MA 1111/1212: Linear Algebra
Selected answers/solutions to the assignment due March 29

1. The matrix of the corresponding bilinear form is

18+a 5 —a-—4
A= 5 3 -2
—a—4 -2 a

We have Ay =18+ a, A; =3a+ 29, A3 = 21a —40. All these numbers are positive if and only if

a>40
21

2. (a) Ay =2, Ay =3, As =4. We are looking for a basis of the form

f1 = agrey,
f) = aner + apey,

f3 = xzer + xp3e; + a3zes,

imposing equations A(e;, f;) = 0 for i < j, and A(e;, f;) =1 for all i. This means that

—_—

:A(61,f1) :20611,
=A

I
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yf2) = 20042 + o,
yT2) = o + 200,
Aler, f3) = 2003 + o3,
ez, f3) = o3 + 2063 + o33,
Ales, f3) = o3 + 203.
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Solving these linear equations, we get o = Lo, ==L o = % o3 = }“ 03 = —3, X33 = %, SO

2 3
the required change of basis is

1
fz = —§€1 + gez,

f—le—le+§e
3= 8 58T e

(b) Ay =1, A; =—2, A; = 3. We are looking for a basis of the form

f1 = anrer,
f) = aner + apey,
f3 = ogzer + xzer + aszes,

imposing equations A(e;, f;) = 0 for i < j, and A(e;, f;) =1 for all i. This means that

1 =A(er, 1) = o,
0= A(er, f2) = o2 + 202,
1=A(ey ) =20, + 2022,
0=A(er,f3) = ouz + 20233033,
0= Ales f3) = 2043 + 203 + 3033,
1 =A(e;, f3) =303 + 303 + 30x33.



Solving these linear equations, we get a1 =1, ;2 = 1, oy = —%, x3 =0, 03 =1, aizgz3 = —%, SO
the required change of basis is

f] =€y,

1
f2 =€ — zeZ)
f3=e)— geg.

(c) Ay =1, A;, =1, A; = 1. We are looking for a basis of the form

f1 = anrer,
f) = aner + apey,
f3 = oyzer + xzer + aszes,

imposing equations A(e;, f;) = 0 for i < j, and A(ey, f;) =1 for all i. This means that

1=A(er, fi) =an,
0= A(er, f2) = o2 + o,

1 =A(ezf2) = a2 + 2002,
0= Aler, f3) = ouz + a3 + a33,
0= Aley f3) = ousz + 2003 + 203,
1 = Al(es, f3) = a3 + 203 + 333.

Solving these linear equations, we get o¢;1 =1, 12 = —1, app = 1, &3 =0, g3 = —1, az3 = 1, so
the required change of basis is

f] = €1,
fz = —e; + €2,
f3 = —e; t+e3.

(d) Ay =3, A, =8, A; =20, Ay =48. We are looking for a basis of the form

f1 = e,
T2 = xpe1 + ey,
f3 = a3e1 + aze; + xzzes, fy = x14€71 + X4€ + K3s€3 + g€y,

imposing equations A(e;, f;) = 0 for i < j, and A(ey, f;) =1 for all i. This means that

1= A(€1,f1) = 30(]1,
0=A(e, ) =312 + 22,
= A(ez, f2) = 12 + 30022,

0= Al(er, f3) =33 + a3 + 33,
0= A(ey f3) = a3 + 303 + 33,
1 = A(es, f3) = ous + oz + 303,



Solving these linear equations, we get o7 = %, = —%, 0y = %, X3 = —]1—0, o3 = —1]—0, K33 = %,
XKy = —]1—2, 0y = —11—2, o3y = —11—2, Oyy = %, so the required change of basis is
1
f] = ge],
f, = 1e + <e
2 = 3 1 8 2y
1
f3=——e——ey+ —e
3 108 ™ 10 2+5 3y
1
fg=——=e——=ex— ——=e3+ —es.
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3. If f is skew-symmetric, we have f(v,v) = —f(v,v), and hence f(v,v) = 0. If f(v,v) = 0 for all

v, we have 0 = f(v+w,v+w) = f(v,v) +f(v,w) +f(w,v) + f(w, w) and hence f(v,w)+f(w,v) = 0.
4. First of all, for the last term sin®(x; + x2 + x3) all second derivatives at the origin are clearly
equal to zero (this expression is the cube of something that vanishes at the origin; differentiating
reduces the order of zero by one, so the second derivatives of the cube are still equal to zero). Thus,
from now on we replace f by g = sin(x; — x2) sin(x; — x3) + sin® x, + ¢ sinx3 sin(2x3). We have
%% = sin(x; —x2) cos(x1—x3) +cos(x; —x2) sin(x; —x3) = sin(x; —x +x7 —%3) = sin(2x; —x2—x3),
i% = —cos(x — x2) sin(x7 — x3) + 2sin(x;) cos(x;) = —cos(x; — x) sin(x; — x3) + sin(2x;,),
393— = —sin(x; — x2) cos(x; — x3) + c(cos(x3) sin(2x3) + 2 sin(x3) cos(2x3)),
ig = 2COS(2X1 — X2 — Xg),
09— COS(ZX] — X2 — Xg),
0% = —COS(2X1 — X2 — Xg),
9 cos(2x1 — X2 — x3),

%q = —sin(x; — x2) sin(x1 —x3) + 2 cos(2x,),
2

aza
T — os(x1 —xa) cos(x1 —x3),

0% = — COS(ZX] — X2 — Xg),

09— cog(x1 — x2) cos(x1 — x3),

aZ
a_xg = —sin(x; — %) sin(x; — x3) 4+ ¢(2 cos(2x3) cos(x3)—
3
— sin(x3) sin(2x3) + 2 cos(2x3) cos(x3) — 4 sin(x3) sin(2x3)),
so the answer to (a) is the matrix

2 -1 -1
A=|(-1 2 1
-1 1 4c

(b) Top left corner determinants of this matrix are 2, 3, and 12¢ — 2, so by Sylvester’s criterion
the corresponding quadratic form is positive definite for ¢ > %.
5. Since all first derivatives of f and of g vanish at the origin, we have

f(x +h) = f(x) + %A(h, h) + ¢(h),

where 111111(1) % =0. For c =1/5 > 1/6 our form is positive definite, so f has a local minimum at the
—

origin.



