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Due: at the end of the tutorial

Exercise 1

Find the Fourier series of the function f(x):

(iii) f(x) =
{

2x − 1 if − π < x < 0
1 − 2x if 0 < x < π

.

Solution

First split f(x) into the sum of its even and odd parts:

f(x) = g(x) + h(x), g(x) =
f(x) + f(−x)

2
, h(x) =

f(x) − f(−x)

2
.

Then

g(x) =
{

2x if − π < x < 0
−2x if 0 < x < π

, h(x) =
{

−1 if − π < x < 0
1 if 0 < x < π

.

Now for g(x), we only need to calculate its even expansion, i.e. a0 and an:

a0 =
1

2π

∫

π

−π

g(x) dx =
1

2π

(
∫

0

−π

(−2x) dx +

∫

π

0

2x dx

)

=
1

2π

(

(−x2)
∣

∣

0

−π

+ x2
∣

∣

π

0

)

=
1

2π

(

π2 + π2) = π.

an =
1

π

∫

π

−π

g(x) cosnx dx =
1

2π

(
∫

0

−π

(−2x) cosnx dx +

∫

π

0

2x cosnx dx

)

.

In the first integral we change the variable y = −x:

∫

0

−π

(−2x) cosnx dx =

∫

0

π

(2y) cosny d(−y) =

∫

π

0

(2y) cosny dy =

∫

π

0

(2x) cosnx dx.



Then

an =
1

2π
2

∫

π

0

2x cosnx dx =
2

π

∫

π

0

x cosnx dx.

To integrate by parts, we write x cosnx = uv′ with u = x and v′ = cosnx, whence

v = sinnx

n
. Then

an =
2

π

(

(uv)|
π

0
−

∫

π

0

u′v dx

)

=
2

π

(

xsinnx

n

∣

∣

∣

∣

π

0

−

∫

π

0

sinnx

n
dx

)

=
2

π

cosnx

n2

∣

∣

∣

π

0

=
2(cosnπ − 1)

πn2
=

2((−1)n − 1)

πn2
.

Finally, for the odd function h(x), we only have the odd expansion:

bn =
1

π

∫

π

−π

h(x) sinnx dx =
1

π

(
∫

0

−π

sinnx dx +

∫

π

0

−sinnx dx

)

= −
2

π

∫

π

0

sinnx dx

=
2

π

cosnx

n

∣

∣

∣

π

0

=
2

π

(−1)n − 1

n
.

To find the series for f we add those for g and h:

a0 +

∞
∑

n=1

(ancosnx + bnsinnx) = π +

∞
∑

n=1

(

2((−1)n − 1)

πn2
cosnx +

2((−1)n − 1)

πn
sinnx

)

.


