MA22S3, sample for my questions on the sum-
mer exams, solutions to some questions

Six questions do four in a two hour exam.

1. (a) The Fourier series relies on the orthogonality of the sine and cosine
functions: as an example, show

/ sin nt cos mtdt = 0
for integers n and m.
(b) In a similar way it can be shown that
/ sin nt sin mitdt = w0, / cosnt cosmtdt = 7oy,

How are these identities used to derive formulas for the ag, a,, and
b, in the Fourier series.

(c¢) Find the Fourier series of the function f(¢) with period 27 defined
by
J) =t

Solution:Done in problem sheets.

2. Determine the Fourier transform of the one-off pulse:

0 |t|>T
ft)y=< A =T <t<0
A 0<t<T

Solution:Done in problem sheets

3. What are

o) 1 2 o)
/ 5(t) +tdt, / §(t — 1) dt,

—o0 1 —¢2 —00

5 1
/ §(t — 3)t3dt, / §(t — 3)t*dt
-1

-5

Calculate the Fourier transform of §(¢).
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Solution:In the first case the integration region includes ¢ = 0 where the
delta function has a zero argument, so just set t = 0 in the integrand

% 1+t
| ot =1 (1)

In the next one the delta function has zero argument when ¢ = 1 and
again that’s included in the integration region

/’ﬂpqw*ﬁ:&:1 2)
Next, t = 3 is the zero of the delta and so

/5 §(t —3)t3dt =9 (3)

-5

Finally, ¢ = 3 lies ourside the integration region so the answer is zero

/1 §(t —3)t%dt =0 (4)

-1

As for the Fourier transform

Sy =5 [~ e = (5)

—00 2

. Find the general solution of

d’y dy

aw a0

d*y  dy 5t

Solution:The first differential equation is homogeneous so we just sub-
stitute y = exp At giving

AN—A—6=0 (6)

Now that factorizes handily enough \> — X\ — 6 = (A — 3)(\ + 2) giving
A =3, A = —2 and solution

y = Cre* + Cre™™ (7)



Neither of these two lambda values is five, the exponent in the inhomo-
geneous equation, so use y = C'exp bt as an ansatz for the particular
solution

(25-5—-6)C =1 (8)
so C'=1/14 and
1
y — Cl€3t _'_ 0267225 _'_ ﬂefit (9)
. What is the solution of
Py dy
— 2 _97 — et
a2 ca YTe

with y(0) = y(0) =17

Solution:First solve the homogeneous equation, the auxiliary equation

1S
M =22 +1=0 (10)

which factorizes to give (A — 1) = 0 and hence the solution to the
homogeneous equation is

y = (C1 + Cot)e! (11)

Unfortunately the exponent matches the exponent of the inhomogene-
ity, so we need to use y = Ct? expt as the ansatz for the inhomogeneous
problem

d

d_i = 20te' + Ct%et

Y _ et 4 aCte 4+ P 12
ﬁ = e + e + e ( )

and hence, cancelling the expt

20 +4Ct + Ct? —4Ct —2Ct* + Ct* =1 (13)
or C' =1/2 and
y = (01 + Cot + %ﬁ) et (14)



6. Find a series solution for

dy
1+4+1)—= =0.
(+)dt+y 0

Solution:So we assume there is a solution of series form
o
Y= ant" (15)
n=0

and then calculate the terms

dy & 1

A — nt"

W= e

dy s

t— = nnt" 16

So there is only one term where the power of ¢ is lower and we fix that
with the usual change of variables

dy "
gl nzzjoanﬂ(n + 1)t (17)

so the equation becomes

o0

[(n+ 1ap1 + (n+1)a,]t" =0 (18)

and hence
pie1 = —ap (19)

and ag is arbitrary.



