MAU34201: Algebraic Topology I
Michaelmas Term 2020
Solutions to Assignment 1

December 21, 2020

t—u;_
H(t,7) = H; <—u] . ,T)

Uj — Uj—1

whenever u;_; <t <wyjand 0 <7 < 1.

t—(]_—T)u]‘_l—TUj_l )
T
1—7)(uj —uj—1) + 7(vj — vj-1)

k() =

whenever
(1—T)Uj_1+TUj_1 Stﬁ (1—7’)U]’+7”Uj.
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4.

Alternatively, for a different, more complicated, but valid homotopy,
we can let

K(t,7)=~((1—=7)t+70(t))
where
G(t) = ]— Uj—1 + _— Uj

when u;_; <t < wu;. Note that in order to express K(¢,7) in the form
K(t,7) = y(m;(k)) for wy_;, <t < wy,, one would need to solve
equations such as

(1 — 7wy, + 70w +) = uy

for wy, , in terms of 7 and the numbers ug, uq, ..., uy, and vo, vy, ..., Uy,
Whilst this might be feasible in concrete situations when m is small,
this approach does not appear to scale well when m is large.

(a)

P if0<t<(l—-7)w
t—(1-—
LO(ta 7-) = Y1 (ﬂ) if (1 — T)w <t< Uy
\V(t) ifu, <t<1
[ ~(0) if0<t<(1—7)w,
_ tug — (1 — 1)wuy \ .
- f(1-— <t <
7( up — (1 —7)w ) il -rjw<t<u,
L (1) if up <t <1,

where
Y= Concatuo,ul ..... Um (717 V2,735 - - 7fym)

Alternatively, for a different but valid homotopy,
Lo(t, ) = v((1 = 7)0o(t) + 7t)

for all t € [0,1] and 7 € [0, 1], where v is defined as above and

0 if 0 <t <w;
Oo(t) = w ifw<t<u;
Uy —w
t ifu; <t <1.



( t
ifo<t<(1-—
71((1—7')10—1—7'111) f0st<{-muwstru
Li(t,7) = P if (1—71)w+71u <t <y
\W(t) ifu, <t<1
)
Ult .
fo<t<(1-
7((1—T)w+m1) o<t <( Tw + T,
= v(uq) if (1—7)w+71up <t < uy,
L () ifu; <t <1,
where

Y= COHC&tuO’ul ,,,,, Um, (715 V2,735 - - - ,’Ym)
Alternatively, for a different but valid homotopy,

Ly(t,7) = (1 = 7)01(t) + 71)

for all t € [0,1] and 7 € [0, 1], where 7 is defined as above and

t
M0 <t < w
w

01(t) = wup  ifw <t <u;

[ (1) if0<t <,
t—um_1 .
La(t,7) = - fay,  <t<(l-
(t,7) o ((1—7)w+7—um1) if Uy l—-7)w+T
W4 f(l-nw+r<t<1
[ ~(¢) if 0 <t <1,

V(Q—wa—n%%ru1—mwgq

(I —=7Tw+7T—Up_1
ifu, 1 <t<(l—7)w+r,
L (1) if(1—71)w+7<t<1,

where
Y= Concatuo,ul ..... Um (717 72,735 - - 7’Ym>‘



Alternatively, for a different but valid homotopy,
Lo(t,7) =~v((1 = 7)0,,(t) + 7t)

for all t € [0,1] and 7 € [0, 1], where v is defined as above and

t if 0 <t < upoi;
1- - —(1— m— .
(1) = § Ut Ui e, <y <
W — Um—1
1 ifw<t <1
(d)
((1) if0<t<uy
t— up— .
lf’LL, <t < 1—7'w_|_7-u
L) = {7 <<1—T>w+mk—uk1) 1 SES(L-Tw T
p if (1—7)w+ Tu, <t <y
L () ifu, <t <1
( '7(75) lf 0 S t S uk*l;
(1 —7)(w — up)up—1 + (up — up—1)t
_ ! (1= 7)w + Tup — up—1
- ifupq <t <(1—7)w+ Tuy,
v (ug) if (1—7)w+7u, <t<uy,
[ 7(?) ifup <t <1,
where

Y= Concatuo,ul ..... Um (/717 V2,735 - - 7/7m>‘

Alternatively, for a different but valid homotopy,
Li(t,7) =v((1 — 7)0k(t) + 1)
for all t € [0,1] and 7 € [0, 1], where v is defined as above and

(t if 0 <t <wug_1;

(up — up—1)t — (up — W)ug_1
Or(t) = W — Ug—1
Uy, if w <t < uy;

W ifup <t < 1.

if up_y <t < w;




if 0 <t <w;
w
M(t,7) = (1—7)(ul—t)) ifw <t <up
Uy —w
v(t) ifu; <t<1.
(b)
v(t) if0<t<u,.
(1—7)(t—um_1 . .
Mut,r) = { "\ w—w,, ) Hemastsw
n W) ifw<t<l.
1—w
(c)
[ ~(t) if 0 <t <.
1—7)(t — up_
(=)~ w 1) if wy <t < w;
My(t,7) = < AV
n (= ) t)> if w <t <y
U — W
\ ~(t) if up, <t <1.

6. (a) Let v be a loop in X based at 5(1). Then ©4([7]) = [8.7 .57

and hence, applying results of previous questions,

(©a00s) (7)) = ©a(Os(W]) =l (B.v.57") a7
= [Concaty1 15 2,(a, 3,7, 87", a7)]
= [Concaty1125,(a, 3,7, 87", a7)]

= [(@.f).v. (87 .a™h)]

= Bas(l])
(applying question parts 1(c), 1(d) and question 3). Consequently
On 005 =0,4.

(b) Let a(t) = p for all £ € [0,1]. Then a = ¢,. Let v be a loop in X
based at the point p. Then
Ou[V]) = lep-7v.8p) = [Concato’;%,l(gp, Y, €p)]
= [Concaty 2 ,(7,&p)] = [Concato1(v)] = []

b}



(applying questions parts 4(a) and 4(c)). Consequently O, is the
identity isomorphism of the fundamental group of X with base-
point p.

Let v be a loop in X based at a(1). Then

Ou([7]) = [Concat,

(e, 7,07 )] = [Concaty 1 21 (n,7,n7 )] = O,([7])

12 12
1393 )373

(applying question 2). The result follows.
Let v be a loop in X based at p, where p = «(0). Then

(O 00a-1)(1]) =

9 7'37
, 7’71(513»%519)]

Concaty s 1 (7, €p)] = [Concatg,i ()]
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(using in particular the results of questions 4 and 5). Conse-
quently ©, o O,-1 is the identity isomorphism of (X, a(0)).
Similarly ©,-1 0 ©, is the identity isomorphism of (X, a(1)).
Consequently O, is an isomorphism with inverse ©,-1. (There
are various valid alternatives that apply previous results to prove
the desired result.)



