Nonhomogeneous ODEs 152 JF Natural Sciences

1. Explain what is meant by the term Ordinary Differential Equation (ODE).
2. Explain the term Linear ODE of second order with constant coefficients.

3. Find the general solution of the following linear homogeneous ODE

d*y dy
Y _ % 3, —
2 dt y

4. Obtain a particular solution of the nonhomogeneous ODE

d23/ dy 4
GY _ 9% 3, = pett
P dt y ¢

5. Determine the general solution of the nonhomogeneous ODE

d*y dy
CY _ 9% _ 3, = 8 — 6t
e dt y

6. Seek a particular solution of the nonhomogeneous ODE

d*y .
ﬁ + 4y = 10 sm(3t) — 12 COS(4t)

7. For each of the above three nonhomogeneous ODEs calculate the solution
that satisfies the initial conditions

dy
= tt = d — = tt=0.
Y 0 a 0, an i 0 a
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Background Explanations for Non Homogeneous ODEs

e The general solution of the following linear homogeneous ODE written with
Yy’ representing the first derivative and y” representing the second derivative,
y" — 6y + 5y = 0, is found from trial solutions of the form y = e**
leading, on substitution and division by the nonzero e*! to the quadratic
equation

A —6A+5=0

with roots Ay = 1 and A\s = 5. It may be shown that the general solution y
of the homogeneous ODE, and this may be checked by substitution, involves
a linear combination of trial solutions, weighted with arbitrary constants ¢;

and co,

Yp = CleAlt + C2€)\2t = clet + e

5t
e A particular solution of a nonhomogeneous ODE with polynomial right side
y' — 4y — by = 10t — 7
is found from trial solutions of polynomial form, often of a similar degree,
Yy, = bt + ¢
whose undetermined constant coefficients b and ¢ may be found by noting
y =0 and 3" =0
before substituting ¥, 3’ and 3" in the ODE leading to the identification
0 —4b — 5(bt + ¢) = 10t — 7.
For agreement at all values of ¢, the constant and ¢ terms must match; so
b= -2 and ¢ =3
and the particular solution to the ODE is therefore y, = 3 — 2¢.
e A particular solution of a nonhomogeneous ODE with functions such as
y' — 6y + by = sin(2t) + e*

is similarly obtained by finding the coefficients a, b, ¢ when substituting a
trial solution necessarily including sines and cosines with the same argument

Yy, = acos(2t) + bsin(2t) + ce’".
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