General Relativity & Cosmology - Lecture 1

1 References

e d’Inverno, Ray - “Introducing Einstein’s Relativity” - our main reference for GR

e Schutz, Bernard - “A First Course in General Relativity”

2 Prelude: Planck Units

In fundamental physics there are three dimensionfull constants; G, ¢, h (Newton’s gravitational constant,

the speed of light and Planck’s constant, respectively).

G - strength of gravity, obtained from F' = G*5*2
- it is a weak force.
= 6.673 x 107" m3kg's?

G] = LM 'T?

c = 2.997 x 10%ms~!
(] = LT°*

ho = 1.054 x 10734Js

- sets the scale of quantum mechanical effects.

- is a quantum of work or action (energy x time).

- processes on this scale are quantum mechanical.
A] = ML?T?

We define basic units of length, mass and time using these constants.

Planck mass, length and time are defined as

.| he »| hG e
Mpl =\ It = 3 =\ 5

So m,,; is a mass in Planck units:

[mp] = (MLQTfl)l/2 (LT71)1/2 (L3M*1T*2)_1/2 M

We refer to mass in my; rather than xkg.

5 1o (BPGP2 G'/? ¢ =G
LMy Ty~ = 972 Bl/201/2 ha )

_ 3 —1,_-2
= G - 1lplmpl Tpl

In other words (and by further checking)

G =1
c = 1 Planck Units
h =1

For convenience we will use Planck units.

Before going on, notice the remarkable matching of the fundamental dimensional constants and the

number of dimensions.



¢ «— special relativity

}QFT

h +— quantum mechanics

G «— general relativity

(fitting QFT & GR together is hard - String Theory).
All of this leaves out “emergent behaviour” e.g. condensed matter physics, biology, chemistry.

3 Motivating Metrics

Consider two points a and b with a path v between them:

The distance between a and b along ~ is given by

s:/ds
¥

But what exactly is “ds”? = naively it is an infinitesimal increment along the path.
So the idea we have is that we approximate the path with a series of small increments and sum them

Y —_
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As we increase the number of increments, this becomes more exact and fv ds is the limit

N

N—o0
E 08; 2 ds Functional Analysis describes this process
i=0

How would you actually do this integral?

3.1 What exactly is “ds”?

We normally express ds in terms of some coordinates. s = f,y ds doesn’t depend on having coordinates,
but to work it out we would normally have a description of v in terms of some coordinates, and we would
rewrite ds in terms of these coordinates.

For example, in the ordinary 2d plane R? with Cartesian coordinates



(z + dz,y + dy)
= ds? = dz? + dy?
ds dy

(z,y) dx

(of course we draw small line segments, but refer to the infinitesimal limit).

In practice
du\ 2
ds =4[1+ (_y) dx
dx

The left hand side shouldn’t depend on coordinates, but the right hand side does.



Lecture 2 ds is an infinitesimal increment along the path. In practical calculations we use coordinates.
For the R? example we can use Cartesian coordinates (z,y) and thus

ds® = dz* + dy?
Another set of coordinates for R? is polar coordinates (r, ), where

x =rcosf y=rsind

{1+, D)

ds* = dr® + dI*
= dr? + r2dp*

i.e. in these coordinates
ds® = dr* + r?db*

So the point is that “ds” between two infinitesimally proximate points is the same, but the expression in
terms of the coordinates is different.
Of course, this isn’t always the case. Here we are considering two different coordinates for the same space

(R?), but of course we can think about other spaces.

Example: S2 - 2-sphere
Reminder: the surface of a 3d ball - 2 dimensional.
Defined by x2 + y2 + 22 = 1 (unit sphere).

Using spherical polar coordinates:

Aside: Spherical Polar Coordinates

r = rsinfcos¢
y = rsinfsing
z = rcosb

where 6 is the azimuthal angle, ¢ polar.




Tackling infinitesimal distances:

(G g+dg)
(Gp)

Al (@) Working out dl first

Radius is sin # = dl =sinfdo

Now taking the dff component.

These are along a circle of longitude, all circles
of longitude have radius one.

So keep 6 fixed and vary ¢
ds® = db? + sin?6 d¢?

This is really different from our preceding two:
ds* = da?* + dy® = dr® + 12d6?
— these are not changes of coordinates, will change R? metric to the S2 metric.

What is different?

at+p+y>m7

2mr > ¢



— these are signatures of curvature.

‘What we want to do here is

e realise space-time is curved
e describe this curvature in a convenient way

e find an equation for the curvature of space-time

4 Coordinates & Metrics

Consider a metric space with coordinates (z!,z?%, ... z%)

— can be local coordinates
— in GR, coords are indexed by a subscript.

We write ds? = g.pdz®da® expressing the infinitesimal in terms of the coordinates.

We are using Einstein’s convention, and g,y is called the metric tensor!, a 2 indexed object:

911 g12 - gid
2= | )
gdir - gdd
We should always take this to be symmetric:
Gab = Gba

Note: It is a common abuse of notation to move between indexed and conventional symbols for

coordinates, e.g.
1 0
[gab] = (0 ,,.2)

ITensors to be defined
2Square brackets around a tensor mean expressing the tensor as a matrix.
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Lecture 3
ds? = gap dz®dz® (4)

This relates the length ds to infinitesimal increments in the coordinates.

Again we are using the summation convention, matching pairs of up and down indices to be summed
over.

We are interested here in changes of coordinates

[gab] = ((1] 2) for Cartesian

1 0
= (0 7"2) for Polar

% yb(za)

for same ds>

Consider a change of coordinates

where 3 is some new set of coordinates expressible in terms of the old ones.

There is a notation convention used here that is initially confusing but ultimately useful: we use the
letters with unprimed & primed indices to mean different things, i.e. rather than write 2'® as a different
coordinate to z%, we write % (d’Inverno doesn’t though).

. . ’ .
So z% is one set of coordinates, z* is another.

Coordinate change is

Consider a change of coordinates

ds® = gap dz®da® = gor da® da” (5)

ds? is the same! However [ga/y] is not necessarily the same as [gq)].
We can express dz® in terms of dz® using the Chain Rule

’
’ ox”

o 9z

dx®

dx® (6)



Note: that summation converts an upper index which is below the line in a derivative, counts as

a down index, i.e.
n

’ 85!2a/
dz® = dz®
z ;::1 o

We aren’t using it here, but a down index below a line counts as an upper index.

ds®> = ga dz®dz®
= Ja'v dCCaldIbl
oz oxY
= Qup dz® | | ==—dz*
Jarbr | Gpa W* ozt
oz 9z
—= = gary dz®da®
Dz b TV AT T
oz Ozt
= Jab = nga/b' (7)
As g—iz = 6, by the Chain rule:
dx® Dz “
ox dxb % (8)
oz oz /
= = Y 9
Oz Oxa @ (9)
giving
B oz 9z
Jab = pga Pgb IV
(10)
Ox® Oxb B oz dx° oz ozt
9z 9z % T Oz dz¢ azb 9z ) JaY
5% o,
= gc/d' (11)

What we have done is calculate how g, changes under a coordinate transformation (but remember ds
doesn’t change).

a

% —
dz® +— dz® = Agl dz® where Ag’ = %f; (12)
Gab F—— Ga'v¥ = Agl AZI Gab






A transformation that leaves the metric tensor the same is called an isometry

9] === [9gat]

|
b)) —06 )

i.e. some coordinate changes may leave the exact form of g4, the same
— these are isometries
but we are interested in all coordinate changes - general transformations.

10



Lecture 4 Recall

¢ —
!’
dz® +— dax® = 4, dz®
!’ ’
Gab F— Ga'b¥ = Ag Ag Gab
where '
a
o _ Ox
@ Oz
and
4 Ox®
@ Pxd’

5 Isometries

For a given metric there may exist specific coordinate changes that leave the exact form of the metric
fixed - these are isometries, i.e.
2% xa’

such that

[gab] = [ga’b’]

So isometries of R are translations and rotations (together they form a group called the Euclidean group
- see Course 445).

Thus isometries are a special metric specific group of coordinate transformations. For now though, we
want to think about General Covariance: the consequence of a general (smooth) coordinate change.

The idea is that fundamental equations should be expressible in a way that makes sense in all coordinate
systems.

For example, in 3d flat space F = ma is Newton’s law in Cartesian coords, but T = Iw is the corre-
sponding law for rotational motion. However these two equations are expressing the same principle, they
are just written in different coordinate systems. It should be possible to express them as special cases of
a single equation.

We need to make the index structure explicit, i.e. we need to work with Tensors, indexed objects with
known coordinate transform properties.

11



5.1 Definition of Tensors

’

a a

x — X
’ ’
dz® +— dz® = A% dx*
gab — ga’b’ = Ag/ AZZ;/ gab

More generally, define a scalar ¢ as a function of 2 such that

’

P(z*) — o)

The value of ¢ at a given point remains the same although the coordinate description of that point
changes.

Contravariant Vector is a single indexed function of coordinates with the transformation law

’
—  x®

’ ’
— vt = A% °

xa

,Ua

(Contravariant vector is a name given to a vector function over space(time) with a particular transfor-
mation property.)

We have already had an example of a contravariant vector: dz?.

Covariant Vector is a single indexed function of coordinates with the transformation law

’

a :L.ll

x

Uy H— Ugy = Ag,ua

The gradient of a scalar is a covariant vector:

This is the normal gradient in R™

= e ?

N
L

=A% 0,0

¢

Definition: A type (r,s) tensor is an object with r contravariant and s covariant indices, that is, it is
an r + s indexed function of coordinates with the transformation property

’
:L,ll — :L,ll

’

’
a1a...a,r A1Qo...0,.
—
T bibs...bs T by bl...b,

’ ’ ’
__ A%1 f%2 a, Abi pbz b aias...a
= AalAag e 14(7,:14b/114b/2 e Ab}z (T Tb1b2...b3)
The contravariant vector is a (1,0) tensor.

The covariant vector is a (0,1) tensor.
The metric tensor is an example of a (0,2) tensor.

12



Lecture 5

FAQ Is 9, a tensor? No!

Sometimes, particularly in applied maths, we use tensors but don’t consider general transformations,
i.e. strict tensors are only isometries on flat R2.

For flat R3

1 0 0
Jab = 5ab [gab] =10 1 0
0 0 1
1 a=0d
Sab = { 0 a#b
When §,; is used often, it is really supposed to be g,p, but in the context g,, = d4p - restricted

context.

We defined a tensor yesterday:
An (r,s) tensor has r-up indices and s-down indices and

’

r
ai1az...a, ajay...a,.
—
T biba...bs T by bl

!’ ! ! ! ’ /
_aah 4ab a, by 4b5 by a1as...a,
= AatAG: AT AN AR AR (T bbb )

5.2 Properties of Tensors

1. Linear For S an (r,s) tensor, T an (r, s) tensor, a & [ real, then
a1a2...a,r a1a2...a,r
s bibg.b, TOT bibs...bs

is an (r, s) tensor.

Proof:
a1a2...ar a1a2...ar
a5 bbb T 0T bbp:bs
111112...11T a1a2...aT
> af b bl...b, +8T bbb,

biba...bs
Aa/l Aa2 Aa;Abl Ab2 Abs paiaz..ar
+0 AatAaj - - - Aay Ay by * Ay bibs...be

ay jab a, 1by Ab b
= (AaiAag---Aa:AbiAbZ---A'z (@ STy, F BT, )

’ ’ ’
= aAdAG .. Ag AL AR A gTaaar
]] 2 s

2. Multiplication for S an (r1,s1) tensor, T an (r2, s2) tensor, then

Salag...arl Clcz,,,CT2
biba...be, dids...ds,

is a (11 + r2, 51 + s2) tensor. Prove by checking the transformation property.

Note: Not all (r1 + 72, s1 + s2) tensors are of this form. For example is U, and V}, are covariant
vectors, i.e. (0,1) tensors, then

Ty =Ua Vp
is a (0,2) tensor, but in d-dimensions (a = 1,...,d) a general (0,2) tensor has d? components:
T Tz -+ Tig
T:
[Tab} = 2t
Ty o o Taq

Tup = Uq V3 has at most 2d independent components.
For d > 2, it is clear that a general (0,2) tensor has more degrees of freedom than a (0,2) tensor

formed by multiplying two (0,1) tensors [d=2 case is slightly more subtle]

13



3. Contraction given a type (r, s) tensor, you can form a type (r — 1, s — 1) tensor by summing one
up index with a down index.

Writing this down for a general tensor is notationally messy, so let’s just examine examples.

T is a (2,1) tensor, consider
d

Tabb _ Z Tabb

b=1

Show this is a (0,1) tensor:
T, — T, = AL A} AT,

and using the tensor property of 79,

=AY T,

=AYT®,
that is

Ve =T,

We’ve also just shown that ) ,
Vér— Ve = A2 V"

so we see T, is a (0,1) tensor.
Combining properties 2 & 3 together above, we can contract tensors together.
U®, V are (1,0) and (0,1) tensors respectively

u*v, (1,1) tensor

Uuv, (0,0) tensor — a scalar

gapv? for example is a (1,0) tensor.

4. Raising & Lowering If T is an (r, s) tensor, there are lots (WRT r) of (r — 1,s + 1) tensors by
contracting with the metric. For example

U (1,0) tensor
gV (0, 1) tensor

More generally, if 7“*“*", , , “is an (r,s) tensor, then

s

a1a2...a4...ar
Gea; T bibs...b

isan (r —1,s+ 1) tensor.
Notation is lowering: if V' is a (1,0) tensor:

Va = Jadb Vb

Tala2~~~ai—1 Ajg1...0p _ T102.-Ci-..Or
c bibs...bs, — Jea; bibs...b

-Os

14



Lecture 6

4. Raising & Lowering cntd.
Define

Ta1a2...a¢_1 Aig1---Ay

— Talaz...ai...ar
c biby...by — Yeai

b1ba...bs

that is, we lower the a; index by contracting with the metric.

Define raising so that raising a lowered index is the same as “not having lowered it in the first
place.” This is done by defining ¢®°, the inverse metric, by

gabgbc = 63
that is [¢°] = [gas] ™

g is a tensor (easy to prove).

So if U, is a (0,1) tensor, then

Ue = gab Ub

is a (0,1) tensor.

More generally, given a (r, s) tensor T', we can form a (r + 1,s — 1) tensor by contracting with g’

Talaz...ar

c __ _cb; mmajas...a,
biba...bi_q biy1..bs 9 T

b1b2...b;...bs
If Uy = gap U () then
U® = gapUp = g™ (gocU°) = 62U = U*
N——
by (1)

Good! Lowering and then raising restores the original. The notation is consistent!

5. Symmetries A tensor is symmetric in two indices of the same type if they can be exchanged
without changing the value, that is

Tal...ap...aq...ar

_ Q1...QgeQp.. .G
bi...bs T by...bs

then 7T is symmetric in a, and a,.




Metric tensors are always symmetric!

Note
Ja'b! = Aaa/Abb/gab
Now
9v'a’ = Aab/Aba/gab = Aab/Aba/gba

by symmetry of g.p
a and b are both dummy indices summed over, so it doesn’t matter what we call them. So let’s do
a change of index, renaming a to b and vica-versa:

v’ a! = Abb/ Aaa/ 9a'tv’

The coordinate change transformed tensor of a symmetric tensor is also symmetric!

Anti/skew symmetry is the property whereby a tensor changes sign under the exchange of two

indices, for example wy is skew-symmetric if wy, = —wqpVa, b, so for d = 3:
0 w12 W13
[Wap] = | —wi2 0 W3

—wiz3 —wez 0

It is easy to prove, as in the example, that symmetry and anti-symmetry are tensor properties in
the sense that they are preserved by tensor transformations.

. Derivatives 9
O = (%i is a (0,1) tensor
Consider the (1,0) tensor V* and take its derivative
ove
0.V =
oxe
looks like it might be a (1,1) tensor. But it’s not! Look what happens under a coordinate transform:
xa — :L.ll/
8aVb — aa’Vb = afa/ (Vb )
= afa’ (Abbvb)
- 5’;/ ooz (AR V)
=A% a(za (Ablivb)

=A%, [ (A Ve A2 (V)]

oxa’ Ox*0x?b

— A7, AL, 0 (VV) 4 A%, By
—_———

what’s this for?

This means that 9,V? doesn’t obey the vector transformation law.

Say you had discovered the law p = V£¢ = (63—:2 + %22) ¢ in Cartesian coordinates. Expressing in
tensor form:

p=0a9"" 0
10

Certainly, for g., = <O 1

>, z! =z, 2% = y this looks right, as it reduces to

P = 0q gab 6b¢
-~ —~
scalar (0,1) tensor
(1,0) tensor
If 0,990y was a (1,1) tensor, then 9,9%°dp¢ would be a scalar, but it simply isn’t! Although

p = 0,g™ 0y reduces to p = (88—;2 + aa_;) ¢ in Cartesian coordinates, it isn’t true for all coordinate
systems.

16



Note: Consider Polar coordinates in 2D
Let’s work out what 9,999, ¢ is in polar coordinates. Recall that 2' = r, 2 = # and the metric is

1 0 1 0
[gab] = (0 7.2)7 [gab] = (0 7.72)
0,0% = 019" 91¢ + 019M202 + D29 D1 + D2g?2 Do b
= 0r0r¢ + Ogr 280

o) (6_¢)+ 1 9%¢

“or\or) " r2 o002

but in fact, in polar coordinates, we already know for sure that the Laplacian in (r, ) is

10 [ 06 1 9%¢
V== (r—)+ ==
¢ r or <T8r) r2 962

o [0 1 9%
7?(5)*72@

which we derived above.

Thus 0,V? is not the correct differential operator for tensors, since it itself is not a tensor, that is
A = V2% #£ 0,0% = 0,g"0,

in general coordinates. We need a new differential operator for tensors!

17



Lecture 7 We have seen that the derivative of a scalar, 9,¢ is a tensor

’
¢ — ¢

0up +—— 8(1/(25:142/&1@5

a

(0,1) tensor in fact - covariant.

Also we saw the last day that the derivative of a contravariant vector (a (0,1) tensor) is not a tensor.

D v® # tensor

Example You have seen before that the laplace operator in the 2d polar coordinates is

1i(%> 1 9%¢

Ap=1 15
¢ o r2 062

— not 8,98y
a naive expectation might be that A is 9,,g®?9, in general coordinates, but it’s not!

8,98, = nonsense
—

(1,0) tensor

6 Covariant Derivative

We want a derivative operator acting on (1,0) tensors which gives a (1,1) tensor. This operator should
— include differentiation

— be linear

— obey the Leibnitz rule (see later)

— reduce to “just differentiating” for flat space with Cartesian coordinates.

Assume such a thing exists, i.e.
VaVb is a (1,1) tensor V. a linear operator

The obvious form for this
ViV =0,V + ch Ve (20)

where I'f, is some 3 index object whose properties are to be defined in what follows.
i. is called the connection.

Vy is the covariant derivative. The symbol Dy, is also used in texts, however we’ll stick with d’Inverno’s
choice of V.

ViV Uy Ve =V vV = 9y Ve 4T3, VE (21)
Since we require V,V® to be a tensor
Vu Ve = Ab AY v,V (22)
- A9, (Ag’va) +TY, AC Ve (23)
= AL AT 9V + A, (ab Ag’) Ve AT, Ve (24)

Put definition of V,; into this

Al AY 9V + Ab, AV TE VE = Ab AY 9,V + AY (617143/) Ve 4+ AS T, Ve (25)
canceling the first terms on each side
AY AY TS Ve = Ab, (abAg’) Ve A TY ye (26)

18



Choosing the first term on the RHS and change the summed a to summed ¢, and since this holds for all
V¢, we can remove V¢

AS Ty = A A Th - A (9,42 (27)
Multiply by AS, and rename d’ to ¢’

T = Ap AG AL T, — A A% 9, AL (28)

o =
i.e. the connection is not a tensor!

The connection is an extra structure in a space that enables the space to permit a covariant derivative -
it is defined here by its transformation property - [just like a metric is a structure which allows you to
define distance]. In fact, for a so-called “torsion-free metric connection,” the connection is defined by the
metric. This torsion-free metric connection is a very natural connection in a metric space.

Definition: The torsion is the antisymmetric part of the connection

1
Te = 3 (g, —T%) is a tensor! (29)

Notation: 1
M[ab] = 5 (Mab - Mba)

Square brackets around the indices imply the anti-symmetrization of a and b.

More generally:
1
M[ab.“c] = E Z Malblmcl - Z
(f1,05) (20,5)
even odd

permutations permutations

19



Lecture 8

Notation: Anti-symmetrization
Say Tup.... is a tensor. The total anti/skew symmetrization is

1
T[abc] = —' |: Z Talblmcl - Z Talblm‘:l:l
\ ” p: (a b o-c ) (a b e )
P ayby-cy apby--eq
——_—— N——
sum over odd permutations

even permutations

There is a theorem in algebra which points out that the decomposition of a permutation into trans-
positions (swap two elements) is not unique, but for a given permutation, it is either always odd or

always even.
(1234) (1234) (1234) (1234)
— — —
3142 3124 1324 1234
3 transpositions = odd.

Example p =3
1
T[abc] = 6 (Tabc + Tvca + Teab — Thac — Tach — cha)

We can check Tiqp...] is a tensor if Ty, . is. Furthermore Myp. .. = T{ap...q] 18 anti/skew symmetric

in any two indices (since even permutations of ab...c is an odd permutation of ba ... c.

Notation: Symmetrization
Defined similarly as above - T{q4y...¢) is the total symmetrization of Top..

1
T(abmc) = E Z Tob...c

all
permutations

e.g. p=3
1
T(123) = 3 (T123 + To31 + T312 + T213 + T132 + T321)

The symmetrization of a tensor is a tensor, and is symmetric under all pairwise exchanges.

Notation: Partial (Anti) Symmetrization

T[a.ub\c.‘.d\e.‘.f]
means to antisymmetrize over the indices leaving out c...d:

1
Tlalbela] = 3 (Tabed — Tabea)
Similarly for symmetrization:

1
Tlable|d) = G (Tabed + Thdca + Taach + Tadeb + Tavea + Thacd)

Returning to the main topic

with

V,.V's a (1,1) tensor
V.is a covariant derivative

30
VoVl =08,V + T, Ve (30
~~

connection
coefficients

09, = A% AY AY TS — Ab A% (abAg')

20



Definition: Torsion
ch = 1—“[jab]

a

We can show that this is a tensor and if a tensor is zero in one set of coordinates, it is a zero for all
coordinates.

Hence we can consistently set torsion to zero
[CR—

is a tensor equation accepted as a physical law by Einstein. (i.e. assumed true for simplicity - string
theory says this is non-zero!)

— We need to generalize the covariant derivative so that is acts on more general tensors.

To do this we assume covariant derivative has the Leibnitz property, that is we require

Vo (UV) = (VaUy) VP + U (V V) (31)
U,V? is a scalar implies
V. UV = 9,U,V? (32)
(0,Up) VO + Uy, VP = (Vo Uy) VP + U0, VP + U VE (33)
Therefore
VolUy = 8,Uy — T, UL (34)

This is (0,2) tensor, and everything else in (31) is a tensor, then V,U, is. You may check this explicitly.

By considering 7%V, ...W,U¢...Z% and by apply a Leibnitz style rule recursively, we can show

bl...br . bl...br bi bl...p...br D bl...br
VGT C1...Cs 8GT C1...Cg + E Fap T C1...Cs Facq; T C1...p...Cg (35)
- N— - N———
7 7
p in ith position p in ith position
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Lecture 9

by...by _ by...b Z b; rpbi...p...by Z p by...by
VGT ! C1...Cs aGT ! Tcl...cs + Falp T c1...cs 1—‘aci T Cy...p...Cs (36)
- —_——— " —_—
% %
p in ith position p in ith position

For GR, we assume torsion free
C — c C
F[ab] =0 = Fab — L ba

7 The Metric Connection

A metric connection is a connection which is compatible with the metric.
Vigoe =0

is a restrictive property on the connection. In fact, we’ll see that it defines the connection in terms of the
metric and its derivatives.

This is important because without this property, out attempts to covariantize physics (i.e. rewrite in
tensor form) would be plagued by order ambiguities.

Again Einstein assumed a metric connection for this reason.

If we had a metric connection

chab =0
Vagbc =0
ngca =0

22



0 = Vegaw = 0cgab—Tcqgeb — 10 gae (37)
0 = va Gbe = 8@ 9be — FZb Jec — FZC Gbve (38)
61) Gea — I‘lc;c Jea — Fia Gee (39)

o
Il

vb Jea

Do (38) + (39) - (37)

8@ Gbe + 61) Geca — ac Gab
=104 gee + 15 gve + The Gea — Tha Gee — Toq Geb — Ity Gae
= 2% Gec

1
- Fib = 59# (Oa gve + Op gea — Oc Gab) (40)

This is an expression for the metric connection for a given metric, which is torsion-free as it is symmetric
in a and b.

Sometimes the connection coefficient for a torsion-free metric connection is called a Christoffel symbol
of the first kind

Fib = { fb} notation used in some books
Qa
And
Yaf I"Z:C = [bc, a] notation used in some books

is called the Christoffel symbol of the second kind.

Summary A given metric has a particularly natural connection associated with it and this is the
torsion-free metric connection

1 .
Péb = 59 / (all Gbe + ab Gea — ac gab)

Note

For Cartesian coordinates on flat space, I'j, = 0 for any a, b, c because

1 =b . L
Jab = { 0 Ztherwise and I'}, involves derivatives.
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Lecture 10

Definition: The torsion-free metric derivative is defined as

F[Cab] = 0 « torsion-free

Va Gve 0 < metric is a covariant constant

3 1
Féb - §QCf (8¢l Jve + Oy Jea — O gab)

8 Parallel Transport

This is covariantization of the notion of constant along a curve.

Aside “Locally at least”

This means that while there may not be a coordinate system that works over the whole space (for
example a sphere has coordinate singularities). We can always find a good coordinate system in a
neighbourhood of a given point.

For example at 6 = 0, ¢ makes no sense on a 2-sphere, but we are ignoring global issues here.

The subject of differential geometry is about stitching together facts based on local coordinates into

global statements. In GR, it is usually enough to work locally.

Locally at least, there are coordinates x* and we can parametrize the curve in terms of these coordinates;
¢ = x*(t), where ¢ is some parameter often referred to as an affine parameter.

Choose
p = Z({t=0)
= (21(0),2%(0),...,2%(0))

where d is the dimension of the space. A tangent to the curve is *

e
Todt

a

A vector V*(t) defined along the curve is said to be parallel transported if it satisfies

U'v,vi=0
Conversely, we use the definition actively: if we are given a vector V¢ at p, the vector V4(t) is the parallel
transport of V¢ if V¢(0) = V® and U*V,V’ =0

So parallel transport defines a vector V* everywhere along the curve. Of course, V¢ can be regarded as

a function of coordinates V(2%)| . ..\ the curve OF as a function of t: V(zb(t))

3the following is actually the definition of derivatives
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the curve by

equations.
It is similar to requiring V* to be constant on the curve, that is
d
—Vh=0
dt
Using the Chain rule:
dz* 9
I 9 ybv_p Ueo, v =0
ot Jz®

U®9,V? =0is NOT covariant, but U*V, V? = 0 is!

9 Geodesic Equation

This is used to generalize the notion of a straight line.

Given parallel transport, note that a natural vector on a curve is the tangent vector.

course, the tangent vector isn’t parallel transported.

A geodesic is a curve z%(t) such that
U*V,U" =0
_dz®

dt

a

Note that here is an equation for a curve. Writing this out, the geodesic equation is
dz® 0 dz® = dx®dac
T 9.0 a1 + T FIIC
dt Ox® dt dt dt
d?x® , dz? dz¢

ro.— =0
dt? tlae dt dt

=0

(this is the Monge-Ampéere equation).

V' evaluated on

solving differential

Generically, of

Start with a point and tangent to it, and get a curve! Note that the norm? of U? is preserved:

UV (UU,) = (U'V,U*) U, + UUY U,
N—_———
0 by geodesic
= U" (U*V,U®) gae
N———

geodesic
=0

4the norm is the scalar product of U with itself, i.e. N = U%U,
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The correct generalization of a straight line is the curve of shortest distance, and in fact a geodesic
between two points is the shortest curve between them.

Examples:

1. A straight line in flat space

2. A great circle on a sphere

ds? = gapdz®da®

b
= Iz/ ds
b
:/ vV gapdx®dx®

While is can be done, this calculation is tricky. It’s easier to start by convincing yourself that a curve
minimizing the distance also minimizes the integrated square distance, so we replace

t2 dze dzb
I= ab—— ——dt 42
/t1 Jab~ gt "t (42)
by
t2 dz® dx®
I = b —— ——dt 43
/tl g o 0 (43)

Claim: A curve minimizing I’ minimizes I.
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Lecture 11 A Geodesic is a curve which parallel transports its tangents.
dz®
dt
U'v, U =0

a __

A2z n dxb dx€
drz b gp dt dt

A geodesic is a shortest path. We shall demonstrate this by showing it extremizes

dxe da:b

Jab~ gt Vo ar ar o’

dt2

This relies on the principle that a path extremizing the integrated square distance extremizes the balance.
Note that the extremum should be either a minimum or a saddle.

b
dz® dab
I = a dt
/ Jab~ 0t "at
N————

L

This looks like the action S = [ Ldt, so we may extremize by solving the Euler-Lagrange equation:

d (0L oL
- _ = 44
t <6:bc> ox° 0 (44)
d da® 0 b
= T (2gbc—dt ) Dpe (gabx T ) =0 (45)

Notation Use the common notation for derivatives:

L agab -9
Gab,c ‘= dze c Jab

d2 b d e
= 2gbc—x +2— g b

— Yab,c =0
dt? dt a8

Taking the last term from above
d B dz? d
dtgbc = dt dIdgbc
by the chain rule, so
2..b
dt?
We symmetrize in a and b, that is rename a < b

= 2gbc + (2gbc,a - gab,c) i'ai'b =0 (46)

-a b -bsa -a b
GJbc,al T = Gac,bl T = Jac,bl T

The equation becomes
= 29bcib + (gbc,a + Gac,b — Gab, c) I =0 (47)

Now simply multiply across by %gce, and noting the fact that 59“29617 =0f

1 ec e
= 59 (9ve,a + Gacb — Gab.e) = Ly (48)
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Thus equation (47) may be expressed as:

i€+ Ti%" =0 (49)

This is like a = 0, for a Newton particle with no force; a = ¢ = 0 is not a covariant equation.

10 The Curvature or Riemann Tensor?

VaViUe = ViVaU. = RapealU? (50)

Unlike ordinary derivatives, the covariant derivative doesn’t commute, since the partial term 9, from V,
acts on the connection on V;. Relabelling quantifies this failure®.

We can find an explicit formula for R,p.q from the definition

)
Vo (OUe. —T5,U) =V (0Ue — T€ U.) = RapeaU?
N——— —
)

Remember the stuff in round brackets is a (0,2) tensor, so () has two connection terms acting on ().
RapeaU? = 8q (OUc — TiUe) — Ty (QaUe — T Ue) — g, (86U — TiUe)
= 0 (9aUe = To.Ue) + T4, (8aUe = T5.Ue) + I (9aUa — TguUe) (51)
= Ucpa — U5 oUe = T5.Uca = TipUeca + Ty T Ue — 10 Uap + T T5Ue

— Uepa + TocpUe + Tl + Ui Ucid = TapT3Ue + Tl a — TielGaUe (52)
= I Ue + re,rg.Ue + FocpUe — r4,roUe. —TersUe + ¢ I5,U. (53)
S0)
RapeeU® = Ry U (54)
= [ ach — Lbea T rdrs, — I, ad} Ue (55)
This is true for all U, so
= | Ryl = 0T5, — 0al5, + T0.T5y — TiTy (56)

Therefore the Riemann tensor depends on the coordinates and its derivatives, or equivalently on the
metric and its first and second derivatives.

4The following obeys the standards (signs) set in Misner-Wheeler-Thorne (1972)
Slike F,p in field theory
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