0 (compare [33, p. 10.5]).

For every pair e, ¢ of orthogonal tripotents in E and every ¢t € C with
|| = 1 also te and e 4 ¢ are tripotents. The tripotent e #~ 0 is called minimal
if it cannot be written as a sum e = e + e, of nonzero orthogonal tripotents,
or equivalently, if A(e) = Re holds. Clearly, minimality for idempotents in
A(e) is the same as for tripotents.

Denote by & the set of all sequences e = (e, ...,e;) of nonzero,
mutually (triple) orthogonal tripotents e; € E and call /(e) := s the length
of e. Then necessarily /() < n = dim E and r := max{l(e) : e € &} is
called the rank of E. Every e € & with the maximal possible length I(e) = r
is called a frame in E. Every tripotent in a frame is minimal.

Every element a € E has a representation

(5.3) a=MAe;+ Aier+ -+ Aseg

for a suitable sequence e = (e, ..., e;) € & and real coefficients A;. For
convenience we put

5.4 A:=0 and A_;:=—X; for 1 <j<s.

There always exist two extremal choices for the sequence e in (5.3) and the
given element a € E.

1. The maximal length choice: Here e is a frame, i.e. s = r, and we assume
in addition that

(5.5) A =A== >0

holds. Then the coefficient A ; in (5.5) is uniquely determined by a € E and
is called the j™ singular value of a, denoted by oj(a). In case E is of type
I, , considered in Sect. 2 these are the usual singular values of matrices
which justifies the terminology. For convenience we put o;(a) := 0 for all
j > r. The integer rank(a) := min{k > 0 : o34 (a) = 0} is called the rank
of a (again, in the matrix case one has the usual rank).

2. The minimal length choice: Here e is not necessarily a frame, but we
require

(5.6) M >Ay>-o>A>0.
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Under these assumptions not only the coefficients A ; but also the tripotents
e;j are uniquely determined by the element a. The integer s is called the
reduced rank of a.

Notice that rank(a) counts the nonzero singular values of a € E with
multiplicities, whereas the reduced rank ignores multiplicities. Let us call
the element a € E reduced if both ranks coincide for a, that is, if and
only if all nonzero singular values of a are pairwise different. In case E is
a subtriple of a bigger PIT E, the rank of a as element of E in general is
bigger than the one with respect to E. On the other hand, the reduced rank
remains the same in both cases. Actually, if we denote by [a] the smallest
complex subtriple of E containing a, then the reduced rank of a coincides
with the complex dimension of [a].

The functions o; : E — R are K-invariant, continuous and piecewise
smooth, where as before K is the connected identity component of the
compact group GL(D) = Aut(E). Hence also o := (01,07,...,0,) : E
— R’ is K-invariant. For every z € E, every 1 < p < oo and every
k=1,2,...,00 put

(5.7)
r 1/ k
lelly = (3 0i@7) 7 Nelloo =) and Nzl =" 0;(2).
j=1

j=1

As a consequence of [27, Satz 5.2], every || ||, 1 < p < 00, and every || |lx
is a K-invariant norm on E. Clearly, || oo = | i and || |1 = || llco -

It should be noted that the bounded symmetric domain & C E given
by (3.4) is the open unit ball with respect to the norm || ||». Furthermore,
Il |2 is the unique K-invariant Hilbert norm on E such that all minimal
tripotents have norm 1. In particular, there is a unique Aut(E)-invariant
inner product (x|y) on E with

(5.8) (zlz) = ||z[|5 forall z € E.

For the rest of the paper we will always endow E with this inner product.
For instance, if E is one of the types I, , or III,,, then || |5 is the Hilbert—
Schmidt norm on E given by the inner product (x|y) = tr(xy*). In case E is
of type I, , (x|y) = %tr(xy*) holds, and (x|y) is the standard inner product
on C” for the type IV,, .

For every odd function f : R — C and a € E define

(5.9) f@) = f(er + f()er + - + f(hye;

which does not depend on the choice of the representation (5.3) for a. For
instance, for the cube function f(f) = t* on R we get f(a) = {aaa} =: a°.
For the signum function on R defined by sign(#) = ¢/|¢] for ¢t # 0 and
sign(0) = 0 we get a tripotent ¢ = sign(a) from a. Finally, the function
t — 11 on R defined by T = 1/ for t # 0 and 0 = 0 gives the pseudo

inverse a' of a.



CR-structure of compact group orbits

Fix an arbitrary sequence e = (e, es,...,e;) € & and define for all
integers 0 < j, k < s the linear subspaces
(5.10)

Ejx=Ejie)={x € E:{eex}=350;+8)x forall 1<I<s]}

which are mutually (complex) orthogonal. Then

(5.11) E = @ Ejx

0<j=<ks<s

holds, and (5.11) is called the Peirce decomposition with respect to e. The
Peirce spaces multiply according to the rules

(5.12) {Ej,mEm,nEn,k} c Ej>k

and all products vanish that cannot be brought into this form (i.e. after
writing E;; as E; ; if necessary).

The Peirce decomposition (5.11) gives the spectral resolution of the
operator L, for a € E represented in the form (5.3), more precisely, denote
by P;; € L(E) the orthogonal projection with range E; for each j, k as
above. Then by (5.10)

Lo oo
(5.13) L= ) E(Aj +27) Pk
0<j=<ks<s
The decomposition must be refined to get a spectral resolution also for the
conjugate linear operator Q, (which commutes with L,). For this introduce

refined (real) Peirce spaces E/* C E in the following way: For all integers
J,kwith |j|, |k| <sande:=e; + -+ ¢, put

E?* = {x € Ejjj i : {exe} = sign(jk)x} .

Then every E/* is an R-linear subspace of E with E~/k = jE/* = ik,
and

(5.14) E = EB EJk

lj|<k=s

is a direct sum of pairwise (real) orthogonal summands, called the refined
Peirce decomposition with respect to e. Notice that E;; = E/* @ E~/*
and E%f = Eg holds for all j, k > 0. If we denote by P/* € L(E) the
(real) orthogonal projection with range E/K, we get in addition to (5.13) the
spectral resolutions

615 Lo= 3 S(34R) PR 0i= Yt

lj|<k=s lj|<k=s

where our convention (5.4) is in force.
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A PIT E is called reducible if there exists a decomposition E =
E| ® E, into positive dimensional linear subspaces satisfying L(E1, E;) =
L(E,, Ey) = 0, otherwise irreducible. E is irreducible if and only if the
corresponding bounded symmetric domain (3.4) is irreducible, i.e. is not
biholomorphically equivalent to a direct product of bounded symmetric do-
mains of lower dimensions. If e = (e, ..., e,) is a frame in E, then E
is irreducible if and only if E;; # 0 holds for all j,k > 0. In this case
the integers a := dim E;; and B8 := dim E(; do not depend on the in-
dices j > k > 0 (in case r = 1 we put o« = 2 for convenience) whereas
dim Ej; = 1. They even do not depend on the chosen frame e and hence are
invariants of the Jordan triple structure on E. Clearly n = (1 + B)r + (5)«
is the dimension of E. It is known that the invariants r, «, f determine E up
to isomorphism. Furthermore, E is of tube type (i.e. containing invertible
elements) if and only if 8 = 0. For the 6 different types we have:

I,,; a=2 B=qg—p

II,: a=4, B=0if pisevenand B = 2 otherwise

m,: a=1, =0 Iv,: a=n—-2, =0

V: a=6 =4 VI a =34, B=0.

Instead of ‘irreducible PJT’ we simply say ‘factor’ in the following. The
factor E is called classical if itis one of types I -1V and is called exceptional

if it is one of the types V, VL. All factors of type IV are also called spin
factors.

6. Yet another Peirce decomposition

We use the Peirce decompositions (5.11) and (5.14) to generalize the decom-
position (5.1) from tripotents to arbitrary elements of E. For this let the
fixed element a € E be given in the form (5.3) satisfying (5.6) and put for
Ej,k = E.,-,k(el, ey es)

Ei(a) := @Ej,j, Eypp(a) == @ Ej

I<j<s O<j<k=s
(6.1) -
Ey(a):=Eyo and  A(a):= P EV.
I<j<s
Then

(6.2) E=E(a)®Epa®Ey(a) and Ei(a) = A(a) ®iA(a).

A(a) is the 1-eigenspace of the conjugate linear operator Q (a, a’) and E; (a)
is the 1-eigenspace of the complex linear operator Q(a, a')?, where af =
Ayler+- - -+A7 ey is the pseudo inverse of a as defined in Sect. 5. In general,
E1/2(a) is not a subtriple of E, whereas E(a) ® E/2(a) = Ei(e) @ E/2(e)
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and Ey(a) = Ey(e) for the tripotent e := sign(a).
(6.3) A(a) = Ae1) @ - -+ @ Aley)

is a Jordan subalgebra of A(e) and hence a formally real Jordan algebra
with semipositive cone

(6.4) Qa) =Qe) - D Qe) = Al@)NQe).

Notice that for the representation (5.3) without the assumption (5.6) the
Peirce spaces with respect to a become

E(a) = @ Ejr, Eip(a)= @ Ej,

0<j=<k=s 0<j=<kss

22=22>0 A2£02

k J k

(6.5) !

j.k
Eya)= P Ej. A= P E*

0<j<k<s ljI=<|kl<s

Aj:Akzo )\.j:A.k>0

This makes it more transparent how the Peirce spaces depend on the co