2E2 Tutorial Sheet 2 First Term, Solutions'

17 October 2003
. Using the Laplace transform solve the differential equation

fr=af+3f=1 1)

with boundary conditions f(0) = f’(0) = 0.

Solution: First, take the Laplace transform of the equation. Since f'(0) = f(0) =0,
it £L(f) = F(s) then L(f") = sF(s) and L(f") = s?F(s). Thus, the subsidiary
equation is

1
§°F —4sF + 3F = = (2)
and so
9 1
(s —4s+3)F = -
s
1 1
F = -— 3
s82—4s+3 (3)

and, since s2 —4s + 3 = (s — 3)(s — 1), this gives

1
SRR W

Before we can invert this, we need to do a partial fraction expansion.

1 A B cC
s(s—3)(s—1) s s—3+s—1
1 = A(s—3)(s—1)+ Bs(s—1)+ Cs(s —3) (5)

So substituting in s = 0 we get A = 1/3, s = 3 gives B = 1/6 and s = 1 gives
C'= —1/2. Hence

1 1 1
Jo— .
35 T 6(s-3) 26-1) (©6)
and so 11 1
T e
f(t)—3+66 5¢ (7)
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2. Using the Laplace transform solve the differential equation
J-af+3f =2 (

with boundary conditions f(0) = f’(0) = 0.

Solution: This time we have £(2¢') = 2/(s — 1) on the right hand side. This mea
that the subsidiary equation is

2

2
—4s+3)F = —
(5~ ds + BF = — (
SO
S (5= 1)(s-3)
We need to do partial fractions again, but this is one of those cases with a repeat
root:
1 A B C
= + + (1

(s—1)%*(s—3) s—1 (s—1)2 s-3
and multiplying across
1=A(s=1)(s—3)+ B(s—3)+C(s — 1)* (1

so s =1gives B=—1/2 and s = 3 gives C' = 1/4. No value of s gives A on its ow
S0 wee try s = 2:

1 1
1= A4+~ 1
+ 2 + 4 (
which means that A = —1/4. Hence
1 1 1
F=— - 1
31 (s—12 2(:-3) (
and 1 i
f= —iet—tet-i-ie& (1

3. Using the Laplace transform solve the differential equation
f"=4f"+3f=0 (1
with boundary conditions f(0) =1 and f'(0) = 1.

Solution: In this example there are non-zero boundary conditions. Since

L(f) = sF—[(0) (1
L(f") = s*F—sf(0) - f'(0) (1

the subsidiary equation in this case is

SF—s5—1—4sF+4+3F =0 (1




SO

Hence

and

(s> —4s+3)F =s5—3.

. Using the Laplace transform solve the differential equation

Y —2ay’ +ad’y =0

with boundary conditions y’(0) = 1 and y(0) = 0. a is some real constant.

Solution: Taking the Laplace transform we get

and hence

which means that

Y —1—-2aY +a?Y =0




