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. (2) Find the general solution to

y —2y=—t
Solution: This follows from the general solution to

y' +ry=f(t)

which is
Yy = Ce ™ 4+ ¢ e”fdt

so here r = —2 and f(t) = —t so, using integration by parts

y = C’e2t—e2t/te_2tdt

1 1
= Ce¥ — ¢ {—§t€_2t +3 / e_2tdt}

_ o ot ) Looor Lo o
= (Ce” —e { Qte 4(6 )}

2. (3) Find the general solution to

Yy = 5y;—23

with y;(0) = —3 and y,(0) = 5.

Solution: First of all rewrite the equation in matrix form
, (05 . —23
Y=\50)Y 15 )
0 5
=(50)

Now, the matrix

(7)
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has eigenvalue \; = 5 with eigenvector

(1)

and eigenvalue \; = —5 with eigenvector

(%)

y = [ixq + foxo (10)

and subsituting this into the differential equation gives

so if we write

(= 5hi+ B+ 5t = (2 ). (11)

Now to seperate the equation lets decompose the inhomeneous part, sometimes called
the forcing term, over the two eigenvectors:

—23
( 15 ) = 01xa + 92X (12)

(3)=(a5) &

and, hence, gy = —4 and g, = —19. Putting this back into the equation leads to

or, writing it out,

(f{ — 5f1)X1 + (fé + 5f2)X2 = —4X1 - 19X2 (14)
Hence
fi=5fi=—4 (15)
Thus, this is of the form ¢’ + ry = f with r = =5, f(t) = —4 and so
fi = Cie® — 4e / e Ptdt (16)
and so 4
fl = 01€5t + g (17)
Similarly,
1 -1 —2
2fs+55) = ) ( 153 ) =-38 (18)
or
fo+5fa=—19. (19)
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Thus, r = =5, f(t) = 19 and using integrating gives above

The general solution is therefore

4 1 _
y = <01€5t+g) ( 1)+<Cg€ 5t_€
)—l—(OQ—

If 41(0) = —3 and y2(0) = 5 then we get

(7)= () (s

and hence

1
fo = Coe™® — 39

3 = 1+ Cy—3

so Cp = —=Cy =1/5 and

(15 4 1 1
) (1) (s

. (3) Find the solution to

Y= yi+ 2y te

/

Solution: Here we have

y:Ay+<

where

N

1 2
21

this has eigenvalue A\; = 3 with eigenvector

X1 =

and eigenvalue \; = —1 with eigenvector

(1

Yp = 2y1+ye

)
)
)

19

19
o

7)

)(

1
—1

1
-1

)
)

(23)



Once again, we split the forcing term over the two eigenvectors:

We get

SO

and so,

In the same way

and so

Integrating gives

This means

et et et
0 )T
1
fi =3/ = §€t
s L og —2t
fl = 016 + 56 /6 dt.
1
fi= e’ —2¢
1
fot fo= §€t
1
f2 = 02€_t + §€_t / 62tdt.

1
f2 = Cge_t + Zet

1 1 _ 1
y = (Cle3t - Zet) ( 1 ) + (Cge b4 Zet) (

1
-1

)



