Convolution Example^1

6 November 2001

In this example we will find the f such that L(f) = ( s s^2 + 1

)_2 (1) using the convolution theorem. In fact, applying the theorem is the easy bit L(f) = [L(cos t)]^2 = L(cos t ∗ cos t) (2) and so f(t) = cos t ∗ cos t. Now we need to work out the convolution: cos t ∗ cos t =

∫_t 0 cos τ cos (t − τ)dτ (3) We can then ue the formula 2 cos A cos B = cos (A + B) + cos (A − B) (4) which can be found in the log tables. Then, cos t ∗ cos t = 1 2 ∫_t 0 cos tdτ + 1 2 ∫_t 0 cos (2τ − t)dτ (5) and then using the formula cos (A + B) = cos A cos B − sin A sin B (6) which is also in the log tables, we find cos t ∗ cos t = 1 2 t cos t + 1 2 ∫_t 0 (cos 2τ cos t + sin 2τ sin t)dτ = 1 2 t cos t + 1 4 cos t sin 2t − 1 4 sin t cos 2t + 1 4 sin 2t = 1 2 t cos t + 1 4 sin t + 1 4 sin 2t = 1 2 t cos t + 1 2 sin t (7) where I have used the formula sin (A + B) = sin A cos B + cos A sin B.

1Conor Houghton, houghton@maths.tcd.ie please send me any corrections.