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3 Interpretation and first applications of derivatives
and integrals
3.1 Average rates of change, instantaneous rates of change and
derivatives

The average rate of change of a function
Textbook: Section 2.3
To introduce this concept, let’'s look at an example invavaiverage speed.

The average speedt which an object travels, over a given time interval, is
given by the formula

distance travelled in the time interval
the length of the time interval

average speed

Example 3.1.1.The following graph represents the distarstg) in metres of
a cheetah from her starting point as she runs down a gazdilerewtimet is
measured in seconds.

y

40 +

30 +

20

10

Estimate:
(a) the average speed of the cheetahwasies from 0 to 3 seconds

(b) the average speed of the cheetahagies from 3 to 5 seconds

(c) the average speed of the cheetah\agies from 4 to 6 seconds.

Remark 3.1.2. We have computed the average speed of the cheetah overssariou
time intervals. Since speed is the rate of changs(Df this is the same as the
average rate of change oft$ over the given time intervals.
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Definition 3.1.3. Lety = f(x) and fix two different pointg; andx; so thatf (x;)
andf(xp) are both defined. Also, sgt = f(x1) andy, = f(X2).
Theaverage rate of change of y with respect tsx varies fromx; to x, is defined

to be
Yo—V1

Xo— X1’
This is also referred to as the average rate of chandé»gfasx varies fromxy
to xo.

Observe that the average rate of changé(af asx varies fromx; to x; is the
same as the slope of the straight line joining the pairisf (x1)) and(xz, f(x2)).

Example 3.1.4.Compute the average rate of changd of) = %XZ +1
asx varies from—2to 1.

Warning. A common mistake is to think that the word “average” in “aggraate

of change” means that to find the average rate of change ottidanyou should
compute various numbers which have something to do withatthange, find
their sum and then divide by how many numbers you have chdsesis wrong.
You shouldonlyfind the average rate of change by using the formula at theftop o
this page.
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Instantaneous rates of change and the derivative
Textbook: Section 2.6

To contrast the idea of the instantaneous rate of change whaién with the
average rate of change, let’s think about the cheetah exaaggalin. In this con-
text, the average rate of change is the average speed owee anterval, and the
instantaneous rate of change is the speed at a given intamio

Example 3.1.5.The following graph represents the distarste in metres of
a cheetah from her starting point as she runs down a gazetietentimet is
measured in seconds.

y

40 +

30 -

20

10 A

Estimate the speed of the cheetah-at2 seconds.



The discussion in the previous example should hopefullyicae you that the
instantaneous rate of change of a functidm) at anx-valuex; should be what
you get by taking the average rate of chang& aaries fromx; to xo, and letting
X2 get closer and closer tq.

Definition 3.1.6. If f(x) is a function anck; is a fixedx-value, then thénstanta-
neous rate of change of(X) at x= x; is defined to bef’(xy).

Definition 3.1.7. If f(x) is a function, then theate of change of (x) or the
instantaneous rate of change ofxj is defined to be’(x).

If we need to make it clear which variable we have to diffeistwith respect
to, we will talk about theate of change of (x) with respect to x

: —x3 +4x
Example 3.1.8.What is the rate of change éfx) = —5 atx=17?

Example 3.1.9(Textbook, Exercise 2.6.11Yhe circumferenc€, in centimetres,
of a healing wound is given b@(r) = 2rr wherer is the radius of the wound in
centimetres. What is the rate of change of the circumferenteraspect to the
radius?
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Yet another name for the derivative of a quantity is the “gtovate”.

Example 3.1.1Q(Textbook, Exercise 2.6.18The population of a city grows from
an initial size of 100000 to a population dP(t) = 100,000+ 200G? aftert years.

(a) Find a formula for the growth rate afteyears.

(b) Find the population of the city after 10 years.

(c) What is the growth rate after 10 years?

3.2 Using antiderivatives to find populations from growth rates
Textbook: Section 5.1

If we know the growth rate of a population and the initial plgpion, then we
can calculate the value of the population at any time. We cathid by antidif-

ferentiation, and using the initial population to find théueaof the constant of
integrationC.

Example 3.2.1.Suppose that a city hd¥t) inhabitants aftet years, an initial
population of 100000 and a population growth rate Bf(t) = 400Q.

Find a general formula fdP(t) and use this to find the population of the city
after 10 years.
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3.3 Accumulated changes and definite integrals
Textbook: Section 5.2

The definite integral over an interval of the rate of changea gluantity can be
interpreted as the change in the value of that quantity—ishahe difference be-
tween the final value from the initial value.

To put this in symbols: i (x) is a quantity of interest and we kndw(x), then
we can find the change (X) asx varies fromx; to xp, that is,F (x2) — F (x1), by
computing the definite integr?[ i F’(x)dx This is because by the FTC2,

X1

X
change in value of (x) = F(x2) —F(x1) :/ 2F’(x)dx
X1

Because a definite integral represents the net signed area amgtaph, this
gives us a way to estimake(x,) — F(x1) directly from the graply = F/(x).

Example 3.3.1.A scientist measures the rate of blood flbift) along a child’s

aorta, in millilitres per second, whetes time in seconds anf(t) is the total

volume of blood that has flowed through the aorta ttm&his graph illustrates
the results over the course of a single heartbeat:

40 +Y
304
y="b'(t
201 (t)
10 4
02 04 06 08 10"

Estimate the volume of blood passing through the aorta leative 0 andt = 1.
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3.4 The average value of a function
Textbook: Section 5.3

Definition 3.4.1. The average value of a functidi{x) asx varies fromx = a to
X=Dbis

L "t wd
yavzm/a () dx

Example 3.4.2.Find the average value of the functidix) = x* + 1 asx varies
between-2 and 5.

Example 3.4.3.The population of a city grows from an initial size of 1000 to
a population oP(t) = 100,000+ 200G? aftert years. Find the average population
of the city over the first 10 years.

Warning. The average value of a function is different to the averagsoofie
numbers. You shouldnlyfind the average value of a function by using the integral
formula in Definition 3.4.1.



