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Abstract Our goal is to establish what seems to be the first rigidity result for
CR embeddings between Shilov boundaries of bounded symmetric domains
of higher rank. The result states that any such CR embedding is the standard
linear embedding up to CR automorphisms. Our basic assumption extends
precisely the well-known optimal bound for the rank one case. There are no
other restrictions on the ranks, in particular, the difficult case when the target
rank is larger than the source rank is also allowed.
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1 Introduction

Rigidity phenomena for holomorphic isometries into complex space forms
go back to Bochner [6] and Calabi [7] and lead to far going and deeper un-
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derstanding of metric rigidity between general bounded symmetric domains
in the work of Mok, Mok-Ng and Ng among others. The reader is referred
to the survey by Mok [29] for more details, see also the very recent work by
Yuan-Zhang [40]. Other important rigidity phenomena for bounded symmet-
ric domains, such as the strong rigidity of complex structures of their com-
pact quotients have been discovered by Siu [31, 32]. See also further work
[8, 23, 34]

On the other hand, the study of rigidity of holomorphic maps originated
in the work of Poincaré [30] and later Alexander [1] for maps sending one
open piece of the sphere into another. It was Webster [38] who first ob-
tained rigidity for holomorphic maps between pieces of spheres of differ-
ent dimension, proving that any such map between spheres in C" and C"*+!
is totally geodesic. Further results in this direction are due to Faran [15],
Cima-Suffridge [10, 11], Forstneric [16, 17] and Huang [18] who obtained
the best known regularity assumption independent of the dimension differ-
ence n’ — n, for CR maps between pieces of spheres in C"**! and C"'+1 un-
der the assumption n’ < 2n. See alsothe recent work of S.S.-T. Yau [39].
Beyond this bound, the rigidity is known to fail as illustrated by the so-
called Whitney map (see e.g. Example 1.1 in [13]). (CR maps are closely
related to holomorphic ones, see e.g. [3]). We mention the work by Huang-
Ji [20], Huang [19] and Huang-Ji-Xu [21, 22] dealing with this more diffi-
cult case, where rigidity has to be replaced by the classification of the maps.
On the other note, further rigidity phenomena for CR maps between real
hypersurfaces and hyperquadrics have been discovered by Ebenfelt-Huang
and the second author [13, 14], Baouendi-Huang [2], Baouendi-Ebenfelt-
Huang [4, 5] and Ebenfelt-Shroff [12].

However, comparing with metric rigidity mentioned above, holomorphic
rigidity for maps between bounded symmetric domains D and D' of higher
rank remains much less understood. If the rank r’ of D’ does not exceed the
rank r of D and both ranks r, v’ > 2, the rigidity of proper holomorphic maps
f: D — D’ was conjectured by Mok [27] and proved by Tsai [35], showing
that f is necessarily totally geodesic (with respect to the Bergmann metric).

The remaining case r < r’ seems to be very hard and only little is known.
Tu [36, 37] established holomorphic rigidity respectively in the equidimen-
sional case (when he proves that the map is biholomorphic and hence r =r")
and for maps between Cartan type I bounded symmetric domain D), , 1 and
D, , (see below). Finally, Mok [28] proved the nonexistence of proper holo-
morphic maps between certain pairs of bounded symmetric domains with ar-
bitrary r’ — r.

The goal of this paper is to take on the rigidity problem for locally defined
CR embeddings between Shilov boundaries of general Cartan type I bounded
symmetric domains D, , of higher rank. This includes the interesting case
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Rigidity of CR maps 411

r < r’. To the best authors’ knowledge all known results on local CR rigid-
ity deal with maps between real hypersurfaces and rely heavily on Tanaka-
Chern-Moser approach [9, 33] and many of them also on Tanaka-Webster
connection, which is unavailable for Shilov boundaries of higher rank. In this
paper we follow a new approach going back to the general Cartan’s moving
frame method. To compensate for the lack of the power of Tanaka-Chern-
Moser normalization, we introduce a sequence of several subsequent adjust-
ments of moving frames reaching further and further normalization condi-
tions. We prove:

Theorem 1.1 Let f be a smooth CR embedding between open pieces of
Shilov boundaries of two bounded symmetric domains Dp 4, D, , of Cartan
type I with g < p, q' < p’. Assume that the rank ¢ > 1 and

p'—q <2(p—q. (1.1)

Then after composing with suitable automorphisms of Dy 4 and Dy o, f is
given by the block matrix

Vil nd

S O N

0
1
0

Note that the assumptions ¢ < p and ¢’ < p’ exclude precisely the cases
of square matrices, where one of the Shilov boundaries is totally real and
consequently CR maps are trivial. Furthermore, our basic assumption (1.1)
corresponds precisely to the optimal bound n’ < 2n mentioned before in the
rank 1 case (¢ = ¢’ = 1) of maps between spheres, where n = p — 1 and
n’ = p’ — 1 are the CR dimensions of the spheres.

2 Preliminaries and adapted frames

Throughout this paper we adopt the Einstein summation convention unless
mentioned otherwise. However, if two equal indices appear at the same letter,
e.g. @,%, no summation is assumed. We shall also follow the convention that
small Greek indices «, B, y, d runover {1, ..., g}, small Latin indices i, j, k, [
over {1, ...,n}, small Latin indices a, b, ¢, d over {1,..., ¢’} and large Latin
indices I, J, K, L over {1, ...,n'}.

Recall that D, , has the standard realization in the space CP*? of p x g
matrices, given by

Dy g :=1{z € CP*9: I, — z*z is positive definite},

@ Springer



412 S.-Y. Kim, D. Zaitsev

where I, is the identity ¢ x ¢ matrix and z* = z’. The Shilov boundary of
D, 4 is given by

Spg={z€CP*: 1, —*z=0}.

In particular, S, ; is a symmetric CR manifold of CR dimension (p —g) x g
in the terminology of [24]. For ¢ =1, S, 1 is the unit sphere in C”. We shall
always assume p > g so that §), ; has positive CR dimension, i.e. not totally
real.

Example 2.1 The following generalization of the well-known Whitney map

211 oz 0 - 0
Zp—11 o Zp-1g O - 0
211 -+ Zlq Z11Zp1 0+ ZZpg O -+ 0
. . — : .. : : .. : c (C(P+M)X(Q’+m)
Ipl "+ 2pg ZpiZpl tt+ ZplZpgy O -+ 0
0 0 0
0 0 0 1

2.1

restricts to a CR map between the Shilov boundaries, where 1 < ¢’ < ¢ and
m is arbitrary. This map is not injective in D , and hence is not linear af-
ter composing with any automorphisms of D, , and D', ,.For g =¢q' =1,
m = 0, this is the classical Whitney proper map between unit balls in C? and
C?P~! respectively, which corresponds to the equality in (1.1) showing that
the latter is an optimal bound.

Example 2.2 The following examples show that there are lots of CR maps
between Shilov boundaries for any choices of ranks ¢ and ¢’. Fix a collec-

tion of proper maps ¢i, ..., ¢, from the unit ball in C? into unit balls in
€™, ...,C" respectively for any choice of integers my, ..., m, . For any
g, and any choice of integers ji, ..., j; €{1,..., g}, define

@ CP*q _y ¢lmittmy)xq
such that @ (Z) is the block-diagonal matrix with entries ¢1(z,), ..., @u (2 J'q/)
on the diagonal. Then @ restricts to a CR map between Shilov boundaries of

the corresponding bounded symmetric domains.
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Rigidity of CR maps 413

Let Aut (S, 4) be the Lie group of all CR automorphisms of S, ,. By [24,
Theorem 8.5], every ¢ € Aut(S), ;) extends to a biholomorphic automorphism
of the bounded symmetric domain D, ,. Consider the standard linear inclu-

sion
Iy
> . Z€S8p4.
Z

Then we may regard S, , as a real submanifold in the Grassmanian Gr(q, p+
q) of all g-planes in C”*9 and Aut(S, 4) = Aut(D), ;) becomes a subgroup
of the automorphism group of Gr(q, p+¢). In this section we will construct a
frame bundle over S, , associated with the CR structure of S, , using Grass-
mannian frames of Gr(q, p + q).

As before, consider the partial CR dimension n = p — q. The actual CR
dimension of S, ; is (p — q)q =nq and g =r is the rank of the bounded
symmetric domain D), ;.

For column vectors u = (uy, ..., U ptq)" and v = (vy, ..., Vp4q)" in CPT9,
define the Hermitian inner product by

(u,v) :=—uvy +--- +uq1_)q) + (”q+15q+1 + - +Mp+q5p+q)-

A Grassmannian frame adapted to S, 4, or simply S, ,-frame is a frame
{Z1, ..., Zpsq) of CPY9 with det(Zy, ..., Zp4+q) = 1 such that

(Za, Zq+n+ﬂ> = (Zq+n+ﬁ, Zy) = 50:;3, (Zq—l—ja Zq—l—k) = 5jk (2.2)

and
(Z A, Zr) =0 otherwise, (2.3)

where the capital Greek indices A, I', §2 etc. run from 1 to p + g. We also
use the notation

Z::(Zl,...,Zq), X:(le”an) ::(Zq_’_l’_”,zq_’_”),
YZ(Y],...,Yq) = (Zq+n+l ---qu-‘rp)v

so that (2.2) can be rewritten as
(Zoa, Yg) = (Yp, Zy) = dup, (X, Xk) =4k, (2.4)

i.e. the scalar product (-, -) in basis (Zy, X, Yg) is given by the matrix
0
0
Iy

oSN o
o ol
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414 S.-Y. Kim, D. Zaitsev

Let B, 4 be the set of all S, ,-frames. Then B, , can be identified with
SU (p, q) by the left action. The Maurer-Cartan form 7 = (7 AF )on B4 is
given by the equation

dZy=n]Zr, (2.5)

where 7 satisfies the trace-free condition
Y=o
A

and the structure equation

More explicitly, using the block matrix representation with respect to the basis
(Z,X,Y), we can write

ﬂaﬂ naq—H T[aq " %ﬂ Qo(j (potﬂ
B q+j g+n+p . '
T=1 Tk Tgvk Mgtk = Ukz o ﬂki - @7
B +j +n+p J
Tg+nta ﬂqa—n{ka qz—nr—l!—a 5 et “
which satisfies the symmetry relations
. T a a a
vl 0 od Vg 0 ¢
O-kﬂ wkj Qkﬁ = — U—k C()]—,k ng (28)
§ aﬁ o ocJ 1/10/3 3 Boz o J‘-a 4 Boz

that follow directly by differentiating (2.2).
The structure equations (2.6) can be rewritten as

def =v) A wyﬁ +6,] A Hlﬁ +o) A llﬁ\yﬁ (2.9)
deaj =9y A Qyj + Qal A wlj + 0/ A Gyj (2.10)
dvd =vd " +04 o 4ol nES 2.11)
do/ =0, N0 + ol o +6 no) (2.12)
do’ =0/ "y f +ol ne +6) nEf (2.13)
déaﬂ =&/ A wyﬂ + Ual A Ulﬁ + l’p\ay NES (2.14)

in particular,
dof =6 A Qjﬂ mod ¢,
where ¢ is the span of %,3 for all o, B.
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Rigidity of CR maps 415

By abuse of notation, we also denote by Z the g-dimensional sub-
space of CP*9 spanned by Zi,...,Z,. Hence Z represents a point in
Sp.q and vice versa, any point in S, , is represented by Z correspond-
ing to an adapted frame (Z, X, Y). Then B, , can be regarded as a bun-
dle over S, , via the projection map (Z, X,Y) — Z. By another abuse
of notation, we shall also use the same letters for the components of
and their pullbacks to S, , via a fixed section. Note that fixing a section
means precisely choosing an adapted frame (Z, X, Y) at every point x of
(an open subset of) S, , such that Z represents x as a point in the Grassma-
nian.

The defining equations of S, , can be written as

Spq=1{V1€Grig,p+q): (-,-)lv =0}
and hence their differentiation yields
(dZA,Zr)+(Za,dZr) =0. (2.15)

By substitutingdZ, = AF Zr into (1, 0) component of (2.15) we obtain, in
particular,

vd (Yy. Zp) =9 f =0,
when restricted to the (1,0) tangent space. Comparing the dimensions, we

conclude that the kernel of {cpofS ,a,=1,...,q} forms the CR bundle of
Sp.g»1.€.,

ker(plz) =T, Sp s ® Ty Sy g

In other words, ¢ = (¢ ) span the space of contact forms on §), ;. Since
dZa =9 Zp + 0L Vg +0,X;
B

and ¢ = (gpaﬂ ) is a contact form at Z = (Z, ..., Z;), we conclude that ¢y

and 90/ form together a basis in the space of all (1, 0) forms.
For a change of frame given by

N
l
S

~ > N

7 changes via
F=dU-U'+U -7 -U".

There are several types of frame changes.
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416 S.-Y. Kim, D. Zaitsev

Definition 2.3 We call a change of frame
(i) change of position if
Zo=WLZ5  Yu=VSPYs,  X;=Xj,
where W = (Waﬂ) and V = (Va’s) are g X g matrices satisfying V*W =

I .
q-
(i1) change of real vectors if

Zo=Zo4, X;=X;, Yu=Y,+HPZg,
or
ZO( Iq O O Zﬁ
Xi|l=[ 0 L Offxc]. (2.16)

g o 1,) \1s

3

where H = (Ho,ﬁ ) is a hermitian matrix;
(ii1) dilation if

Za=3"Z4, Yy=ioYs, X;=X;,

where A, > 0;
(iv) rotation if

Zo=Zo, Yo=Yy, X;j=UfXy
where (U jk) is a unitary matrix.
Consider a change of position as in Definition 2.3. Then ¢ and 6 change to
GE—wreIW L WP SWEL ) =wpey.

We shall also make use of the change of frame given by

Zy=Zy. Xj=X;+Cl2s.  Vu=Yo+ALZs+B]X;,
or
Zo I, 0 0\ [z,
Xil=lc/ 5 oflx], (2.17)
Yo AL B 1,) \Ys
such that
o o
CA+B*=0
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Rigidity of CR maps 417

and

where

Then the new frame (2 , Y , X ) isan S, ,-frame. In fact,
0= (Y, Vp) =(Ya + A Zs + B/ X, Yg + AJ Z, + BS Xy)
=AL(Zp. Yp) + Af (Ya. Zo) + Y B/ BJ(X;. X)
j
A_/g +ZB JB’ (2.18)

and
0=(X;.Ya) =(X; +C/Zp. Yo + AL Zs + B Xs)
= €M (Za, Ya) + B (X, X))
—C*+ B/, (2.19)

whereas the other scalar products are obviously zero. Furthermore, we claim

that the related 1-forms {0’0{3 remain the same, while 5aj change to

0~aj = Gaj — goaﬁBﬂj.
Indeed, differentiation yields
dZe =¥ LZs+6IX; + 375
=Vl 25 +0](X;+ClZp) + 0L (Ys+A) Z, + B X))
=dZa=vZs+0iX; + ol Yp

and the claim follows from identifying the coefficients.

3 Cartan’s Lemma
We shall routinely use the Cartan’s Lemma for complex-valued forms:

Lemma 3.1 (Cartan’s Lemma) Let 61, ..., 6, be complex-linearly indepen-
dent complex-valued 1-forms on a real manifold M and ¢1, ..., ¢, be further
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418 S.-Y. Kim, D. Zaitsev

complex-valued 1-forms on M satisfying

OhAnpr+---+6, Ap=0. (3.1
Then

9j=0 mod {6y,...,0,}

foreach j=1,...,r.

Proof Complete 0y, ..., 0, to a basis 0y, ..., 0 in the space of all complex-
valued 1-forms on M. Then we can write

Qj= Cjkek

for suitable coefficients ¢ ¥. Then substituting into (3.1), using the fact that the
setof 6; AO; with i < j 1s a basis in the space of all 2-forms, and identifying
coefficients of 6; A 6y for j <r, k > r, we conclude

c; =0, j<r<k,

and the claim follows. O

4 Determination of ¢,” and ©,/ modulo ¢ using the Levi form
identities

Let p > g, p’ > ¢’ be positive integers and let f be a local CR embedding
from S, 4 into S, ,» Denote by B, ; and B, , the Grassmannian frame bun-
dles adapted to S, ;, and S,/ . respectively. We setn:=p —q,n’:=p’ — ¢’
and follow the index convention at the beginning of Sect. 2.

We shall consider the connection forms %,3 , 60, waﬂ , W jk, crjﬁ , Saﬁ on

B, 4 pulled back to S, , and denote by capital letters @2, ©,/, w,>, 2 X,
Z‘If , Eab their corresponding counterparts on B, . pulled back to S, ..
Furthermore, we shall adopt the convention that any form is assumed to be
zero whenever its indices are out of the range where the form is defined, e.g.
Gaj =0 if eithera > g or J >n,0rg0ab=0ifeithera >qgorb>q.

Since ¢ = ((paﬁ) and @ = (cbab) are contact forms on S, ; and S, ,/, re-

spectively, the pull back of @ via f is a linear combination of ¢ = (¢4 ).

We shall abuse the notation by writing X instead of f*X for any form
X on S, 4. Thus all our forms will be understood on S, ; and any form on
Sy .4 Will be assumed pulled back to S, ; via the given CR map f without
explicit mentioning.
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Rigidity of CR maps 419

In this section our analysis will be based on using the structure equation for
@ modulo the ideal generated by the contact forms (,oof3 , 1.e. on the equations

del =0/ A0 mode, dol=6]r0) modg. (41

By writing identities modulo ¢ we shall always mean that the difference be-
tween the left- and right-hand sides is contained in the ideal generated by the
components (paﬁ in the exterior algebra. In the second identity we have also
used the fact mentioned above that (the pullback of) any @ ab is a linear combi-
nation of (pa’s . Note that due to our convention, both sides of the first equation
are zero if either @ > g or b > ¢ and for the same reason the summation is
only performed over j € {1,...,n}.

4.1 Determination of ch]

Consider the diagonal terms @,*, a = 1,..., ¢’. Suppose that (the pullbacks
of) @, vanish identically for all a. Then (4.1) yields

0=dd'=->"6,"70, modg.
J

Since each ®,” is a (1,0) form and each wedge product is non-negative on
(T, T) where T is any (1, 0) vector, it follows that

@aj =0 mod g,

which contradicts the assumption that f is an embedding.
Hence there exists at least one diagonal term of @ whose pullback does
not vanish identically. Choose such a diagonal term of @, say chl. Then on

an open set, @ 11 # 0. Since the pullback of (Dll to S, 4 18 a contact form, we
can write
1
o, = coj3 ® ﬂa

for some smooth functions caﬂ . Since ((,z)o,'3 ) and (<1§ab ) are antihermitian, the

matrix (caﬁ ) is hermitian. Then there exists a change of frame on S, ; (change
of position in Definition 2.3) given by

Ze=Ufzs,  Yo=ULlrs,  X;=X;,
for some unitary matrix U such that 05 is diagonalized and hence the new
contact forms (paﬁ, o,B=1,...,q,satisfy
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420 S.-Y. Kim, D. Zaitsev

where ¢y, @ =1, ..., r, are nonzero real valued smooth functions. Then (4.1)
yields
Y0/ r0 = cub A6 mod g, (4.2)
J a,j

which implies ¢4, > 0 in view of the non-negativity mentioned above since

the forms 6, A 6, are linearly independent. Hence after dilation of chl , we
may assume that

c1=1.

Lemma 4.1 Assuming n’ < 2n, we have r = 1 and

o'=9 (4.3)
0, =6,/ mod ¢. (4.4)

Proof Let
0, = h’jz“@af' mod ¢. (4.5)

Then (4.2) implies
J,
Do n R = cadup - 8,
J
where cq := 0 for > r. Thus the vectors h% = (W%, ..., h"/.’“) are pair-
wise orthogonal and have length ¢, independent of j. Therefore after a suit-
able rotation (see Definition 2.3)
(;aj — @aK UKJ ,

where (U KJ ) is unitary, we may assume that ' It whose length is ¢y =1, are

precisely the first n standard unit vectors in C” | i.e.
J1
h'; =8y (4.6)

Then for every fixed o # 1, we have n orthogonal vectors ho’j in the span of

the last n” — n standard unit vectors. Since n’ — n < n by our assumption, the
latter is only possible when h“j =0 for all & # 1. Thus we obtain

W% =681 4.7)

Then (4.5) implies (4.4) and hence (4.2) implies » = 1 and therefore (4.1)
implies (4.3). O
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4.2 Determination of 4522 and 4521

Consider the ideal 6, generated by Gaj for1 <j <n.Let
?,' =rap! mod [¢f a=20r=2), a=2, (4.8)

for some smooth functions A,, a = 2,...,q". Then (4.1) together with
Lemma 4.1 imply

O N0 =10 N6 mod (be, O, @2}, 9, az2. (49

Then there exists a change of position that leaves @1J invariant and replaces
0, with ®,” — 1,07, a > 2, (see the discussion after Definition 2.3). The
same change of position leaves <D11 invariant and transforms &,! into @ ! —
Aaéll for a > 2. After performing such change of position, (4.8) becomes

@aI:O mod {(paﬂ:az2or,322}, a>?2,
and (4.9) becomes

@aj/\9j1=0 mod {6y, Oy i >2}, ¢, a>2. (4.10)
Since @aj are (1,0) but 6 jl are (0, 1) and linearly independent, it follows that

@aj=0 mod {6, :a >2}, ¢, a>2. 4.11)
Next for each a > 2, let
@8 =rapp mod ) :a>2) (4.12)

for some functions A, g. Suppose there exists a and B such that A, g # 0. We
may assume a = 2. Using the identity

Aoy =0, AO} mod @

together with (4.11) we obtain

”/

Y 0, N0 =20 A0S mod{6y:a>2} g, (4.13)
J=n+1

where A2 g # 0. On the left-hand side we have a linear combination of n’ — n
(1, 0) forms, whereas on the right-hand side we have a linear combination of
at least n linear independent (1, 0) forms with nonzero coefficients. Since n’ —
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422 S.-Y. Kim, D. Zaitsev

n < n, this is impossible. Hence we have 4, g = 0 for all a, B and therefore
(4.12) implies

=0 mod{ a>2} a>2.
Since qﬁab and %,5 are antihermitian, we also have

& =0 mod{pf:p>2}, ax=2,

and hence
=0 mod{pf:a,p>2}, ax2. (4.14)
Now (4.1) implies
n' L
> 0/7r0,/=0 mod{fy:a=2} ¢. ax2, (4.15)
J=n+1
which implies
0, =0 mod {fy:a>2}, ¢, a=2, J>n. (4.16)

Together with (4.11) this yields
0, =0 mod {fy:a>2},0, a=2. (4.17)
Now we redo our procedure for @ 7. We can write
o) =2} 5ol (4.18)
for which (4.1) yields
0,/ nep=1Lgo) nof mode.
Then substituting (4.17) we obtain
A g0 A 9].'3 =0 mod {0 A0’ :y.8>2},0. ab>2, (419

which implies

AF =4 =0, ab>2. (4.20)
Hence (4.18) yields
®,=0 mod{el @, p>2}, ab>2 (4.21)
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Rigidity of CR maps 423

Summarizing we obtain the following:

®,)=0 mod{pf:a>20rp>2}, a>2, (4.22)
®=0 mod el e, =2}, ab=2, (4.23)
6,/ =0 mod{fy:a=>2}p, a=2. (4.24)

Now repeat the argument from the beginning of this section and assume
first that @ * = 0 for all a > 2. We obtain

@a1=0 mod ¢, a>2,

and hence df vanishes on the kernel of all 91'/ and qog . Since f is an embed-
ding, it follows that the latter kernel equals the full complex tangent space,
i.e. ¢ = 1. In this case (4.16) implies

(~)aJ=O mod ¢, a>1=gq.

Then writing (4.18) and proceeding as before we obtain A ab /3“ =0 and hence

@l =0, g=1. (4.25)

(Note that we have assumed g > 2 excluding this case. However, we shall
repeat this procedure when a similar case will occur.)

In the remaining case ¢ > 1, our assumption above cannot hold, i.e. @, #
0 for some a, say a = 2. Then (4.14) implies that, after a change of position
as before, we may assume that

2
Dl =) gy
a>2

for some ¢, > 0 not all zero. Then (4.1) yields

0, NGO = "catl] A0 mod . (4.26)

a>2

Since the proof of Lemma 4.1 can be repeated for @22 instead of (Dll, we
conclude that the rank of the left-hand side of (4.26) restricted to the complex
tangent space is n. Therefore, in the right-hand side, only one ¢4, say c2 can
be different from zero. After a dilation (see Definition 2.3), we may assume

‘1522 = ‘Pzz
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and hence
Y0, e, =36/ A6, modg. (4.27)
J J

We claim that each @2J is a linear combination of only 92j modulo ¢.

Indeed, if @21 were a combination of Qaj modulo ¢, where some of them

enters with a nonzero coefficient A, with @ # 2, we would have RN
entering with positive coefficient > Aghg in the right-hand side of (4.27),
which is impossible, proving our claim. As in the proof of Lemma 4.1 we
now write

@, =hn’,6,) mod . (4.28)
Since
@, =180f (4.29)
for suitable Aaﬁ , we obtain
1 j B
0, N0 =150,/ A6 modg, (4.30)
which in view of (4.28) and Lemma 4.1, yields
n0,) no) =250, /\Qjﬂ mod . 4.31)

Since the right-hand side contains no terms 90/ A Qk’s with j # k, it follows

that hkj = 0 for j # k and hence hjj = Azl =: A for all j and Aﬂ“ =0 for
(o, B) # (1, 2). Then (4.28) implies

0,) =16,/ mod ¢. (4.32)
Finally, substituting (4.32) into (4.27) and identifying coefficients we obtain

Jisy + Y hinT =8,

J>n

In particular, it follows that the vectors h; := (h”iﬂ, e h”i/) are orthogonal
and of the same length. But since we have assumed n’ —n < n, we must have
h; = 0 and therefore |A| = 1. Now we perform a change of position as in
Definition 2.3 with Wo,ﬂ = Caq0gp With ¢y = 1 for a # 2 and ¢; = A. Then we
arrive at the following relations:

ol=9), a=12, (4.33)
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07 =60" modg, a=1,2. (4.34)

a

Since after the last change of position, we have A = 1 in (4.32), we obtain
from (4.31) that kﬁ“ =0 unless @ =2 and 8 = 1, in which case AZI = 1. Then
substituting into (4.29) yields

q§21 = (pzl, (4.35)

4.3 Determination of @ ?

Now we repeat again the arguments after the proof of Lemma 4.1, where we
replace 1 by 2 and 2 by 3, to arrive at the identities:

®2=0 mod{p/:a>30rp>3}, a>3, (4.36)
®,=0 mod el e, p>3}, ab=3, (4.37)
6,/ =0 mod{6y:a>3}, ¢, a=3. (4.38)

Then continuing following the arguments after (4.24) with the same replace-
ments, we obtain

@3“ = (/)Sa, o= 1, 2, 3, (4.39)
0" =6;" mod ¢. (4.40)

Finally, arguing by induction on b =4, ..., ¢/, and proceeding by repeat-
ing the same arguments with 1 replaced by b and 2 by b + 1, we obtain the
following lemma.

Lemma 4.2 For any local CR embedding f from Sp 4 into Sy 4, there is a
choice of sections of the bundles By 4 — Sp 4 and By o — Sy 4 such that
the pulled back forms satisfy

(pab - (pab =0,
0, -6/ =0 mod .

Remark 4.3 A change of section of B, ;, — S , (corresponding to a change
of frame on §), ,) has been used in course of the proof. However, once
Lemma 4.2 has been established, one can change the frame on §), , back
to the original one together with the corresponding change of the frame on
Sy ¢ involving only the subframe (Z,, X, Yp) with a,b < g, J < n, such
that the conclusion of the lemma remains valid.
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5 Determination of @,/

In our next analysis we shall use the full structure equations for ¢ and @
which in view of Lemma 4.2 take the form

del =vd nel +0 N0 +od A (5.1)
del =W" Np)+O, NOf +ol NBD, (5.2)
and their difference

(@ —vd ) re+0, A0 0] NP+l AT - p) =0, (53)

as well as the structure equations for 6 and ©:
o, =v . rnog +0f nod +of Aoy (5.4)
do, =wro) +0.5 2 +ol nEy. (5.5)

Our next goal is to determine @aj . It will be determined together with
components llfab and £2 KJ modulo ¢. In view of Lemma 4.2 we can write

0, =6, =ui g ¢} (5.6)
for some 7 aj 5)/, and using the symmetry relations (2.8),
Of -0/ =nile], (5.7)
where
il =nd g (5.8)

We will show that after a frame change, we may assume that

najﬁy =0.

Using (5.6) we compute

0, "Op =0 N0 =niJof N6 =0/ A0} Lo modoae (5.9

and (5.3) becomes
(lpay - %y) A ‘pyb +od A (&;yb - 17;)’17)
+nd g of n07 =0/ Aol =0, modgne (510
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where ¢ A ¢ stands for the space generated by all possible wedge products
© ﬁy A @' . Together with (5.10) we shall consider the structure equations ob-
tained by differentiating (5.6) and using (4.1), (5.4) and (5.5):

nd 050 =W~y Lynod +6 (27 — o) mode. (5.11)
5.1 Determination of ®,/ fora > g, J > n

In case a > g and J > n the right-hand side of (5.11) is zero. Since the forms
Gyk and 9,{’3 are (1, 0) and (0, 1) respectively and are linearly independent, we
conclude

najﬂ}/:O, a>gq, J>n,

and hence (5.6) yields

6’ =0, a>q, J>n. (5.12)

a
5.2 Determination of @aj fora > g
Fora > q, b= <q, (5.10) takes the form
O:llla"‘/\(paﬂ—i-ndla‘xgoas/\@jﬂ mod g A, a>gq. (5.13)

Since the forms 8%((,0,3“), o < B, and ;”s((pﬁ“), o < B, are linearly independent
over R, it follows that (po,ﬂ are linearly independent over C. Then we can

collect the coefficients in front of these forms and apply complex Cartan’s
Lemma for a fixed $ to obtain

v e span{Gjﬁ, ¢}, a>gq.

But ¥,% is independent of the choice of f. Therefore, since 6 j’g are linearly
independent and we have assumed g > 2, we conclude that

v %=0 mode, a>gq, (5.14)
and hence (5.13) implies
nakoty(pya =0, a>gq,
which in view of (5.6) yields

0/ =0, a>gq. (5.15)
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5.3 Reducing the freedom for ®,’ for J > n
Next we use (5.11) in case @ = o < g and J > n that becomes

'70kn0f modg, J>n. (5.16)

k J
90( /\.Qk :770113 Y

p are (0, 1), the term

with Oyk A Gkﬁ , ¥ # a, in the right-hand side cannot occur in the left-hand
side. Therefore

Since Qak are linearly independent and (1, 0), whereas 6,

e g =0 ify#a. J>n,

and hence (5.6) becomes

e, = nafﬂ%ﬂ, J>n, (5.17)
where
najﬁ — naJﬁa’
and (5.16) becomes
0L A2 =30k N0 mode, T>n, (5.18)
1.€.
0L A (2 = 40f)=0 modg, J>n. (5.19)

Then using linear independence of Qa" and applying Cartan’s Lemma, we
obtain

27 =046 modig, 6}, J>n. (5.20)

Since .ij is independent of « and ¢ > 2 by our assumption, taking (0, 1)
parts we obtain

g g=n’y. J>n, (5.21)
for some nJﬂ, hence (5.17) implies
0, =nel. JT>n, (5.22)
and (5.20) yields
ij = n’ﬁe,f mod ¢, J >n, (5.23)

where we dropped 6, on the right-hand side, since now both sides are inde-
pendent of @ and since g > 2 by our assumption.
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5.4 Reducing the freedom for @o,j

Here we use the structure equation (5.10) incase a =a <g and b= <gq.

Then the forms ¢, , y # B, and goaﬁ , § # «a, together with (paﬁ are linearly
independent. Therefore identifying the coefficients in front of these forms in
(5.10) and using Cartan’s Lemma yields

— ¥ =0 mod {0y, 608, ¢} ify+#a, (5.24)
(B —v,) - (‘/1’\;3/j - ‘Zﬁﬁ) =0 mod {0. . ¢}. (5.25)

Since (¥,” — ¥”), y # «, is independent of the choice of 8 and ¢ > 2, we
conclude

— ¥, =0 mod {0y, 9} ify#a. (5.26)

Substituting now (5.26) into (5 1) fora=a<gq, J= ] < n, and iden-
tifying coefficients in front of 9 A Qkﬂ for y # «a, since 9 are (1,0) and

linearly independent, whereas 6 j"‘ = —90, are (0, 1), we obtain

ng§ =0 ify#a.
In view of (5.26) we can write
vy -y =h) 0 mode, y#a, (5.27)
for suitable & ay ¢ and put
hy=0. (5.28)
Then (5.11) fora =« < g and J = j < n becomes
(0, — w3 <m—wk>wk

+y () - ~OJ =nd 05 A6 mod g,
yF#a

where
naj g = naj g .
Substituting (5.27) yields

[(w2 =8 — (2 —of +1),07 —ud ,6))} A6 =0 mod g.
Now using Cartan’s Lemma we obtain

(& =8 — (2 o) =—h) 6] +nd 6 mod {p,6). (5.29)
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As consequence of (5.25) and (2.8) we also have

(o =) + () - wﬁg) =0 mod {f.05.0},  (530)

and, in particular,
R, —¥,") =0 mod {0, bu, ¢}. (5.31)

Furthermore, since 2 % and w ¥ are antihermitian in view of (2.8), taking
hermitian part with respect to (j, k) of (5.29), using (5.30) and identifying

coefficients in front of ka = —9)," , we obtain

hy g, =0, ify#e. (5.32)

K

;. are antihermitian, (5.30) implies

Next, since §2 jk and w

(=)= (2 —0]) = (¢ —u ) +(2/ —0f) mod (¢, 6u.Bp).

Hence using (5.29) for k = j and adding its conjugate with « replaced by g,
using (5.32) and identifying the coefficients in front of 6 jy we obtain
nd,=nd,. v#Bb
and hence
nozj)/ = njy

for suitable njy. Hence (5.6) implies

o

Of — 6/ =n'yef. (5.33)
5.5 Determination of ©®,’ by a change of frame
Let (BaJ ) be a matrix defined by

Baj = nJa, Baj =0, a>gq,

where n{x is defined by (5.21) for J > n. Consider the change of frame of
Sy 4 discussed after Definition 2.3, given by

Za=Za, X;j=X;+ClZy,  Yi=Ys+AlZp+B X,
such that
C/:=-B/
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and A/ satisfies

Since the sum here is hermitian, one can always choose A ab with this property.
Then @,” = ¢” remain the same while ©, change to

@aj - (pathJ .
Therefore (5.33) becomes

e, =67, (5.34)

a

which is equivalent to njﬁ = 0 and hence naj y =0 and hay = 0 in view of
(5.28) and (5.32). Therefore (5.29) implies

(W — 9,08 — (2 —o/) =0 mod {¢, 6.}, (5.35)
and (5.27) together with (5.14) implies
v, -y, =0 mode, ify+#a, (5.36)

and, since the left-hand side of (5.35) is independent of « for j # k, together
with (5.23) we obtain

2 —w! =0 modg, ifJ#k (5.37)

6 Determination of lIIaﬁ and .QkJ
Next, we use (5.34) in the structure equations for d@a] =d @aj , which yield
W —vlynod +0} A (2 —o))+of A2 —0g)=0. 6.1)
6.1 Determination of lllaﬂ fora > ¢
Incasea > ¢q, J = j <n, (6.1) takes the form
wAno) =0, a>q. (6.2)
Together with (5.36), this yields

vP=0 a>q. (6.3)
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6.2 Determination of .Qk] and Eﬁj for J >n

Next use (6.1) fora =« < g and J > n to obtain
HQkAQkJ—i—gof /\Z‘ﬂj =0, J>n.

By Cartan’s Lemma,

2,7 =0 mod {6y, a), 2/ =0 mod{0y.¢0), J>n, (64)

where ¢, is the ideal generated by (paﬂ for o fixed. Since .ij and ¥ ﬂj are
independent of @ and g > 2, we conclude

) =x/=0. J>n (6.5)
We summarize the obtained alignment of the connection forms:

Proposition 6.1 For any local CR embedding f from S, 4 into S, ., there
is a choice of sections of the frame bundles By g — Sp g and By o — Sy o
such that

ol=9pl, ©)=0/], (6.6)

a

v F=o, 2 =0, »X=0, a>q, K>n. 6.7)
Remark 6.2 Similarly to Remark 4.3, we can restrict to changing only the
section of the second bundle B, ,» — S, 4.

7 Embeddability in a plane of suitable dimension

Proposition 7.1 Under the assumptions of Theorem 1.1, there exista (p+q)-
dimensional subspace V| and a (¢’ — q)-dimensional subspace V; in cr'+d
with Vi N Vo = 0 and such that (-,-) nondegenerate of signature (p,q)
when restricted to V| and null when restricted to Vy such that f(S, 4) C
Gr(Vi,q) ® V>.

Proof Denote by M C S, , the open subset where f is defined. Let Z, X, Y

be constant vector fields of C?'*+4’ forming a S,/ ,/-frame adapted to M at a
fixed reference point in M. Let

Za=22Zp + 0K XK + .0V, (7.1)
iJ=KJbe+77JKXK-i-CJbe, (7.2)
Yo=2lZy+ 7K Xk +2}Y, (7.3)
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be an adapted S,/ ,-frame along M. Write

)‘ab naK é‘ab
A= ):Jb n K gjb , (7.4)
)\'db ﬁaK é‘ab
so that (7.1)—(7.3) take the form
Z z
X|=AX]). (7.5)
Y Y

Since Z, X, Y form an adapted frame at a reference point of M, we may
assume that

A=,y (7.6)

at the reference point. Since Z, X, Y are constant vector fields, i.e., dZ =
dX =dY =0, differentiating (7.5) and using (2.5) we obtain

dA=1TIA, 7.7
where [T is the connection matrix of S,/ ./, i.e.
lpab @aj ¢ab
da=|x¢ 27 et]A. (7.8)
= b G b
ad 2{1] lI/a

Next, it follows from Proposition 6.1 that

dZ,=Y 9z, a>gq, (7.9)
b>q

in particular, the span of Zg,a> q, is independent of the point in M. Hence
together with (7.1) and (7.6), we conclude

nX=¢l=0, a>gq. (7.10)

Furthermore, (7.8) implies

dﬂaK lIIab @aL (pab an
anfl==2}p @Ff of/|nf|. (7.11)
df)uK Eab EaL lpab ﬁbK
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In particular, restricting to a = o < ¢ and J = j < n and using Proposi-
tion 6.1 (together with the symmetry relations analogous to (2.8)) we obtain

d naK lpab QotL (potb an
anfl=z) 2F o/ |[nf]- (7.12)
di K gl st owrb) \ak

Now with (7.10) and Proposition 6.1 taken into account, (7.12) becomes

d na[( "Paﬁ eal Qpaﬁ n ﬂK

K| _ B l B K
d;zjK ==/ 2! o 73,K . (7.13)
dil, gl x! wf) \ig

Repeating the above argument for ¢ instead of 7, we obtain

deb v, 0, %ﬁ {ﬂb
at == 2! o/ ||a"| (7.14)
g gl sl 9f)\&

Thus each of the vector valued functions nX := (n X, jK, 7.5 for a fixed

K and ¢P = (g“ab , ¢ jb , Eab ) for a fixed b satisfies a complete system of linear
first order differential equations. Then by the initial condition (7.6) and the
uniqueness of solutions, we conclude, in particular, that

nX=¢2=0, K>n b>gq. (7.15)
Hence (7.5) implies
5 _ b k B
Zo=MxyZp+ny, X+, Yg. (7.16)
Now setting
Zo:=Zo— Y _ MoZp, (7.17)
b>q
we still have
span{Zy, Zg 1, .-, Zy'} = span{Z,}, (7.18)

whereas (7.16) becomes
7 _s B k B
Zo=Xy Zg+n, Xk +8,Yg, (7.19)
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implying
span{zx} Cspan{Zy,..., Zg, X1,.... Xn, Y1,..., Yy}
Then together with (7.9) we conclude that
f(M) = span{Z,} = span{/Z\a} ® span{ZqH, e, Zq/}
= span{zx} @span{Zy+1,...,Zy} CGr(Vy,q) & Va,
where

V]ZSPE[H{Z],...,Z ,Xl,...,X ,Y1,...,Y },
7 " 1 (7.20)
Vo=span{Zyi1,...,Zy}.

8 Rigidity of CR embeddings from S, , to S,

As consequence of Proposition 7.1, we conclude that, after a linear change of
coordinates, f (M) locally coincides with S, ; linearly embedded into S,/ .
Identifying M = S, , with its image, f becomes a local CR-automorphism
of M. Then by a theorem of Kaup-Zaitsev [26, Theorem 4.5], f is a restriction
of a global CR-automorphism of S, ;. Furthermore, by [24, Theorem 8.5]
(see also [25]), f extends to a biholomorphic automorphism of the bounded
symmetric domain and the rigidity follows.

Acknowledgements The authors thank the anonymous referee for careful reading and help-
ful remarks.
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