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Categorical Braidings

Braided categories

All categories are considered strict monoidal in this talk.
Definition
A category € is called braided if it is endowed with a braiding, i.e. a family
of morphisms c={cy,w: VoW —-WeV} VV,W eOb(€) which is

v natural, i.e. for any V,W,V',W'e Ob(¥), f e Home(V, V'),

g € Home (W, W’) one has

cviwo(feg)=(gef)ocy,w
v compatible with the tensor product, i.e. YV, W,U € Ob(¥€), one has

cv,weu = (ldwecy,y)o(cv,w ®ldy),
CveW,U = (C\/,U ®ld W) 0(|d\/®C|/|/yu).
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Categorical Braidings

Braided categories

Definition
A category € is called braided if it is endowed with a braiding
c={eyw:VeW-WeV} VV,WeOb(€) which is

v natural- cvwo(feg)=(gef)ocy,w
v compatible with ®:

cv,weu = (ldw®cy,y) o (cv,w ®ldy),

cvew,u = (cv,u®ldw)o(ldy ®cw,u).

W’/\/’_g\/\//)\/’f /
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Categorical Braidings

Braided categories

w' v’ w' v’
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Categorical Braidings

Braided objects

Definition
A braided object in € is an object V endowed with a braiding, i.e. a

morphism oy : V&V — V ® V satisfying (a categorical version of) the
Yang-Baxter equation:

(0'\/®|d\/)0(|d\/®0'\/)0(0'\/®|d\/)=(Id\/®Gv)0(0'v®|d\/)0(|d\/®0'\/).

S A
J 7)1
4 [
- s
veyey veyey

Yang-Baxter equation < Reidemeister move Il
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Categorical Braidings

Braided objects

Definition
A braided object in € is an object V endowed with a braiding, i.e. a
morphism oy : V® V — V ® V satisfying the Yang-Baxter equation:

(0\/@|d\/)0(|d\/®(f\/)0(0\/®|d\/):(/d\/@(f\/)o(0\/®|d\/)0(|d\/®0\/).

A braided morphism is a morphism f: (V,0v) — (W,ow) respecting the
braidings:

(fef)ooy=oweo(fef): VeV -WeW.

~~ a category Br(%).
w W w W
Ay
vV Vv vV Vv
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Categorical Braidings

Braided categories vs. braided objects

braided categories

braided objects

“global” notion

“local” notion

Any object in a braided category is braided.

Remark

We should actually talk about weakly braided or pre-braided categories /
objects, since we do not demand ¢y, (or o) to be invertible.
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Categorical Braidings

Braided categories vs. braided objects: a digression

Theorem (Folklore)

Denote by 6g_p the free braided category generated by a single object V
Then for each n one has a monoid isomorphism

Endcgglfbr( V®n) — B,

n

|d,'_1 ®Cy,v ® |dn_,'_1 —>0j.

Here B/ is the positive Artin braid monoid:
=+ algebraically: generators 01,09,...,0,-1, subject to relations
0i0; =00 if li—jl>1,1<ij<n-1, (Br¢)
0i0j+10;=0410i0jx1  V1<i<n-2; (Bryg)

=+ topologically: braids with positive crossings only.
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Categorical Braidings

Braided categories vs. braided objects: a digression

Theorem (Folklore)

Denote by 6joc_pr the free monoidal category generated by a single braided
object (V,av). Then for each n one has a monoid isomorphism

Endcgloc—br ( V®n) ; B+

n

|d,'_1 R0y ® |dn_,'_1 —> Jj.

Here B, is the positive Artin braid monoid:
=+ algebraically: generators 01,09,...,0,-1, subject to relations

0i0j=0/0; if li—jl>1,1<ij<n-1, (Bre)
0i0i410; =0410041 Vi<i<n-2 (Brys)
=> topologically: braids with positive crossings only.
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Categorical Braidings

Braided categories vs. braided objects: a digression

Theorem (L., 2012)

Denote by 6joc—gi-br the free symmetric category generated by a single
braided object (V,av). Then for each n one has a monoid isomorphism

End(@placfglfbr( V®n) _~> VBI‘;—

ldi-1®cy v eld,_i-1— ;)

|d,'_1 R0y ® |d,,_,'_1 —>0j.

Here VB is the positive virtual braid monoid (Kauffman, Vershinin):
=+ algebraically: generators {0},{;, 1 <i<n-1}, subject to
v (Brc) and (Bryg) for the g;’s;
v (Brc) and (Bryg) for the {;’s; (iCi=1 Vi
/Ui(j ={jo; Vli—jl>1,
(i(iy10i=0i110iCiv1 Vi

Victoria LEBED (Paris 7, IMJ)

} mixed relations.

Braided Objects BMC 2013 12 / 38



1) Braided Categories and Braided Objects
(@ “Algebraic” Subcategories of Br(%)

3) A Representation Theory for Braided Objects

-y

A Homology Theory for Braided Objects

(3]

Increasing the Complexity: Multi-Component Braidings

(o)}

Braidings as a Unifying Interpretation for Algebraic Structures



“Algebraic” Braidings

Unital associative algebras

Definition

A unital associative algebra (= UAA) in € is an object V together with

morphisms p: V®V — V and v:1— V, satisfying the associativity and the
unit conditions:

po(u®ldy)=po(ldyeu): V3 -V,
po(veldy)=po(ldy®v)=I1dy.

~~ category Alg(€).

AT RCA
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“Algebraic” Braidings

UAAs as braided objects

Theorem (L., 2012)

One has a functor

| Alg(€) — Br(%)|

(V;IJ/)V)'_>(V!UASS:’V®H),
(F:V-oW)—(f:V->W).

N w W Ww W

@ A f f

I (gv HV
f f

vV Vv vV Vv
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“Algebraic” Braidings

UAAs as braided objects

Definition

Denote by Br.(¥) the category of pointed braided objects in €:
=+ objects : braided objects V endowed with a “unit” v:1— V;
= morphisms : braided morphisms in € respecting units, i.e.
fovy = vy for f: V- W.

A better theorem (L., 2012)
One has a fully faithful functor

| Alg(€) — Br.(%€)]|

(V,IJ,V)'_’(V,O'ASS,V),
(f:V-oW)—(f: VW)
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“Algebraic” Braidings

UAAs as braided objects

Remarks

Yang-Baxter for 0 45s < associativity for p. I
Q

v & v eto(ueldy) eto(ldyeu)

\ I

® Vv
\

0 UAssO0Ass =0 ass = highly non-invertible.
o o=veu+puev-—Id also encodes the associativity (Nuss, Nichita).
o Dual picture: coAlg(€)— Br*(€)

coAlg(€) — Br(€¢) — Alg(¥)
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“Algebraic” Braidings

Unital Leinbiz algebras

Definition
A unital Leinbiz algebra (= ULA) in a symmetric preadditive category € is

an object V together with morphisms [,]: VeV -V and v:I—-V,
satisfying the Leinbiz and the Lie unit conditions:

[le(idvel]) =[]le([1eldv)-[]eo(L]®ldy)e(ldy®cy,v): V=V,
[Jo(ldyev)=[]o(veldy)=0:V — V.

~~ category Lei(¥€).

A non-commutative version of Lie algebras (Loday, Cuvier).

N
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“Algebraic” Braidings

ULAs as braided objects

Theorem (L., 2012)
One has a fully faithful functor

| Lei(%) — Br.(%) |

(V,[,],V)'—>(V,ULei=V®[,]+va\/,V),
(F:VoW)—(f:V->W).
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“Algebraic” Braidings

ULAs as braided objects

Theorem (L., 2012)

Lei(%)— Br.(%) |

(V,[L],v)— (V,01ei=v®[,]+cv,v,V).

Remarks

Yang-Baxter for 01, < Leibniz condition for [,]. I
Qo

A conceptual explication of the choice of the lift of the Jacobi
condition.

©

0 0 was previously considered for Lie algebras.

0 0¢ Is invertible.

©

Dual picture: co-Leibniz algebras.
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Braided Modules

Braided modules : definition

Definition

A right braided module over a braided object (V,0) in € is an object
M € Ob(¢) equipped with a morphism p: M & V — M satisfying

po(peldy)eo(ldyec)=po(p®ldy): MeVeV - M.

M M

p _ p

p pe) O
\

MeVeVy MRV®YV
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Braided Modules

Braided modules : examples

All braided modules are supposed normalized here, i.e. po(ldp®v)=Idpy.

Examples
o UAAs: usual modules over associative algebras

po(peldy)=po(ldyep)

AN N
A AT
o ULAs: usual Leibniz modules

po(peldy)=po(peldy)e(ldyecy,v)+po(lduel])
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Braided Homology

Braided homology

Theorem (L.,2012)

In a preadditive monoidal category €, take
v a braided object (V,0);
v a right and a left braided V-modules (M, p) and (N,A).

Then the morphisms

n ., n .
Pd, = ;(—1)'—1%,, dt .= ;(—1)'—1 dp,

Pdpi=(p@ldy  @ldy)o(ldy ®(020030--00;) ®ldy)

dli=(ldyeldyt®1)o(ldye(gso--00is1)@ldy)

define a bidegree —1 tensor bidifferential on M® V®"® N.
(Here oj = Id,\/,®|dJV_2 so®ld]’®ldy.)
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Braided Homology

Braided homology

Theorem (L.,2012)

( )I 1dA

n;i’

'M=

Yy = Z( L, dy =

i=1 I

(p®|d ®|dN)O(|d/\/]®((7200’30---00,‘)®|d[\/)
=(ldye®ld}, " ®A)o(ldy®(gno---00is1)®ldy)

1

(Here 0} = IdM®|di\/_2®a®|d’\’/_i®ldN.)
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Braided Homology

Braided homology

Theorem (L.,2012)

( )I 1dA

n;i’

'M=

Pd, = Z( 1)~1Pd,., d? .=

i=1 I

1®|d[\/)0(|d/\/]®(O’200’3O---00,‘)®|d[\/)
(IdM®|d ®A)o(ldy®(opo---00it1)®Idy)

1

]
/-\

(Here 0} = IdM®|di\/_2®a®|d’\’/_i®ldN.)
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Braided Homology

Braided homology

Remarks

©

A family of differentials ~~ linear combinations.

©

A pre-bisimplicial (or pre-cubical) structure on M® V®" & N, which can
be upgraded into a weakly bisimplicial one (a “nice” comultiplication
on V ~~ degeneracies).

o The construction is functorial.

o The differentials can be interpreted in terms of quantum shuffles
(Rosso).

o A generalization: Loday's hyperboundaries
Mg Ve e N—Me Ve ke N.

o Interesting homology morphisms.

o Duality: a cohomology version.

Victoria LEBED (Paris 7, IMJ) Braided Objects BMC 2013 28 / 38



Braided Homology

Braided homology: examples

Examples
o UAA V + algebra module M ~~
braided object (V,0as5) + braided module M ~~
bar / Hochschild complex

o ULA V + Leibniz module M ~~

braided object (V,0¢i) + braided module M ~~
Leibniz (=non-commutative Chevalley-Eilenberg) complex

‘algebraic structure ~> chain complex‘
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Braided Homology

Braided homology: examples

Examples
o UAA V + algebra module M ~~
braided object (V,04ss) + braided module M ~~
bar / Hochschild complex

o ULA V + Leibniz module M ~~
braided object (V,0¢j) + braided module M ~~
Leibniz (=non-commutative Chevalley-Eilenberg) complex

. case by case o o Th .
algebraic structure X praiding =™ | chain complex
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Multi-Braidings

Braided systems: definition

Definition

A braided system in € is a family Vi, V5,...,V, € Ob(€) endowed with a
multi-braiding, i.e. morphisms o;;:V;® V; — V;® V; Vi<, satisfying the
multi-Yang-Baxter equation

((Tj,k ®|d,‘)0(|dj ®(T,')k)0((7,',j® Idg) = (Idg ®0i,j)°(0i,k ®|dj)0(|d,'®0j,k)

on all the tensor products Vie Ve Vi with i<j<k.

~~ category BrSyst(€
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Multi-Braidings

Braided systems: representations and homology

Definition

A braided system in € is a family Vi, V5,...,V, € Ob(€) endowed with a
multi-braiding o;j: V;® V;— V;® V; Vi<, satisfying YBE on all the
tensor products V;® V;® Vi with i <) <k.

A multi-braided module over a (V,5) € BrSyst(€) is an M e Ob(¥)
equipped with (pj: M® V; = M)1<j<, satisfying Vi<

pjo(p;®|dj)=p,'0(pj®|d,')0(|d/\//®0',"j):M® V,®VJ—>M

Theorem (L.,2012)

A bidifferential structure on M® T(V).” ® N, where T(V);" is the direct
sum of all the tensor products of type

VEMme VvV, e e VR, m;j=0,) mj=n.
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Multi-Braidings

Example: bialgebras as a braided system

Theorem (L.,2012)

The groupoid *Bialg(vecty) of bialgebras and bialgebra isomorphisms in
vecty is a subcategory of the groupoid of size 2 bipointed braided systems:

*Bialg — ;BrSyst;

(H,,u,v,A,s)»—»ﬁb,-::(Vl:=H,V2::H*; v,e¥ e, v
011:=09(H), 022 :=0ass(H"), 012 =04;),

f—(f.(F1)"),
where O'b,'(h ® /) = </(1),h(2)>/(2) ® h(l)

4 . . .
OH,H= v OH,H* = > * A e
’ ' A ev\\’.u O-H*’H* - /.\A

’ N
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Multi-Braidings

Example: bialgebras as a braided systems

Theorem (continued)

YBE on H® H® H* < the bialgebra compatibility condition. I
Q

Invertibility of op; < H is a Hopf algebra. I
o

Braided modules for Hp; right-right Hopf modules over H

o é
Braided homology for Hy; 2 Gerstenhaber-Schack homology for H. I

Q
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Conclusion

Summary: “braided” interpretation for algebraic structures

(multi-)braiding —  algebraic structure
BrSyst(€¢) «— Struc(¥)
YBE < the defining relation
invertibility <  algebraic properties

braided morphisms =  structural morphisms

braided modules =~ usual modules
braided differentials usual differentials

U

Examples

= UAAs = bialgebras => self-distributive structures
=> ULAs = crossed / smash products = Yetter-Drinfel'd modules

@

“algebraic structure = braiding” I
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Conclusion

Thank you!
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