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Answer 6 questions. Logarithmic tables are available and they contain a table of
values of the normal distribution.

Just the answers

1. (a) Write out the four (base 10) numbe¥sr, 19, 31 in binary and explain how a modern
computer might use 32 bits to store these numbers.
Answer. 3 = (11)3, 7 = (111), 19 = (10011)9, 31 = (11111)s.
Explanation ... store binary digits as bits ...on=1/off=0 switches ...normally use
32 bits for each integer with one bit for a sign

3/0{0}...]0]0]O0]|O0|1] 1
7/0/{0(.../0|O0O|O0O|1 |1 1
19/{0{0(...| 010|011
31({0({0}...|0 1|1 |21 |11

Bit position: 1 2 ... 27 28 29 30 31 32

(b) Convert the hexadecimal numbei4b),, to octal by first converting it to binary via
the “4 binary for one hexadecimal” rule and then using a similar rule to convert to
octal.

Answer. (cl4b),, = (1100000101001011), = (001100000101001011); =
(140513)g

(c) Convert29/5 to binary. Then convert the binary result to scientific notation and give
the (binary) mantissa and exponent for it.
Answer. 29/5 = 5 +4/5 = (101.1100), = (1.011100)4 * 22
Mantissa= (1.011100),, exponent= 2 = (10),
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2. (a) Write aMathematica instruction to define a new functiof{x) given by
f(z) = cos(3e® + bx)

Answer. f[x_] = Cos[ 3 Exp[x] + 5 X]

(b) What would you type to asklathematica to plot the functionf(x) just defined
in part (a) over the range < x < 47?
Answer. Plot[f[x], {x, O, 4}]

(c) What would you type to asklathematica to compute the derivative of the func-
tion f(x) in part (a)?
Answer. f[X]

(d) What would you type to asklathematica to plot the parametric curve

r = 3cost
y = bsint (0 <t <2m).

Answer.
ParametricPlot[ { 3 Cos[t], 5 Sin[t]}, {t, 0, 2 Pi} ]

3. (a) Consider the graph
rz—1

22 —5x+6
Find out where it is increasing, where it is decreasing, its critical points, its local
maxima and minima and its asymptotes.

Answer. Critical points atf’(z) = 0, thatisz = 1 £ /2
Vertical asymptotes at*> — 52 + 6 = 0, that isz = 3 andz = 2. Horizontal
asymptote a = lim, .+ 72755, thatisy = 0.
Decreasingd—oo, 1 — /2], [1 + v/2,3) and(3, o).
Increasing1 — v/2,2), (2,1 +/2].
Local minimum atl — v/2, local maximum at. + /2.
(b) Find the intervals where the graph

y:

y =a2* —22° — 7227 + 362 — 18

Is concave upwards, the intervals where it is concave downwards and its points of
inflection.

Answer. £ = 122? — 122 — 144 = 12(2® — — 12) = 12(z — 4)(z + 3). Concave
up on(—oo, —3] and[4, o). Concave down of-3, 4].

4. (a) Write down an integral that gives the length of the parametric curve

r = 3cost
= bsint 0<t<2m.

Answer. fo% V/(=3sint)2 + (5cost)2 dt = f027r V9sin® ¢ + 25 cos? ¢ dt
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(b) Write aMathematica command that should find the numerical value of the inte-
gral in part (a).
Answer.
Nintegrate[ Sqrt[ 9 (Sin[t])"2 + 25 (Cos|t])"2 ], {t,0,2 Pi}]

(c) Find the total area of the following region of the plane:

{(z,y) : 0 <z <mcos2zx <y<e}.

Answer. e™ — 1
. (a) State the Fundamental Theorem of Integral Calculus (both parts).

Answer. See the statements in Anton’s Calculus, 6th edition, pages 417 and 423.
(b) Find

5
. sin(® + 1) dt

Answer. 5z sin(z'® + 1)
(c) Supposé:(z) is a function ofr € R and that it satisfies both
R (z) = sin(2® + 1)
andh(—1) = 0. Find a formula forh(z) which involves an integral.
Answer. h(z) = [* sin(t® + 1) dt
. Find the following integrals analytically (that is, without using numerical approximations

or computer algebra):

(@) / sin® z cos® = dx

9 7
Answer. % -z

7
(b) /(Jv2 —x)e’ dx

Answer. z2e®* — 3ze® + 3e* + C'

w/3
(© / secd  dz.
0

Answer. 24+/3/5

. Find the following integrals analytically:
r+1

@ / (x +2)(a? + 22+ 3) da

r+1

V2

2 1 1
Answer. gtanl ( ) — gln\x—l—Q\ +Eln(a:2+2:c+3)+0
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2
1 . .
(b) / 173 dx (an improper integral).
1T
Answer. Does not converge.

8. (a) A bead is made by drilling out a hole of radius 2 (units of length) through the centre
of a solid sphere of radius 6. What is the volume of the bead?
Answer. 5127/2/3

(b) A central heating oil tank has the shape of a right circular cylinder with its axis

horizontal and radius 0.5 (metres). Find the total pressure force exerted by the oil
on one of the vertical circular ends of the tank when the tank is just full of oil (in
terms ofp = the weight density of the oil).
Answer. £p

9. (a) State thdinear approximation formuldor a functiony = f(x) near a pointt = a
and use it to compare the true valuefdf) = /16 + x2 for = 3.3 with the value
you get by using linear approximation centered at 3.

Answer. The linear approximation formula states thaffifr) is differentiable at
T = a, then
f(@) = f(a) + f(a) (@ — a)
for z neara (and that the error in the approximation tends to zero as a proportion of
x — aasr — a).
By linear approximation tg(x) = v/16 + z2 centered omw = 3 we havey/16 + 22 =
5+ (3/5)(x — 3) for z close to3.
This provides,/16 + (3.3)2 = 5.18 (as an approximate value) whereas the true

value is5.18556. This is a relative error 0£0.00107221 or about0.1%.
1

(b) Consider the integral cos(22?) dz. Find the trapezoidal rule approximatiofs,
T, T, andTg for the0 integral (using 1, 2, 4 and 8 subdivisions) via an efficient
algorithm. From that deduce the Simpsons rule approximat¥ns, andSg with
2, 4 and 8 subdivisions using, = (4/3)1,, — (1/3)T,, 2.
Answer. 77 = 0.291927, T, = 0.584755, T, = 0.648221, Ty = 0.662834.
Sy = 0.682364, Sy = 0.662834, and.Sg = 0.667705.

10. (a) A loaded die has the following probabilities of showing the numbers 1-6 after a
throw:

(in that order). Find the probability that an even number will show after the die is
thrown.

Answer. £ + 2 4 4 -2
A random variableX associated with the experiment of rolling the die has the values

X(1) = -5, X(2) =2, X(3) = 6, X(4) = -2, X(5) = 5, X(6) = 2.

Find the mean and the variance for this random variable.
Answer. Mean is 1. Variance i88/15
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(b) A factory produces bottles of a soft drink that are sold as 2 litre bottles. A good
model is that the quantity of sauce in a bottle obeys a normal distribution with mean
2.03 (litres) and standard deviation 0.12. What proportion of the bottles have less
than 2 litres in them?

Answer. 0.4013 (or 40.13%)
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