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Abstract:
This experiment aims to examine the response of R-C filter networks to sinusoidal signals of various frequencies, and to various square waves.  In particular, the high-pass and low-pass circuits will be investigated.

Basic Theory and Equations:

The high-pass filter consists of a capacitor and resistor in series.  We measure an output voltage, Vout and an input voltage, Vin.  Now from figure 1 we see that Vin is divided between the capacitor C and the resistor R.  To find an expression for the ratio 
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, we proceed as follows.

For any component in an alternating current (a.c.) circuit, across which there is a varying voltage with maximal value V0, and a current with maximal value I0, define the reactance of that component, by 
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.  Thus, for the resistor of figure 1, 
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.  Now suppose that a sinusoidal current given by 
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flows in the capacitor, the voltage across the capacitor is as follows:
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Hence, 
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We see that 
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, where, by writing the voltages in complex form we take the real part of the exponential.  This shows that vR leads vC by 
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, and that the phase difference between the current and the total voltage (i.e. the phase difference between the voltage across the resistor and the total voltage) can be obtained by adding vC and vR in the complex plane:

Figure 2
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Furthermore, this diagram enables us to find the net input voltage:
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(3)

Taking logs on both sides, we have the following:
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We see that for small f, 
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 is small, so the output voltage is small.  Similarly, for large f, 
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 is close to unity, so the output equals the input.  Thus, such a configuration is called a high-pass filter.

For the low-pass filter (figure 3), the output voltage is that across the capacitor.  Clearly,
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For large  (i.e. large f), 
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 is nearly zero.   Similarly, for small  (i.e. small f), 
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 is nearly unity.  This is why such a configuration is called a low-pass filter.

Also, the equation for the phase difference , between the input and output voltages, is the same as before.

Finally, we use a square wave as a voltage source and observe the outcome.  For each half-cycle the R-C circuit behaves like a simple direct current (d.c.) circuit, because the input voltage is equal to a constant voltage, given by .  Consequently, the circuit behaves like a simple d.c. R-C circuit, and the equations for a charging capacitor apply for the current, hence the voltage, across the capacitor:
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(6)
Method and Results:
(i) High-Pass Filter
The aim of this experiment is to verify equations (2) and (3) and to find the so-called “half power point” – i.e. the value of f for which 
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.  From equations (2) and (3) it should be clear that the value of  for which this happens is 
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.  The apparatus was set up as in figure 3 below, and the quantities Vout and f were measured, for fixed Vin, over a large range of frequencies.  The following data were obtained:
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	100
	12.6
	
	84.8
	
	0.149
	0.007
	-0.827
	0.020

	1000
	61.2
	
	89.6
	
	0.683
	0.009
	-0.166
	0.006

	2000
	76.0
	
	85.6
	
	0.888
	0.011
	-0.052
	0.005

	5000
	82.4
	
	86.4
	
	0.953
	0.015
	-0.020
	0.007

	8000
	84.8
	
	86.4
	
	0.981
	0.011
	-0.008
	0.005

	10000
	86.8
	
	88.8
	
	0.978
	0.011
	-0.010
	0.005

	20000
	86.4
	
	88.0
	
	0.981
	0.011
	-0.008
	0.005

	50000
	92.0
	
	89.6
	
	1.027
	0.011
	+0.011
	0.005

	100000
	102
	
	105
	
	0.971
	0.010
	-0.013
	0.004

	500000
	260
	
	264
	
	0.984
	0.004
	-0.007
	0.002
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Figure 4:
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	100
	244
	5
	0.153
	0.003
	0.154
	0.003

	1500
	67.6
	0.5
	0.637
	0.004
	0.740
	0.006

	1600
	60.8
	0.5
	0.611
	0.005
	0.700
	0.007

	1700
	54.8
	0.5
	0.585
	0.005
	0.663
	0.007

	2000
	40.4
	0.5
	0.508
	0.006
	0.557
	0.006

	8000
	2.8
	0.5
	0.140
	0.025
	0.142
	0.025

	10000
	1.0
	0.5
	0.063
	0.031
	0.063
	0.031

	20000
	0.5
	0.05
	0.063
	0.006
	0.063
	0.006

	50000
	0.12
	0.05
	0.038
	0.016
	0.038
	0.016

	100000
	0.06
	0.05
	0.038
	0.031
	0.038
	0.031

	500000
	 0.006
	0.0005
	0.002
	0.000
	0.002
	0.000
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Figure 5:
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This graph verifies the linear relationship implied by equation (2).

Figure 6
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By inspection of figure 4, the half-power point (the value of f for which 
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.  This is clearly why this is called the 3 dB point.  By the linear equation accompanying figure 5, the value of tan for which this occurs is 
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. The actual value is 
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, which agrees with the measured value, to within experimental error.  Using a logarithmic scale enables one to compare a large range of frequencies while considering graphs that only involve a small numerical interval.

(ii) The low-pass filter:
Instead of regarding the output voltage, Vout to be across the resistor, the output voltage is considered to be that across the capacitor.  The circuit was set up as in figure 7, with the appropriate values for R and for C being used.

The half power-point and the phase shift at this frequency were measured, and this was compared with the theory.
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The half-power point is obtained from theory as follows:
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Using the values for R and C in figure 7, and taking a 5% tolearance for the resistor and capacitor (as indicated on these devices), we get
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, which agrees with the measured value, to within experimental error.  The measured value of  at this frequency differs from the theoretical value 
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 by an amount not explained by the uncertainty.  However, the uncertainty given is very small.
(iii) Square wave response of filter circuits

A square wave was applied to both the high pass and low pass circuits.  Three frequencies were applied, for which 
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.  In the first case, the frequency of the input voltage is much greater than 
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is the time constant of the circuit.  Thus, for large frequencies, the effect of the capacitor charging during each half-cycle is not observable.  On the other hand, for 
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, the effect of the discharging capacitor is observable, and the time constant can be measured.
The high-pass filter:

For 
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(large f), the output voltage is nearly equal to the input voltage, and the effects of the charging capacitor are not observed.

Insert sketch

For 
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, we can see the capacitor charging and discharging, each half cycle.
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The value of t for which 
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By inspection of the graph, we find that 
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, which compares with the value, as read from the resistor and capacitor, of 
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.  We note that these agree, to within experimental error.

For 
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, the output voltage is nearly zero, and the only point in the waveform of 
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 is non-zero is where the capacitor charges.

Insert sketch
The low-pass filter:
We have the following results for the low-pass filter:
For
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 is nearly zero, and the only point in the waveform of 
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 is non-zero is where the capacitor charges.

For 
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By inspection of the graph of the charging capacitor (
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 as a function of time), we find that 
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, which compares with the value, as read from the resistor and capacitor, of 
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For 
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, the output voltage is nearly equal to the input voltage, and the effects of the charging capacitor are not observed.

From the equations
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it follows that 
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Now in the case of the high-pass circuit, it is the voltage across the resistor which we observe.  We see that this is equal to RC times the derivative of the voltage across the capacitor.  This is why, in this context, the high pass filter is called a differentiating circuit.  Similarly, in the low-pass circuit, it is the voltage across the capacitor which we observe, and this is given by 
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 times the integral of the voltage across the resistor.  Thus, the low-pass filter is considered to be an integrating circuit.

Conclusion:

The frequency corresponding to the half-power point of the high-pass filter was found to be at f = 1000Hz, while the phase difference at this frequency was found to be 
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.  These values agree with the predicted values, to within experimental error.

The frequency corresponding to the half-power point of the low-pass filter was found to be at f = 1102Hz, while the phase difference at this frequency was found to be 
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.  While the latter result does not agree with the theory, the experimental error is very small.

The response of the two filters to square waves was noted, and from this, the time constants of the two systems were found.  In the case of the high-pass filter, this was found to be equal to 
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, while in the second case – that of the low-pass filter, the time constant was found to be equal to 
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.  The predicted value – in both cases – is 
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, so these values agree, to within experimental error.

Finally, it was noted that the high-pass filter performs the function of a differentiating circuit, while the low-pass filter performs the function of an integrating circuit.
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