MAU34201: Algebraic Topology I
Michaelmas Term 2020
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Due 11pm on Monday, 23 November, 2020

Please upload submissions to Blackboard by the due date in the form
of a single PDF document. Please do not submit as multiple files, or
photographs of pages in image formats.

Please complete and sign the standard plagiarism declaration, reproduced
on the following page. It suffices to copy it out by hand, if that facilitates
submission.

You should not collaborate with other members of the class in completing
this assignment.

The assignment has been designed with a view to providing some per-
spective on Section 5 of the lecture notes, concerned with the fundamental
group of a topological space, and particularly on the proof strategy of Propo-
sition 5.3. It might be useful to review subsection 2.5 of the lecture notes,
which discuss homotopies between continuous maps.

For questions preceding the final question, your answers should take the
form of lists of numbers, or specifications of functions as apppropriate, with-
out supporting computations, rough working and explanations. It is of course
advisable to ensure, e.g., through private calculations on the side, that the
solutions supplied are effective. The final question asks for proofs or justifi-
cations of stated results related to Proposition 5.3 in the lecture notes, but
it should be possible to answer the parts of that final question making use of
the results of earlier questions on the assignment.
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Basic definitions and notation

Let X be a topological space. We consider paths in X that are represented
as continuous functions mapping the closed unit interval [0, 1] into the topo-
logical space X. Unless specifically stated otherwise, the domain of all paths
in this assignment is the closed unit interval [0,1]. A path v:[0,1] — X in
the topological space X starts at the point v(0) and ends at the point (1),
and is thus a path from ~(0) to ~(1).

Given paths 71,72, ..., 7m in X, where v;(0) = v;_1(1) for all integers j
between 2 and m, and given real numbers ug, u1, . . ., %;,, where

Uy < U < Ug < - o0 < Uy,

let
Concatuoyuh...,um (717 Y2, ,7m)
denote the path ~v: [ug, ] — X defined such that

t—u i—1
=~ | ——I—
0= (Uj - Uj—l)
for all integers j between 1 and m and for all real numbers ¢ satisfying

uj—1 <t < wu;. Normally vy = 0 and u,, = 1.
Also let

Y-Y2 -3 - - Yme

denote the path representable as

Concatyg . um (V1,72 Y35 - - > Ym)

with u; = j/m for j =0,1,...,m
Thus for example if 7;, 79 and 73 are paths, each defined over the unit
interval [0, 1], then

(7172 .73)(t) = Concat&%%g(%’%ﬁs)

71 (3t) if0<t<g;
= ¢ RBt-1) if 3 <t <2
(3t —2) if 2<¢<1.

For each point p of the topological space X, let €,:[0,1] — X denote the
constant loop at the point p, defined such that ¢,(t) = p for all = € [0, 1].

Given a path v in X defined over the unit interval [0, 1], let v~! denote
the reversed path that is defined so that v~1(¢) = (1 —¢) for all ¢ € [0, 1].
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1. Let X be a topological space, let «, 5, and ~, 7, and 7, be paths in X,
each represented as a continuous function defined on the closed unit
interval, where (1) = 3(0) and

A1) = 3(0) = v(1) = 1(0) = (1) = 72(0) = 72(1).
Note that 7, 7, and 75 are then loops in X based at the point S(1).

(a) List the values of real numbers wug, uq, us, us, Uy, us, ug, where 0 =
Uy < up < Ug < uz < ug < uz < ug = 1, for which
-1 -1
Bn-B7).B.7vn.87)
-1 ~1
= Concatuyg uy us,usuaus,us (B Y1, 875 8,72, 877).

(b) List the values of real numbers vy, v1, v, v3,v4, where 0 = vy <
v < vy < v3 < vy = 1, for which

Bo(n.m). 67
= Concatyy,v, vm,05,04 (B85 715 V25 B_l)'
(c) List the values of real numbers wy, w1, we, w3, wy, ws, where 0 =
Wy < Wy < wy < wy < wy < ws = 1, for which
a.(B.v.pH.at
- Concatwo,wlng,wg,w4,’LU5 (&7 /37 77 /8717 0471)'
(d) List the values of real numbers zg, 21, 22, 23, 24, 25, Where 0 = 2y <
2 < 29 < 23 < z4 < z5 = 1, for which
(. B).7. (8. a7
= CODC&tZO,zl,zg,zg,u,zs, (Oé, ﬁ7 s /8717 0571)'
[Note: in answering this question, simply give the lists of val-
ues that you are asked to provide. You should not include

rough work, or computations, or explanations of how you de-
termined the relevant list.]



2. Let ay,an,...,q, and [y, Bs, . . ., B, be paths in a topological space X,

where a;(0) = £1(0), am(l) = B,n(1) and
a;j-1(1) = a;(0) = 5;(0) = 51 (1)

for all integers j between 2 and m. Suppose that o; =~ f; rel {0,1}
for j =1,2,...,m. Moreover, for each integer j between 1 and m, let
H;:[0,1] x [0,1] = X be a homotopy between the paths a; and f; that
satisfies the following properties: H;(t,0) = o;(t) and H;(t,1) = §;(t)
for all ¢t € [0,1]; also H;(0,7) = «;(0) = 5;(0) and H;(1,7) = (1) =
B;(1) for all 7 € [0, 1]. Now let ug, u1, . .., up, be real numbers satisfying

O=ug <up <ug <+ <Uy=1,

and let
a = Concatyg uy ug,..um (1, X, .. ., Uy

and

B = Concatuo,ul,UQ ..... Um (ﬁl? ﬁZa v 76m)

Write down an expression that specifies a homotopy H between the
paths o and 8 which satisfies all the following properties: H(¢,0) = «(t)
and H(t,1) = B(t) for all ¢t € [0,1]; also H(0,7) = «(0) = 5(0) and
H(1,7) = a(1) = (1) for all 7 € [0,1]. (Note that the existence of a
homotopy H with these properties ensures that o ~ § rel {0,1}.)

[Note: in answering this question, you should write down an
expression that, for each integer ; betweeen 1 and m, deter-
mines the value of H(t,7) when 0 <7 <1and u;_; <t <wu;. You
should not include more than the required expression speci-
fying H in your answer. Computations, rough working and
explanations are not required or expected, and should not be
included.]



3. Let 71,72, ...,vm be paths in a topological space X, where v;_1(1) =
7v;(0) for each integer j between 2 and m. Let

UQ, U, U, . ..y Uy, and Vg, V1, Vo, ..., Uy,
be real numbers satisfying

O=uy<ur <us < - <uUy=1

and
D=1y <1 <y <+ < vy =1,
and let
Y= Concatuo,ul,u%..‘,um (’Yl? Y2, .- 7P)/m)
and

n = Concatyy vy vm...om (V15 V25« -+ s Yim)-

Write down an expression that specifies a homotopy K between the
paths v and 7 which satisfies all the following properties: K (t,0) = ()
and K(t,1) = n(t) for all t € [0,1]; also K(0,7) = v(0) = n(0) and
K(1,7) =~(1) = n(1) for all 7 € [0,1]. (Note that the existence of a
homotopy K with these properties ensures that v ~ 7 rel {0,1}.)

[Note: in answering this question, it suffices to write down an
expression that, for each integer ; betweeen 1 and m, deter-
mines the value of K(¢,7) when 0 <7 <1 and

(1 —7)uj—1 + 70500 <t <(1—71)u; + 10,

You should not include in your answer more than the required
expression specifying the value of K in the portion of the
domain of K determined by j as specified above (or in other
appropriate portions of the domain of K if the hint provided is
not followed). Computations, rough working and explanations
are not required or expected, and should not be included.]



4. Throughout this question let 1,72, ...,v, be paths in a topological
space X, where v;_1(1) = 7;(0) for each integer j between 2 and m,
and let ug, uy, us, ..., u, be real numbers satisfying

O=uy<us <ug <---<u,=1.
Also, for each point p of X, let £, denote the constant path at the
p
point p.)

(a) Let w be a real number satisfying ug < w < uy, and let p = ~1(0).
Write down an expression that specifies a homotopy Lo between
the paths

Concatyg w,ur us,...im (Eps Y15 V25 - - - s Ym)

and
Concatyg uy ug,...um (V15 Y25 - - - s Yim)-

(b) Again let w be a real number satisfying ug < w < uy, and let
p = (1) = 72(0). Write down an expression that specifies a
homotopy L; between the paths

Concatuo,w,ul,..‘,um ('717 5}27 Y2, - ;’Ym)

and
Concatuo,ul,,,,,um (71, Y25 - a’Ym)~

(¢) Now let w be a real number satisfying u,, 1 < w < u,, and let p =
Ym(1). Write down an expression that specifies a homotopy L,
between the paths

COnca’tUOful ooy Um —1,W,Um (717 727 Tt f)/m’ E:p)

and
Concatuo,ul,...,um_l,um (715 Y2, - .- 77m)

(d) Now let k& be an integer between 2 and m — 1, let w be a real
number satisfying u,_1 < w < ug, and let p = (1) = 11(0).
Write down an expression that specifies a homotopy L between
the paths

Concatuow,ukq7w7uk,~~~,um (717 <o Yk €py VA1, - - - >7m>

and
Concatyg uy....um (Y1572, -+ -5 Ym)-

[Note: computations, rough working and explanations are not
required or expected, and should not be included.]
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5. Throughout this question let ~1,79,...,7v, be paths in a topological
space X, where v;_1(1) = 7;(0) for each integer j between 2 and m,
and let ug, uy, us, ..., u, be real numbers satisfying

O=ug<uy <ug <--+-<uy=1.

Also, for each point p of X, let ¢, denote the constant path at the
point p.

(a) Let w be a real number satisfying uy < w < uy, and let n: [0, 1] —
X be a path that starts at the point p where p = ~,(0). Write
down an expression that specifies a homotopy M; between the
paths

-1
Concatugw,uy us,...um (M1 5V25 -+ V)

and
Concatuo,ul,m,,,,,um (Sp, Y2, :’Ym)-

(b) Now let w be a real number satisfying u,,—1 < w < u,,, and let
n:[0,1] — X be a path that starts at the point p where p =
Ym—1(1). Write down an expression that specifies a homotopy M,,
between the paths

-1
Concabyg uy....um—1.0.0m (Y15 Ym=1,m,m )

and
Concatuo,ul,m,umfhum (717 V25 75?)'

(c) Now let k be an integer between 2 and m — 1 for which v,_1(1) =
Ye+1(0), let w be a real number satisfying u,_1 < w < wy, and
let 7:[0,1] — X be a path that starts at the point p, where p =
Ye-1(1) = 7%+1(0). Write down an expression that specifies a
homotopy M, between the paths

-1
Concatuo7---7uk—1,w7uk,---7um (’717 s V=111 Vet - - 7’7771)

and
Concatuo,ul,...,um (717 <oy Vhe=15Epy Vh+15 - - - 77m)

[Note: computations, rough working and explanations are not
required or expected, and should not be included.]



6. Let X be a topological space and, given any path «:[0,1] — X, let
On:m (X, (1)) — m(X,a(0)) be the well-defined homomorphism of
fundamental groups which sends the homotopy class [y] of any loop =
based at a(1) to the homotopy class [a.y.a™!] of the loop a.y.a™!,

where

o(3t) ifo<t<y,
(ay.a)(t)=¢ v(Bt—1) if3 <t <2,
a3-3t) if2<t<1

1

(i.e., ay.a™! represents ‘« followed by 7 followed by « reversed’).

In answering the following, you should apply the results of
previous problems included in this assignment if you can see
your way to doing so. Some previous problems, or parts of
problems, are relevant, and some have indeed been devised
with the tasks of this question in mind.

(a) Show that ©,5 = ©, 0 ©4 for all paths @ and f in X satisfying
B(0) = a(1).

(b) Show that ©, is the identity homomorphism whenever « is a con-
stant path.

(c) Let o and n be paths in X satisfying a(0) = 7(0) and a(1) = n(1).
Suppose that a >~ n rel {0,1}. Show that ©, = ©,,.

(d) It has been proved (in course notes) that
Ou: (X, (1)) — m (X, (0))

is an isomorphism for all paths a in X. (This shows that, up to
isomorphism, the fundamental group of a path-connected topolog-
ical space does not depend on the choice of basepoint.) Explain
briefly how this follows from the results of earlier parts of this
question and/or other problems included in this assignment.



