2E2 Tutorial Sheet 5 First Term, Solutions!

8 November 2002
1. (2) Find the convolution (f * g)(t) when f(t) =t, g(t) = € (t > 0).

Solution: From the definition of convolutions

(Frg)t) = /Otf(f)g(t—f)drz /Otmw—m

t
= /T€2t€_QT dT:62t/ e ¥ dr
0 0

Use integration by parts with U=71, dV=e%dr

1
dU =dr, V= —56—27

t t
= e%/ Udv =e* ([UV]g—/ VdU)
0 0
' O U L t_l —27
= e ([ 3¢, /0 %€ dT)

= —Ee_2t+0+1/te_27d7
2 2 /,

L= 55— 1)

Solution: We know L(t)) = - and L(e*) = ;. From the convolution theorem, we

see
1

ﬁ(f):m

so that f(t) is the convolution ¢ * e*.

¢
ft) = /764(t_T) dr
0

= L(t)L(e*) = L(t *e™)

1Conor Houghton, houghton@maths.tcd.ie, see also http://www.maths.tcd.ie/ houghton/2E2.html
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t t
= / retle ™ dr = et / e YT dr
0 0

Use integration by parts with U=71, dV=e"dr

1
dU =dr, V = —16_47

t t
= e4t/ Udv =e* ([UV]@—/ VdU)
0 0
a7 —ar ¢ . t_l —4r
= e ([ 1€ ]0 /0 1° dT)

1716 16°
3. (4) Use the formula for the Laplace transform of a periodic function with period e:
1 ¢ L
£() = | s &)
0

1—ecs
to find the Laplace transform of a half-rectified wave

sint sint >0
f(t):{o sint < 0 )

0 2 4 6 8 10 12 14 16 18

This is the form a AC current has after going through a diode.

So we substitute this into the formula
L(f) L f(t)e*dt o / Csinte "t (4)
1 _ e—27rs 0 1 _ e—27rs 0

We need to do the integral. There are two obvious ways, the first is to split the sine
into exponentials

" 1 L L
/ Sin te_Stdt e — </ 6(l_s)tdt _ / 6—(Z+S)tdt)
0 21 \ Jo 0

1 1 1—S)T 1 —(t4s)m

71— 8



Now, we use

eiﬂze—iwz_l
and
1 B I —i—s  s+i
i—s  i—s—i—s  s24+1
1 B 1 —i+s_ s —1
i+s  i+s—i+s s2+1
to get
s 1 —S8T
/sinte_“dt:%
0 1+S
or
1 145 1 1

E p— p—
() 2411 —e 251 2411 —e 57

where the final equality uses

1— e—2s7r — (1 - e—sw) (1 4 e—sw)

The other way to do the integral is to integrate by parts. Briefly, write

s 1 s
I :/ sinte S'dt = ——/ coste Stdt
0 S Jo
1 1 1
= —Z {—— (eT™+1)+ -1
S S S

and solve for I to get the answer given at (8) above.
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