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4 Roots and fractional powers

4.1 Square roots andnth roots

Square roots

Suppose thata is a real number witha≥ 0, and consider the equation

x2 = a.

This has two real solutions. One is≥ 0 and the other is≤ 0.

For example,x2 = 9 has the solutions

Definition 4.1.1.
√

a is defined to be non-negative solution tox2 = a.

So, using this notation, the solutions tox2 = a arex=
√

a andx=−√
a. [This

is sometimes abbreviated asx=±√
a.]

Definition 4.1.2. The square root functionis given byy =
√

x. It is defined for
x≥ 0 and is undefined forx< 0.

Note that ify=
√

x theny is the non-negative number withy2 = x.

Example 4.1.3.Given the graph ofy= x2 on the left, swapx andy to get the graph
of x= y2, and then take just the non-negativey-values to get the graph ofy=

√
x.

x

y

y= x2

x

y

x

y

Example 4.1.4.For which real numbersx is the function f (x) = 2+ 1
2

√
3−x

defined? What aref (6) and f (−6)?
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nth roots

Now letn be a positive integer, leta be a real number and consider the equation

xn = a.

If n is even anda≥ 0 then this has two solutions (just like the casen= 2), one of
which is≥ 0 and the other is≤ 0.

If n is odd, then this equation has one solution for any real number a.

Example 4.1.5.Solve the equationsx4 = 16 andx3 = 27.

Definition 4.1.6.

• If n is even anda≥ 0 then n
√

a is the non-negative solution toxn = a.

• If n is odd anda is any real number thenn
√

a is the solution toxn = a.

For example,2
√

a=

For each positive integern, this defines a functiony = n
√

x. If n is even then
this function is undefined for the negative real numbersx. If n is odd then this
function is defined for all real numbersx.

Note that ify= n
√

x theny satisfiesyn = x.

Example 4.1.7.Given the graph ofy = x3 on the left, swapx andy to get the
graphs ofx= y3 andy= 3

√
x

x

y

y= x3
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y

x

y
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4.2 Fractional powers
Recall that ifn is an integer, we definedan on page 6:

• a0 = 1; and

• if n > 0 thenan = a× ·· · × a is the product ofa with itself n times, and

a−n =
1
an .

Definition 4.2.1. If m,n are positive integers anda is a real number then we define

am/n = n
√

am and a−m/n =
1

am/n
=

1
n
√

am

whenever these quantities make sense. [This means that ifn is odd then we need
a≥ 0, and ifn is even thena can be any real number].

Example 4.2.2.If a≥ 0 thena1/2 = 2
√

a=
√

a. If a> 0 thena−1/2 =
1√
a

.

In the next statement, the word “fractions” means any fraction like 5
6, −43

2 ,
10.32= 1032

100 , 2= 2
1 and so on.

Theorem 4.2.3(Power laws for fractional exponents).
If a,b are non-negative real numbers and r,s are fractions then:

1. (ab)r = ar ·br and
(a

b

)r
=

ar

br if b 6= 0

2. ar ·as = ar+s and
ar

as = ar−s

3. (ar)s = ars

Example 4.2.4.Explain why( n
√

a)n = a and n
√

an = a for anya≥ 0.
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Example 4.2.5.Simplify the following, rewriting them using fractional powers:

(a) 4
√

y

(b) 3
√

8x2

� (c) 3
√

x2+1

(d)
1

(
√

25xz−2)3
[Assume thatx> 0 andz> 0].

(e)
y

5
√

y10

Example 4.2.6.Let F denote the femur length,M the mass andW the waist
circumference of a healthy adult man. A simple model suggests thatM is directly
proportional toF3 and thatM is directly proportional toW2. Show that there is a
constantr so thatF is directly proportional toWr , and find the value ofr.
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4.3 Derivatives of powers
Textbook: Section 2.5

We stated the power rule for derivatives in Theorem 2.2.3, and applied this to
positive whole-number powers. In fact, this rule works for any constant power.

Theorem 4.3.1.The derivative of xr is rxr−1 for any constant power r:

d
dx

(xr) = rxr−1.

Example 4.3.2.Find the derivative of−2x5+
7√
x
.

Example 4.3.3. If f (x) = 3
√

x then f ′(0) is not defined. Use the power rule to
show that this is true, and draw a picture to explain it.

The extended power rule

Textbook: Section 2.8

Theorem 4.3.4(The extended power rule). If u is a function of x, then for any
constant power r we have

d
dx

(
ur)= rur−1 · du

dx
.

� Warning. As in the power rule, it is essential that the powerr is aconstant.

Example 4.3.5.Check that this works ifu= 3x+1 andr = 2.
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Example 4.3.6.Find
dy
dx

if y= (x2+1)5.

Example 4.3.7.Compute
d
dx

√

(x+6)3.

Example 4.3.8.Compute
d
dx

√

(5x2+6)3.

Example 4.3.9.Computef ′(x) if f (x) = 1+x+3
√

(5x−3+6)3.

Example 4.3.10.What is the derivative of
1

(2x+3)0.3?
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4.4 Antiderivatives and integrals of powers
If we reverse Theorem 4.3.1, writes= r −1 and divide byr +1, then we get:

Theorem 4.4.1.For any constant power s with s6=−1, the antiderivative of xs is

∫

xsdx=
1

s+1
xs+1+C.

Remark 4.4.2. If s= −1 then this formula doesn’t work, because it tells us to
divide by 0. We’ll see what the antiderivative ofx−1 is later on.

Example 4.4.3.What is
∫

x1/4dx?

Example 4.4.4.What is
∫

5√
x

dx?

Example 4.4.5.Compute
∫ 3

1
2t3− t0.8dt

Example 4.4.6.Find a functionf (x) so thatf ′(x) = 3
√

x and f (1) = 3.
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We can also reverse the extended power rule:

Theorem 4.4.7.If u is a function of x, then for any constant power s we have

∫

us · du
dx

dx=
1

s+1
us+1+C.

Example 4.4.8.What is
∫

2x(x2−6)1/4dx?

Example 4.4.9.What is
∫

x(x2−6)1/4dx?

Example 4.4.10.What is
∫

(3x+1)12dx?

Example 4.4.11.Compute
∫ 3

1

x+1
√

x(x+2)
dx


