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1 Mobius Transformations and Cross-Ratios

1.1 Stereographic Projection

Let a sphere in three-dimensional spaces be given, let C' be the centre of that
sphere, let AB be a diameter of that sphere with endpoints A and B, and let
P be the plane through the centre of the sphere that is perpendicular to the
diameter AB. Given a point D of the sphere distinct from the point A, the
image of D under stereographic projection from the point A is defined to be
the point E at which the line passing through the points A and D intersects
the plane P.

B

A

Proposition 1.1 Let S? be the unit sphere in R3, consisting of those points
(u,v,w) of R? that satisfy the equation u* + v* + w? = 1, and let P be the
plane consisting of those points (u,v,w) of R® for which w = 0. Then, for
each point (u,v,w) of S% distinct from the point (0,0, —1), the straight line
passing through the points (u,v,w) and (0,0, —1) intersects the plane P at
the point (z,y,0) at which

u v

* w+1 ane -y w+1

Proof Let A = (0,0,—1), D = (u,v,w) and E = (x,y,0). Then the dis-
placements of the points D and F from the point A are represented by the
vectors (u,v,w + 1) and (x,y, 1) respectively. These vectors are parallel be-
cause the points A, D and E are collinear. Consequently




The result follows. |

(0,0,1)

(0,0,—-1)

Definition Let (u,v,w) be a point on the unit sphere distinct from the
point (0,0, —1), where u? + v? + w? = 1, and let (z,y) be a point of the
plane R%. We say that the point (z,y) is the image of the point (u,v,w)
under stereographic projection from the point (0,0, —1) if

u v

and y= :
w+1 w+1

Tr =

Proposition 1.2 FEach point (z,y) of R? is the image, under stereographic
projection from the point (0,0, —1), of the point (u,v,w) of the unit sphere
for which

2z 2y l—2—y
V=" UV=—""— = —.
1422 +y? 1422 +y? 1422 +y?

This point (u,v,w) is distinct from the point (0,0, —1).

Proof Given a point (z,y) of R?, the straight line passing through the points
(0,0,—1) and (x,y,0) is not tangent to the unit sphere, and therefore inter-
sects the unit sphere at some point distinct from (0,0, —1). It follows that
every point of R? is the image, under stereographic projection from (0,0, —1),
of some point of the unit sphere distinct from the point (0,0, —1).



Let (x,y) be the image, under stereographical projection from the point
(0,0,—1), of a point (u,v,w), where u*> +v?> + w? =1 and w # —1. Then

U v
Tr = s y:
w+1 w+ 1
It follows that
s o ur40? l—w? 1-w

(w+1)?2 (w+1? w+l

It follows that
w(@? +y*) +2* +y° =1-w,

and therefore

1_1.2_3/2
T Ty
But then ) )
1+w:1—i—1_m Y- 2

1+a2+y?  1+a2+y?
and therefore

2z
pu— 1 = —-———
u (14+w)x e
2y
= (1 = .
v (1+w)y 1+22+9y?
Conversely if
2z 2y q 1— a2 —q?
U=——-— v=——"—— and w=-—--—"—.
L+ a2+ 92 1L+ 22+ 92 1+ 22 492
then A2 4 12 2, 2)2
1— 22—
w4+ w? = (=° +y°) + ( z* —y°) —1,
(1 + 22 + y?)?
because

4@+ + (1 —2” —y?)°
= 4"+ ) +1 -2 +y°) + (2 + )
= 1+42(2* + %) + (2% + ¢*)?
= (et )
Also w > —1 and

u v
d y= .
and vy o1

Tr =
w—+1

The result follows. |}



1.2 The Riemann Sphere

The Riemann sphere P! may be defined as the set C U {oo} obtained by
augmenting the system C of complex numbers with an additional element,
denoted by oo, where oo is not itself a complex number, but is an additional
element added to the set, with the additional conventions that

z 00
z+00=00, owWX00=00, —=0 and — =00
00 z

for all complex numbers z, and
Z X 00 = 00, and — =00

for all non-zero complex numbers z. The symbol oo cannot be added to, or
subtracted from, itself. Also 0 and oo cannot be divided by themselves.

Note that, because the sum of two elements of P! is not defined for every
single pair of elements of P!, this set cannot be regarded as constituting a
group under the operation of addition. Similarly its non-zero elements cannot
be regarded as constituting a group under multiplication. In particular, the
Riemann sphere cannot be regarded as constituting a field.

The following proposition follows directly from Proposition 1.2.

Proposition 1.3 Let 0: P! — R3 be the mapping from the Riemann sphere
P! to R? defined such that o(o0) = (0,0,—1) and

a(x—{—y\/—_l):( 2 2 1—x2—y2)

L+ a2+ 92 1+a24+y? 1422 +y?

for all real numbers x and y. Then the map o sets up a one-to-one corre-
spondence between points of the Riemann sphere P! and points of the unit
sphere S% in R3. To each point of the Riemann sphere P! there corresponds
exactly one point of the unit sphere S? in three-dimensional Euclidean space,
and vice versa. Moreover if (u,v,w) is a point of the unit sphere S* distinct
from (0,0, —1) then (u,v,w) = o(x +y+/—1), where

u v
and y = .
w+1 w+1

r =

1.3 Mobius Transformations

Definition Let a, b, ¢ and d be complex numbers satisfying ad — bc # 0.
The Mdbius transformation pp.q: P' — P! with coefficients a, b, ¢ and d is



defined to be the function from the Riemann sphere P! to itself determined
by the following properties:

az+b
cz+d

,ua,b,c,d(z) =

for all complex numbers z for which cz +d # 0; papca(—d/c) = oo and
Paped(0o) =afcif ¢ # 0; papea(oo) = oo if ¢ = 0.

Note that the requirement in the above definition of a Mobius transfor-
mation that its coefficients a, b, ¢ and d satisfy the condition ad — bc # 0
ensures that there is no complex number for which az +b and ¢z +d are both
Zero.

Let A be a non-singular 2 x 2 matrix whose coefficients are complex

numbers, and let
a b
A= ( o b ) |

We denote by p4 the Mobius transformation fiqp,.q With coefficients a, b, c,
d, defined so that

az+b
if d # 0;
ha(s) = o d if cz+d #0;
00 if c#0and z = —d/c;
a
Y :
jia(co) = {c ?07&0,
oo ifc=0.

The following result exemplifies the reason for representing the coefficients
of a Mobius transformation in the form of a matrix.

Proposition 1.4 The composition of any two Médbius transformations is a
Moébius transformation. Specifically let A and B be non-singular 2 X 2 matri-
ces with complex coefficients, and let pa and pp be the corresponding Mdbius
transformations of the Riemann sphere. Then the composition pa o ug of
these Mdobius transformations is the Mébius transformation pap of the Rie-
mann sphere determined by the product AB of the matrices A and B.

. aq b1 o a2 b2
A_<cl d1> and B_(02 dg)’

. as bg
(5

5

Proof Let

and let



Then
a3 = a1as + b1027 bg = CL1b2 + bldg,

C3 = C109 + d102 and d3 = Clbg + dldg.

The definitions of Mobius transformations determined by non-singular
2 x 2 matrices ensure that

( a1z + bl

Z) = ———

Ha c1z + d1
whenever ¢;z + d; # 0 and

( asz + bQ

Z) = —=

#iB Ccoz + dg

whenever coz + doy # 0.
First suppose that z is a complex number for which c3z 4+ dy # 0. Then

(al,uB(z) + b]_)(CQZ + dQ) = al((IzZ + bz) + bl(CQZ + dg)

azz + bz,

(CLU,B(Z> + dl)(CQZ + dz) = Cl<a22 + bg) + dl(CQZ + dg)
= 32 +ds.

It follows that if coz + dy # 0 and ¢y up(2) + di # 0 then

CL1,U,B(Z> + b1 . asz + b3
CLLLB(Z) +d1 CgZ+d3

pa(ps(2)) =
If cyz +dy # 0 but c1up(z) +dy = 0 then ¢z + d3 = 0 and

pa(ps(z)) = 00 = pap(2).

We conclude that pa(pup(z)) = pap(z) for all complex numbers z satisfying
Coz 4 doy # 0.

Next suppose that z is a complex number for which cyz 4+ dy = 0. Now
the definition of Mdbius transformations requires that asds — bocy # 0. It
follows that ¢y and dy cannot both be equal to zero. Thus if coz+dy = 0 then
either z = dy = 0 and ¢y # 0 or else z, ¢ and dy are all non-zero. Thus, in all
cases where cyz + dy = 0, the coefficient ¢y of the Mobius transformation is
non-zero and z = —ds/cy. Also the equations asz 4+ by = 0 and coz + dy = 0
cannot both be satisfied, because asds — bycy # 0, and therefore asz + by # 0.



Now the equations determining as, b3, c3 and d3 ensure that if coz + dy = 0
then
ca(azz +b3) = —dsaz + cobs
= cy(arby + bidy) — do(ayas + bics)
= al(b202 - a2d2)
= ajce(agz + by)
co(csz +ds) = —dacs + cads
= ca(c1by + didy) — da(crag + dicy)
= 01(5202 - Cl2d2)
= cieo(azz + by),
and therefore
azz + by = aj(asz + by) and c3z+ dz = c1(asz + by),
Thus if coz + dy = 0 and ¢; # 0 then c3z + d3 # 0 and
asz +bs

pap(z) = et ds o fa(00) = pa(pp(z)).

And if coz + dy = 0 and ¢; = 0 then c3z + d3 = 0 and

pap(z) = 00 = pa(00) = pa(ps(z2)).
Thus pap(z) = pa(ps(2)) in all cases for which coz + dy = 0.
It remains to show that pap(oo) = pa(pup(00)). If co # 0 (so that
pp(00) = ay/ce) and ¢ pp(00) + dy # 0 then
~a1pp(00) +bi apag +bicy  as

_ — = = = 00).
cipp(oo) +dy  clas +dica ¢ tap (o)

pa(pp(00))

If ¢a # 0 and ¢y up(00) + ds = 0 then ¢35 = cras + dyca = 0, because pp(o0o0) =
as/ce, and therefore

pra(pp(00)) = 00 = pap(co).

If ¢; = ¢; = 0 then pp(co) = oo and therefore

1a(pp(00)) = pa(00) = 00 = piap(c0).
If g = 0 and ¢; # 0 then a3 = ajas, cg = ciay and ay # 0 (because
asdy — byce # 0), and therefore
a;  a
pa(up(00)) = pra(c0) = — = = = puap(c0).
€1 ]
We conclude that pa(pp(00)) = pap(oo) in all cases. This completes the
proof. |



Corollary 1.5 Let a, b, ¢ and d be complex numbers satisfying ad — bc # 0,
and let ua,b,c,d:IP’l — P! denote the Mébius transformation of the Riemann
b
sphere P! defined such that pgpeq(z) = az—l—d if z € C and cz +d # 0,
cz

/fla,b,c,d(_d/c) = 00 and :ua,b,c,d<oo) = CL/C Zf C % 0; and :ua,b,c,d(oo) = o Zf

¢ = 0. Then the mapping ,ua,b,c,d:IP’l — P! is invertible, and its inverse is
dz—b
a—cz

if z€ Canda—cz #0, ptg—p—cala/c) = 00 and pig_p—cq(00) = —d/c if

c#0, and jg_p—cqa(00) =00 if ¢ = 0.

the Mobius transformation pig_p —cq: Pt — P, where pg_p —ca(z) =

Proof If the coefficients a, b, ¢ and d of a Mdbius transformation are all
multiplied by a non-zero complex number then this does not change the
Mobius transformation represented by those coefficients. It follows that we
may assume, without loss of generality, that ad — bc = 1. Let

a b
a=(eu)
1 d —b
A _(_C )

The result therefore follows directly on applying Proposition 1.4. |}

where ad — bc = 1. Then

1.4 Inversion of the Riemann Sphere in its Equatorial
Circle

Let S? denote the unit sphere in R3, defined so that
S? = {(u,v,w) € R* : u® +v* + w® = 1},

and let us refer to the points (0,0,1) and (0,0, —1) as the North Pole and
South Pole respectively. Let E denote the Equatorial Plane in R3, consisting
of those points whose Cartesian coordinates are of the form (z,y,0), where
x and y are real numbers.

Stereographic projection from the South Pole maps each point (u, v, w)
of the unit sphere S? distinct from the South Pole to the point (z,v,0) of
the equatorial plane E for which

Uu v
d y= :
S S

Tr =
w+ 1



Moreover a point (z,y,0) of the Equatorial Plane E is the image under
stereographic projection from the South Pole of the point (u,v,w) of the
unit sphere S? for which

2 2y 1— a2 —q?
v=— v=— w=——
1422 + ¢ 1422 + 42 1422+

We can also stereographically project from the North Pole. Note that,
given a point in the Equatorial Plane, reflection in that Equatorial Plane will
interchange the points of the sphere corresponding to it under stereographic
projection from the North and South Poles. Thus a point (u,v,w) of the
unit sphere S? distinct from the North Pole corresponds under stereographic
projection to the point (z,y,0) of the Equatorial Plane F for which

(%

u
r=-—— and y=

1—w 1—w’

In the other direction, a point (x,y, 0) of the Equatorial Plane E corresponds
under stereographic projection from the North Pole to the point (u,v,w) of
the unit sphere S? for which

2 2y 22 +y?—1

U=———, v="———8,  w=-—"——,

1+ 224 y? 1+ 22 4 y?’ 1+ 22 4 o2
Proposition 1.6 Let O denote the origin (0,0,0) of the Equatorial Plane E,

where

E={(r,y,2) €eR*: 2 =0},
and let A be a point (x,y,0) of E distinct from the origin O. Let C be the
point on the unit sphere S? that corresponds to A under stereographic pro-
jection from the North Pole (0,0,1), and let B be the point of the Equatorial

Plane E that corresponds to C' under stereographic projection from the South
Pole. Then B = (p,q,0), where

o )

=——— and = .
p x2+y2 q x2+y2

Thus the points O, A and B are collinear, and the points A and B lie on the
same side of the origin O. Also the distances |OA| and |OB| of the points A
and B from the origin satisfy |OA| x |OB| = 1.

Proof Let (z,y,0) be a point of the Equatorial plane E distinct from the
origin. This point is the image, under stereographic projection from the
North Pole (0,0,1) of the point (u,v,w) of the unit sphere S? for which

2 2y 2 +y?—1
v=——-, v=——- Ww=-——"-7.
L+ 22+ 92 L+ 22+ 92 1+ 22 492

9



This point then gets mapped under stereographic projection from the South
Pole to the point (p, ¢,0) of the Equatorial Plane E for which

U and v
= — 1l == .
p w+ 1 g w+1
Now 042 )
walo 2274y
14 22 +w?
It follows that
x Yy
PEmryg M T aEe

Finally we note that O, A and B are collinear, where 0 = (0,0,0), A =
(x,y,0) and B = (p, ¢,0), and the points A and B lie on the same side of the
origin O. Also

1
|OA| = /224 y?, and |OB|=——=,

r? + y?
and therefore |OA| x |OB| = 1, as required. ||

1.5 The Action of Mobius Transformations on the Rie-
mann Sphere

Proposition 1.7 Let py, pa, p3 be distinct points of the Riemann sphere P!,
and let q1,qo,qs also be distinct points of P'. Then there exists a Mobius
transformation p:P* — P! of the Riemann sphere with the property that

Proof The composition of any two Mobius transformations of the Riemann
sphere P! is itself a Mobius transformation of P! (Proposition 1.4). Also the
inverse of any Mobius transformation of the Riemann sphere is itself a Mobius
transformation (Corollary 1.5). It follows that the M&bius transformations
of the Riemann sphere constitute a group under the operation of composition
of transformations.

Next we note that permutation of the elements 0, 1 and oo of the Riemann
sphere can be effected by a suitable Mobius transformation. Indeed the
Mobius transformation z — 1 — z transposes 0 and 1 whilst fixing oo, and
the Mobius transformation z — —1/(z — 1) cyclicly permutes 0, 1 and oco. It
follows that any permutation of 0, 1 and co may be effected by the action of
some Mobius transformation.

Next we show that there exists a Mobius transformation p;: P! — P! with
the property that ui(p1) = 0, p1(p2) = 1 and py(p3) = oo. Suppose first that

10



at least one of the distinct points pi, pa, p3 of P! is the point co. Because we
have shown that there exist Mobius transformations permuting 0, 1 and oo
amongst themselves, we may assume in this case, without loss of generality,
that p3 = 0o. Let p1 = z; and py = 29, where z; and z5 are complex numbers,

and let
z— 2

p(z) = v — 21

Then ju(p1) = pi(z1) = 0, p(p2) = pa(z2) = 1 and pi(o0) = co. The
existence of the Mobius transformation pq has thus been verified in the case
where at least one of py, pa, p3 is the point oo of the Riemann sphere.

Next we consider the case where p; = z; for j = 1,2, 3, where 21, 29, 23 are
complex numbers. In this case let p; be the Mobius transformation defined
so that
(z — 21)(22 — 23)

(z — 23)(22 — 21)

for all complex numbers z. Then pi(p1) = p1(z1) = 0, pi(p2) = pi(z2) =1
and p1(p3) = p1(z3) = 0o. We conclude therefore that, given any distinct
points p1, pa, p3 of the Riemann sphere, there exists a Mobius transformation
1 of the Riemann sphere for which py(p1) =0, pi(p2) = 1 and ps(p3) = .

Now let q1, g2, q3 also be points of the Riemann sphere that are distinct
from one another. Then there exists a Mdbius transformation ps with the
property that ps(q1) = 0, pa(g2) = 1 and pa(gs) = co. Let u: P! — P! be
the Mobius transformation of the Riemann sphere that is the composition
piy " o g of py followed by the inverse of pa. Then u(p;) = g; for j =1,2,3,
as required. |}

pa(z) =

Proposition 1.8 Let ay, by, c1, di, as, by, co and dy be complex numbers
satisfying ardy # bicy and asdy # baco, and let py and po be the Mobius
transformations of the Riemann sphere defined so that

a1z + by Gz + by

cz+dy’ ez +dy

for all complex numbers with c1z+dy # 0 and cazo+ds # 0. Then the Mobius

transformations py and ps coincide if and only if there exists some non-zero
complex number such that as = Aay, by = \by, co = Acy and dy = Mdy.

pa(z) = p2(2)

Proof Clearly if there exists a complex number A with the stated properties
then the Mobius transformations p; and ps coincide.

Conversely suppose that there is some Mobius transformation p of the
Riemann sphere with the property that

a1z + b1 a9z + bg
Z) = =
H Cc12 + dl CoZ + d2

11



whenever ¢1z + dy # 0 and ¢z + dy # 0.

First consider the case when ¢; = 0. Then no real number is mapped by
1t to the point co of the Riemann sphere “at infinity” and therefore c; = 0.
But then d; # 0, dy # 0, by/dy = by/ds and ay/dy = ay/dy. Therefore if we
take A = dy/d; in this case we find that A\ # 0, as = Aay, by = Aby, ¢o = Ay
and dy = Ady. The existence of the required non-zero complex number A has
therefore been verified in the case when ¢; = 0.

Suppose then that ¢; # 0. Then ¢y # 0 and p(—dy/c2) = 0o = p(—dy/c1).
Let A = ¢y/cy. Then dy/dy = A. It then follows that

agz 4 by = (coz + da)pu(2) = Merz + dy)p(z) = a1z + b

for all complex numbers z distinct from —d;/c;, and therefore a; = Aa; and
by = Ab;. The result follows. |}

Proposition 1.9 Any Mobius transformation of the Riemann sphere maps
straight lines and circles to straight lines and circles.

Proof The equation of a line or circle in the complex plane can be expressed
in the form ~
glz)* + 2Re[bz] + h = 0,

where g and h are real numbers, and b is a complex number. Moreover a
locus of points in the complex plane satisfying an equation of this form is a
circle if g # 0 and is a line if g = 0.

Let g and h be real constants, let b be a complex constant, and let z =
1/w, where w # 0 and w satisfies the equation

glw|? + 2Re[bw] + h = 0,
Then B

glw* + bw + bw + h = 0,
Then

g+ Re[bz] + hl|z|* = g+bz+ bz + h|z|?

1 , -
= W(g|w| +bw + bw + h) = 0.
We deduce from this that the Mdbius transformation that sends z to 1/z for
all non-zero complex numbers z maps lines and circles to lines and circles.
Let p: P! — P! be a Mobius transformation of the Riemann sphere. Then
there exist complex numbers a, b, ¢ and d satisfying ad — bc # 0 such that

()

_az—i—b
ez +4d

12



for all complex numbers z for which ¢z 4+ d # 0. The result is immediate
when ¢ = 0. We therefore suppose that ¢ # 0. Then

az—}—bia ad—bc>< 1
cz+d ¢ c cz+d

p(z) =

when cz + d # 0. The Mobius transformation p is thus the composition of
three maps that each send circles and straight lines to circles and straight
lines and preserve angles between lines and circles, namely the maps
1 a ad — bc)z

z+—cz+d, z+— — and zH——Q.
z c c
Thus the Mobius transformation g must itself map circles and straight lines
to circles and straight lines, as required. |}

1.6 Cross-Ratios of Points of the Riemann Sphere

Definition The cross-ratio (21, z2; 23, z4) of four distinct complex numbers
21, 2o, 23 and z4 is defined so that

o o) = (23 — 21)(24 — 22)
(21’ s 4) (2’3 - 22)(24 - 2’1)'

In addition (00, 29; 23, 24) is defined, when 25, z3 and z4 are distinct, so that

24 — 22

(00722;237Z4) = )
Z3 — 29

(z1,00; 23, z4) is defined, when z;, z3 and z4 are distinct, so that

23— 21

(21700;23724) = )
24— 2

(21, 29; 00, z4) is defined, when z;, z5 and z, are distinct, so that

24 — 22

(217Z2;Oovz4) = )
24— 2

and (z1, 29; 23, 00) is defined, when 21, 2, and z3 are distinct, so that

23 — 21

(21, 225 23, 00) = "

13



These definitions ensure that the cross-ratio of any four distinct points
on the Riemann sphere P! is always defined, and that

lim (21,22,23,24) = (OO 227237754)7
Z1—00
lim (21, 20523, 21) = (21,005 23, 24),
Z2—>00
lm (21, 22523, 24) = (21, 22;00,24),
23—00
lim (21,22,23,24) = (2’1,22,237 )
Z4—>00

whenever the three complex numbers distinct from oo occurring in the rele-
vant cross-ratio are distinct from one another.

We now show that, given four distinct elements pi, ps, p3, ps of the
Riemann sphere, the value of the cross-ratio (p1, p2; p3, ps) taken with respect
to any one particular ordering of those four elements determines the value of
the cross-ratio taken with respect to any other ordering of those elements.

Proposition 1.10 Let py, po, p3 and py be distinct elements of the Riemann
sphere P, and let ¢ = (p1,p2; 3, pa). Then

o (p1,p2;D3, 1), (D2, 01304, D3), (P35 D45 D1,D02), (Pa, P3; P2, p1) are all equal
to q;

(pl,lpz;m,ps), (p2>p1;p3>P4); (P47p3;p17p2); (p3,p4;p2,p1) are all equal

to —.
q

(p17p3;P27P4)7 (P3>P15P4>P2); (pg,p4;p1,p3), (p4,p2;p3,p1) are all equal
to1l—gq;

(p1, p4;{)2,p3), (pa, 1303, D2), (P2, D331, P4), (D3, P25 pa, 1) are all equal
to -
q

(pl,pi;m,pz); (p3, D13 D2, D4)s (P> P25 1, D3), (P2, Pa;p3,01) are all equal

to

)

I—gq

14



. (pl,pé;ps,pz); (pas P13 P2, 03)s (P3,D2: D1, D4), (D2, D33 pa, p1) are all equal
to

-1

Proof Let 21, 29, 23 and 24 be distinct complex numbers. Then inspection of
the expression determining cross-ratios involving these four complex numbers
establishes that

(21722;23,24) = (22,21;2’4723) = (23724;21722) = (2472’3;22,21)

when 21, 2o, 23 and 24 are distinct complex numbers. Further inspection
shows that

(OO, 22, 23724) - (227 5 Z47Z3) - (Z37Z4; 00722) - <Z4723; 22700)
. Z4 — 29
N 23 — 29

Making appropriate substitutions in these identities, we find also that

(21,005 23,24) = (00, 21; 24, 23) = (23, 24; 21, 00) = (24, 23; 00, 21)
_ R3 TRl
oz =2z

(21722;00724) = (22721;24700) = (00724;21722) = (24700;22721)
. Z9 — 24
n 21 — %4

and

(21, 223 23,00) = (22,21;00, 23) = (23, 00; 21, 22) = (00, 23 22, 21)
B Z1 — 23
N Z9 — 2’3.

These verifications establish that, given any four distinct elements py, po,
ps and py4 of the Riemann sphere, the cross-ratios (p1, p2; p3, p4), (P2, P1; P4, P3)s

(p3; pa; 1, p2), (P4, P3; P2, 1) are all equal to one another.
Next let z1, 29, 23 and 24 be distinct complex numbers. Then

(24 — 21)(23 — 22) 1
21y %25 %4, 23) = B '
( 1y <2y <4 3) (Z4 . ZQ)(Z?) — Zl) (21,2’2;23724)

Also

23 — 29 1
(00722324723) = = ) )
Z4 — %2 (007'227237’24)
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Z4 — 21 1
(21700;24723) = = . )
23— 2 (21, 005 23, 24)

21 — 24 1
(21722;24700) = = . )
22 — 24 (21722,00724)

29 — 2 1
(21722;00723) = = 8 = .
21 — 23 (21, 225 %23, OO)

It follows from these identities that
1

p17p2;p47p3 = X
( ) (p1, p2; P3, Pa)

for all distinct elements py, ps, p3 and ps of the Riemann sphere P*.
Next note that

(2’2 - 21)(24 - 2’3)
(22 - 23)(24 - Zl)
Z4 — 23 4 zZ3 — 21

(2172:3;22724) —

23— 21)(24 — 22)
29 — 23)( 24 — 2’1)

(
24 — 21 24 — 21 (

(23 — 21) (21 — 22)
(23 — 22) (22 — 21)
= 1— (21, 29; 23, 24)

- 1—

whenever 21, 29, 23 and z4 are distinct complex numbers. Also

. o 24—23_1 24—22_1 24 — 22
(00,23722724) = = =1-
22 — 23 22 — 23 23 — 22
= 1- (OO,ZQ;Z?,,Z4),
Z3 — 24 Z3 — 21 Z3 — 21
(21,23;00,24) = =1+ =1-
21 — 24 21 — 24 24 — 21
- 1_ (ZIJOO;Z37Z4)J
. . Z2—Z1_1 22—24_1 22 T 24
(217007227'34) - - — -
Z4 — 21 Z4 — 21 21 — 24
= 1- <21a22;00a24)a
21 — 22 21 — 23 21 — 23
(21,23} 22,00) = =1+ =1-
Z3 — 22 23 — 22 22 — 23

= 1— (21, 22; 23,00).

It follows from these identities that

(p1, P33 P2, pa) = 1 — (P1, P2; D3, Pa)
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for all distinct elements py, ps, p3 and ps of the Riemann sphere P*.

The remaining identities follow by repeated substitution in those already
established. Indeed let py, p2, p3 and ps be distinct elements of the Riemann
sphere, and let ¢ = (p1, po; p3, p4). We have established that

(p2, P15 p1, P3) = (P3, P45 1, P2) = (Pa, D3 P2, P1) = G,
1
(p1, D2, Pa; p3) = 7
(p17p37p27p4) =1- q,
Straightforward substitutions in these identities yield the identities

1
<p27p17p37p4> = (p47p37p17p2) = (p37p47p27p1) = 5

and
(P3, 01, D1, D2) = (D2, D1, 01, 03) = (Pa,D2,03,01) =1 —q.
Furthermore

(p1>p4;P27P3) = 1—(2917192;]947193)
1 -1
- 1--=1-
q q
and therefore
qg—1
(P4, P1, D3, P2) = (P2, P3, D1, Pa) = (3, P2, P4, 1) = o
Also
( ) 1 1
P1,DP3; P4, P2 = ==
(p1,p3;p2,pa) 1 — (P1, p2; P3, Pa)
1
- 1__(]’
and therefore
1
(p3, P15 P2, Pa) = (Pa, P2, 1, P3) = (D2, P4, D3, P1) = =g
Finally
(propiips ) = L= (o paiprops) =1 = =
P1,P45P3,P2) = P1,DP3,P4,P2) = 1_(] - q_17

and therefore
q
(1, p1; P2, p3) = (P3,p2; P1,Pa) = (P2, P3i Pas 1) = Pt

All the required identities have now been verified. |
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Lemma 1.11 Let py, pa, p3 and py be distinct elements of the Riemann
sphere P1. Then (p1, p2;ps,pa) # 1.

Proof Let z1, 2o, 23 and z4 be complex numbers. Then

(23 — 21)(21 — 22) — (23 — 22) (21 — 21)
—Z124 — 2329 + 2321 + 2224
(20 — 21)2a + (21 — 22)23

= (20— 21)(24 — 23).

It follows that if zq, 29, 23 and z4 are distinct then

(23 — 21)(2a — 22) # (23 — 22) (22 — 21),

and therefore (21, 29; 23, 24) # 1. Furthermore, examination of the expressions
defining (p1, pa; p3, p4) in cases where exactly one of py, ps, p3 and py4 is equal
to oo and the rest are distinct complex numbers shows that (py, pe; ps, ps) # 1
in these cases also. The result follows. |}

Proposition 1.12 Let py, po and p3 be distinct elements of the Riemann
sphere, and let w be a complex number distinct from 0 and 1. Then there
exists a unique element py of the Riemann sphere distinct from p1, ps and ps

for which (p1,p2,ps,ps) = w.

Proof First suppose that p; = 21, po» = 20 and p3 = 23, where z1, 25 and 23
are distinct complex numbers. In the case where

21 — 23

= w’
Z9 — 23
the identity (p1, pa, ps, p4) = w is satisfied when py = co. Moreover, in this

case,
2 — 24

(Z17227Z3724> =w
21 — 24

and z; # z, and consequently there is no complex number z; for which
(21, 29; 23, 24) = w. Therefore, in the case under consideration, the identity
(p1, P2, p3, P4) = w is satisfied if and only if py = occ.

Now suppose that
Z1 — 23

w.
2 — 23

Then the equation (z1, z9; 23, p4) = w is not satisfied when p; = oo, and we
must therefore show the existence of a unique complex number z; for which

18



(21, 22; 23, 24) = w. We must therefore determine a complex number z; for
which

24 — 22
=k,

24 — 21
Z3 — 22

k=w .
23— 2

Note that the value of k is then distinct from both 0 and 1 in the case we
are considering.

Now the required equation is satisfied if and only if z4 — 20 = kzy — k2y.
The equation (z1, 29; 23, 24) is therefore satisfied if and only if

9 — kZl

1—k

Z4 =

Moreover, when this equation is satisfied, z; cannot be equal to z;, because
21 — 29 # 0. Also z4 cannot be equal to 2y, because k(z2 — z1) # 0. And 24
cannot be equal to z3 because

23— 2y F k(z3 - 2’1)-
The result follows. |

We have defined the value of the cross-ratio (p1, p2; p3, p4) in all cases where
p1, P2, p3 and py are distinct elements of the Riemann sphere. This cross-
ratio itself may be regarded as an element of the Riemann sphere. The value
of the cross-ratio (p1,p2;ps, ps) cannot equal 0, 1 or oo in any case where
p1, P2, p3 and py are distinct. The definition of cross-ratio can be extended
in a natural fashion to define (p1,p2;p3,ps4) in cases when exactly two of
the elements pq, ps, p3, p4+ of the Riemann sphere coincide with one another
and are distinct from the other elements in the list, those other elements
also being distinct from one another. Moreover, in view of the identities
established in Proposition 1.10, it suffices to determine the appropriate value
of the cross-ratio (p1, pa, 3, p4) in cases where p1, py and ps are distinct from
one another and p4 coincides with py, ps or ps.

So now let z1, 29 and z3 be distinct complex numbers. If z is a complex
number distinct from zq, 25 and z3 then

(23 — 21)(2 — 29)
(23— 22)(z — 21)

(Zla 225 23, Z) =

We should ensure, if possible, that the cross-ratio (z1, z2; 23, ) is a continuous
function of z on the Riemann sphere. Accordingly we should define

(21,225 23,22) =0, (21,22, 23,23) = 1
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and
<Z17 225 %3, Zl) = Q.

The function from the Riemann sphere to itself that sends each element p of

the Riemann sphere to (21, 22; 23, p) is then the unique Mobius transformation

of the Riemann sphere that sends z;, 29 and 23 to oo, 0 and 1 respectively.
Next we note that if z is a complex number distinct from 2z, and z3 then

Zz — Z
(00722;2372) = 2

23 — 29 )
To ensure continuity of the cross-ratio, we should therefore define
(00722;23700) = o0, (OanQ;Z?nZQ) =0

and
(00, 22; 23, 23) = 1.

The function from the Riemann sphere to itself that sends each element p of

the Riemann sphere to (00, z2; 23, p) is then the unique Mobius transformation

of the Riemann sphere that sends oo, z5 and z3 to co, 0 and 1 respectively.
In a similar fashion, if z is a complex number distinct from z; and z3 then

Z3 — 21

(21,00;2372) =

z—2z
To ensure continuity of the cross-ratio, we should therefore define
(21,005 23,21) = 00, (21,005 23,00) = 0

and
(Zla o5 23, 23) =1

The function from the Riemann sphere to itself that sends each element p of

the Riemann sphere to (z1, 00; 23, p) is then the unique Mobius transformation

of the Riemann sphere that sends z;, co and z3 to co, 0 and 1 respectively.
Again, in a similar fashion, if z is a complex number distinct from z; and

29 then
Z9 — 2

(21, 29500, 2) = .

21— 2

To ensure continuity of the cross-ratio, we should therefore define
(21,22;00,21) = 00, (21,22;00,22) =0

and
(21,22;00,00) = 1.
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The function from the Riemann sphere to itself that sends each element p of
the Riemann sphere to (21, z9; 00, p) is then the unique Mobius transformation
of the Riemann sphere that sends z;, 25 and oo to oo, 0 and 1 respectively.

The discussion above has established the truth of the following proposi-
tion.

Proposition 1.13 Let pi, py and p3 be distinct elements of the Riemann
sphere, and let the cross-ratio (p1,pe;ps,p) be defined for all elements p of
the Riemann sphere in the natural fashion that ensures that this cross-ratio
depends continuously on p. Then the function from the Riemann sphere to
itself that sends each element p of the Riemann sphere to (p1, pe; ps, p) is the
unique Mobius transformation of the Riemann sphere that sends py, ps and
p3 to oo, 0 and 1 respectively.

Corollary 1.14 Given elements py, p2, ps and q of the Riemann sphere,
where p1, pe and ps are distinct from one another, there exists a unique
element py of the Riemann sphere for which (p1,p2;ps3,ps) = q.

Proof (Corollary 1.5). The result follows immediately on combining the
results of Proposition 1.12 and Proposition 1.13. This result is also an im-
mediate consequence of the fact that every Mobius transformation of the
Riemann sphere is invertible. |

Proposition 1.15 Let py, po and ps be three distinct points of the Riemann
sphere, and let py and pe be Mobius transformations of the Riemann sphere.
Suppose that pn(p;) = pa(p;) for j = 1,2,3. Then the Mébius transforma-
tions py and ps coincide.

Proof Let u3 be the Mobius transformation of the Riemann sphere defined
so that uz(p1) = oo, ps(p2) = 0 and ps(ps) = 1, and let g = pz o iy " o iy
(so that puu(p) = ps(py *(11(p))) for all elements p of the Riemann sphere).
Then py4 is a Mobius transformation that sends p;, ps and ps to oo, 0, 1
respectively. It follows that

pa(p) = (p1,p2; 3, p) = ps(p)

for all elements p of the Riemann sphere (see Proposition 1.13). Thus the
Mébius transformations p3 and i coincide. It then follows that ;' (p1(2)) =
z for all complex numbers z, and therefore ps(z) = 1 (2) for all complex num-
bers z. Thus the Mobius transformations p; and sy coincide, as required. |}
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Proposition 1.16  Let py, pe, p3, ps be distinct elements of the Riemann
sphere PY, and let q1,qo, g3, qs also be distinct elements of P'. Then a nec-
essary and sufficient condition for the existence of a Mdbius transformation
w: Pt — P! of the Riemann sphere with the property that u(p;) = q; for
1 =1,2,3,4 is that

(P1, P2 P3, Pa) = (q1, 25 G35 Qu)-

Proof Let u;: P! — P! and pp: P! — P! be the functions from the Riemann
sphere P! to itself defined such that

pa(pr) =00, pi(p2) =0, pi(ps) =1,

po(qr) =00, po(ge) =0, po(gs) =1,
p1(p) = (p1,p2;ps,p) for all p € P\ {p1, p2, p3},

p2(p) = (q1, 25 q3,p)  for all p e P\ {q1, g2, 43}

Then py: P! — P! and py: P! — P! are Mobius transformations of the Rie-
mann sphere (Proposition 1.13).

Now the composition of any two Mobius transformations of the Riemann
sphere P! is itself a Mobius transformation of P! (Proposition 1.4). Also the
inverse of any Mobius transformation of the Riemann sphere is itself a Mobius
transformation (Corollary 1.5). Let the function u:P' — P! be defined so
that 1 = p15* o t1. Then p is the function obtained by composing the Mébius
transformation gy with the inverse of the Mobius transformation po, and
is thus itself a Mobius transformation. Moreover p;(p) = po(p(p)) for all
elements p of the Riemann sphere P!. In particular

p2(p(p1)) = pa(pr) = o0 = pa(qr),
p2(p(p2)) = pi(p2) = 0= p2(q),
pa(p(ps)) = pa(ps) = 1= pa(gs).

It follows from the invertibility of the Mobius transformation ps that pu(p;) =
q; fori=1,2,3.

Now 1 is the unique Mobius transformation that maps p; to g; for i =
1,2, 3. It follows that if there exists a Mobius transformation which sends p;
to g; for @ = 1,2, 3,4, then this Mdbius transformation must coincide with
the Mobius transformation p. Thus there exists a Mobius transformation
mapping p; to ¢; for j = 1,2,3,4 if and only if u(ps) = ¢gs. Moreover
(1(pa) = qa if and only if po(pu(pa)) = p2(qa). But

p2(p(pa)) = p1(pa) = (P1, P2 P3, P4)
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and
pa(qa) = (41,925 3, qu)-

It follows that there exists a Mobius transformation mapping p; to ¢; for
j=1,2,3,4if and only if

(p17p2;p37p4) = (Q17 q2; 43, q4)a

as claimed. |}

Proposition 1.17 Four distinct complex numbers z1, z3, z3 and z4 lie on
a single line or circle in the complex plane if and only if their cross-ratio
(21, 22; 23, 24) 1S a real number.

Proof Let p: P! — P! be the Mobius transformation of the Riemann sphere
defined such that pu(p) = (21,29;23,p) for all p € P. Then pu(z;) = oo,
i(z2) = 0 and p(z3) = 1. Mobius transformations map lines and circles to
lines and circles (Propostion 1.9). It follows that a complex number z distinct
from z1, 2z and z3 lies on the circle in the complex plane passing through the
points z1, 2o and z3 if and only if p(2) lies on the unique line in the complex
plane that passes through 0 and 1, in which case u(z) is a real number. The
result follows. |}

1.7 Cross-Ratios and Angles

We recall some basic properties of the algebra of complex numbers. Any
complex number z can be written in the form

z = |z| (cosf + v/ —1sinb)

where |z| is the modulus of z and 6 is the angle in radians, measured anticlock-
wise, between the positive real axis and the line segment whose endpoints
are represented by the complex numbers 0 and z. Moreover

1
=cosa —+v—1 sin«

cosa++/—1 sin«

and

(cos a4+ v/—1 sina)(cos f + v/—1 sin j3)
= cos(a+ B) +v—1 sin(a + )

for all real numbers o and /3.
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Proposition 1.18 Let zy, 23, 23 and z4 be distinct complexr numbers lying
on a circle in the complex plane, listed in anticlockwise around the circle.
Then the angle between the lines joining zo to z4 and zy is equal to the angle
between the lines joining z3 to z4 and 2.

Proof Let a denote the angle between the lines joining 2o to z4 and z;, and
let o’ be the angle between the lines joining z3 to z4 and z;. We must show
that @ = . Now it follows from the standard properties of complex numbers
that

21 — 22 |21—22\

= (cosa+ v/ —1sina),
R4 — 22 |24 — 22|
S - |zl_Z3|(cosa’~|—\/—1sina’).
24 — 23 |24 — 23]

It now follows from the definition of cross-ratio that

. . (21—2’2)(24—23)_21—22 . A1 T 23
(227237217Z4> - — ~
(Zl — 23)(24 — 22) 24 — 29 Z4 — 23
|21 — 22| |24 — 23] . cosat V-1 sina

|21 — 23] |24 — 22|~ coso’ ++/—1sina’

Now
1

_ I i ]
; —— =cosa —V 1sina’,
cosa’ + +/—1lsina

and therefore

cosa + +/—1 sin«

= (cosa++vV—1sina)(cosa’ —+v/—1 sina’
cosa’ 4+ +/—1 sinao/ ( A )

= cos(a —a/) +v/—1sin(a — o).
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Consequently
(20,23;21,24) = |(22,23; 21, 24)|(cos(a — ') + v/ —1 sin(a — a)).

But the cross ratio (29, z3; 21, 24) is a real number, because the complex num-
bers z1, 23, z3 and z4 lie on a circle (see Proposition 1.17), and consequently
a — o/ must be an integer multiple of 7. Also 0 < a < 7 and 0 < o < 7,
and therefore —m < a — o/ < 7. It follows that o« — o/ = 0, and thus a = o/,
as required. |

Proposition 1.19 Let zy, 23, 23 and z4 be distinct complex numbers lying
on a circle in the complex plane, listed in anticlockwise around the circle, let
[ be the angle between the lines joining zo to z3 and z1, and let v be the angle
between the lines joining z4 to z1 and z3. Then B+ v = 7.

zZ2
z3

21

Z4

Proof It follows from the standard properties of complex numbers that

LS R |Zl_z2’(cosﬁ+\/—1sin6),
&3 T %2 |Z3 —22’
BT |23_Z4’(cosv+\/—_lsin7).
21— %4 |2’1 - Z4|

It now follows from the definition of cross-ratio that

(22, 245 2’1723)
(1 —2)(2z3—2z) 21— 2 LB

(21 —24)(23 — 22) 23— 22 21— 24

|21 — 22| |23 — 4] . .
(cos B+ v —1 sin fB)(cosy + vV—1 sin~y)

|21 = 24 |23 — 22

= |(22, 245 21, 23)| (cos(B + 7) + V=1 sin(8 +7)).
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But the cross ratio (29, z4; 21, 23) is a real number, because the complex num-
bers z1, 23, z4 and z3 lie on a circle (see Proposition 1.17), and consequently
B 4 v must be an integer multiple of 7. Also 0 < f < 7 and 0 < vy < 7, and
therefore 0 < 8 + v < 2. It follows that 5 4+ v = m, as required. |}

Proposition 1.20 Let zy, zo and z3 distinct complex numbers lying on a
circle in the complex plane, listed in anticlockwise around the circle. Then
the angle between the lines joining z5 to z3 and z, is equal to the angle between
the line joining z3 to z1 and the ray tangent to the circle at z, that is directed
so that the point zo and the tangent ray lie on opposite sides of the line that
passes through the points zy and z3.

23

1
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Proof Let 8 denote the angle between the lines joining 25 to z3 and z;. Also
let a point z4 be taken on the circle so that zq, 29, z3 and z, are distinct and
moreover the points z; and z4 lie on opposite sides of the line that passes
through z; and z3, and let v denote the angle between the lines joining 24 to
z1 and z3. It follows from Proposition 1.19 that g+ v = 7.

Now suppose that the point z4 moves along the circle towards the point
z1. As the point z4 approaches z; the direction of the chord of the circle
from 2z, to z; approaches the direction of the ray tangent to the circle at
z1 that points into the side of the line through z; and z3 in which 2, lies.
But the angle between the rays joining z4 to z; and z3 remains constant as
z4 approaches z;. Consequently the angle 7' between the tangent ray at z;
pointing into the side of the chord joining z; to z3 and that chord itself is
equal to the angle v. The angle 5’ between the chord joining z; and z3 and
the tangent ray pointing into the side of that chord opposite to z, is then the
supplement of the angle 7/, where v/ = v, and therefore 5’ +~v =7 = g+ .
Consequently 5/ = 8. The result follows. |}
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Proposition 1.21 Let a geometrical configuration be as depicted in the ac-
companying figure. Thus let AC'B and ADB be circular arcs that cut at the
points A and B. Let the line joining points A and B be produced beyond A
and B to E and F respectively. Let AG and AH be tangent to the circular
arcs BCA and BDA respectively at A, where C and H lie on one side of AB
and D and G lie on the other. Also let the lines AC and AD be produced to
K and L respectively. Then the angle GAH is the sum of the angles KCB
and LDB.

Proof Applying results of previous propositions, together with standard ge-
ometrical results, we find that

LGAB = ZACB (Proposition 1.20)
= /FAG = /KCB (supplementary angles)
LADB (Proposition 1.20)
(

/HAB =
= /FAH = /LDB supplementary angles)
= /GAH = /FAG+ FAH
— KCB+ LDB,

as required. |

28



Proposition 1.22 Let two circles in the complex plane intersect at points
represented by complex numbers z1 and z, and let points represented by com-
plex numbers z3 and z4 be taken on arcs of the respective circles joining z;
and zy so that the point representing z3 lies on the left hand side of the di-
rected line from z; and zo and the point represented by the point z4 lies on
the right hand side of that line (as depicted in the accompanying figure).

Zgg_\)

Z4

22

Then

_ |Z3 - 21| |Z4 - Z2|

(cosy+ v —1sinvy),

21,R25 23, %4) =
( ) <39 ) |23—22||Z4—21|
where v 1s the angle between the tangent lines to the two circles at the inter-
section point represented by the complex number z;.

Proof The configuration of the points 21, 2o, 23 and z4 ensures that direction
of the line from z; to z3 is transformed into the direction of the line from z3
to zo by rotation clockwise through an angle « less than two right angles.
Similarly the direction of the line from z; to z4 is transformed into the direc-
tion of the line from z; to zo by rotation anticlockwise through an angle 3
less than two right angles. Basic properties of complex numbers therefore
ensure that

2T ’22_Z3|(cosa—\/—1 sin ).
z3 — %1 |23 — 21
29 — 24 _ ’Z2_Z4|(C08ﬁ+\/—_151n/8)-
24— 21 |24 — 21
Now
cos S+ +/—1sinp

cosa —/—1 sina
(cosa +v/—1 sina)(cos B + v/—1 sin )
= cos(a+ B) + vV—1sin(a + ).
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Moreover the geometry of the configuration ensures that o + 5 = v (Propo-
sition 1.21). Thus

29 — 24 % 23 — 21
24 — 21 Z9 — 23
|22 — 2l |23 — 2|

(cosy + v —1sin~).

|24 — 21|22 — 23]

But
2o — Z4 y Z3 — 21 _ (2'3—21>(Z4_Z2) _ (21,22;22,24).
24 — 21 Z9 — 23 (Zg — ZQ)(Z4 — Zl)

The result follows. |

Example The circles in the complex plane of radius 2 centred on —1 and
1 intersect at the points ++v/3¢, where i = /—1. In this situation, take
21 = —V/3i, 7 =/34, z3=—1 and z = 1. Then

2

21

(—1+V39)(1—V3i)  2+2V3i

(=1 —=V3i)(1+V3i) 2—2V3i
(24 2v/31)?

(2 — 2v/30)(2 + 2V/30)

= %(—1 +V/31)

(21722;23724) —

It follows that (z1, 22; 23, 24) = cosy + /—1 sin~y, where 7 = §7r. Thus the
angle between the tangent lines to the circles at the intersection point z;

is thus 2 of a right angle. This is what one would expect from the basic

3
geometry of the configuration, given that the triangle with vertices zy, z3
and z4 is equilateral and the tangent lines to the circles are perpendicular to

the lines joining the point of intersection to the centres of those circles.
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Proposition 1.23 Let z; and zo be compler numbers representing the end-
points of a circular arc in the complex plane. Also, in the case where the
circular arc lies on the left hand side of the directed line from zy to zo, let
points zz and z4 be taken between z1 and zy on the circular arc and the straight
line segment respectively, and, in the case where the circular arc lies on the
right hand side of the directed line from zy to zo, let points z3 and z4 be
taken between zy and zo on the straight line segment and the the circular arc
respectively. Then

R

(cosy++v—1sinvy),

21, %2, %3, %4) =

( ) |23 — 22| |24 — 1]
where v 1s the angle between the tangent line to the circle at the intersection
point represented by the complex number z, and the line obtained by producing
the chord joining zo and z; beyond z;.

Proof We consider the configuration in which the circular arc lies on the left
hand side of the directed line from z; to z5. In that case the configuration is
as depicted in the accompanying figure. In this configuration the angle made

at z3 by the lines from z; and 2z, is equal to the angle between the chord from
21 to 25 and the depicted tangent line. The complements of those angles are
then also equal to one another; these equal complements have been labelled
~ in the figure.

Also the direction of the line from z3 to 2z is obtained from the direction
of the line from z; to z3 by rotation clockwise through an angle 7 less than
two right angles. It follows that

%2 —R3 |z — 23]

(cosy — V=1 sin7y).

23— 2 B |Z3 —21’
Also the direction of z; — z4 is the same as that of z; — 21, and therefore

22 T 24 |2’2—Z4|

Z4 — 21 B |Z4—21|'
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It follows that

(23 — 21) (21 — 22)

(23 — 22) (24 — 21)
29 — 24 % 23 — %1

(21, 22, 23724) =

Z4 — 21 Z9 — 23
|23 — 21| |24 — 29

= (cosy++v—1sinvy).

|Z3 - 22’ |Z4 - Zl|

We consider now the case in which the circular arc from z; to z5 lies on
the right hand side of the directed line from z; to z5. In this case the complex
numbers z3 and z4 represent points between z; and 25 on the line and the
circular arc respectively, as depicted in the following figure.

Z
z3 2

21
24

In this configuration, the angle sought is the angle ~, which in this case is
equal both to the angle between the depicted tangent line to the circle at z;
and the line that produces the chord joining z, to z; beyond z;. Moreover,
in this case

2T |22 — 2| (cosy + v —1sinv)
24— 21 |z — 2
and
22 — 23 _ \22—23’
zZ3 — 21 ‘23—21"

It follows in this case also that

(23 — 21)(24 — 20)

(23 — 22)(21 — 21)
29 — Z4 % Z3 — 21

<217Z2;Z37'Z4) —

Z4 — 21 Z9 — 23
|23 — 21| |24 — 2

= (cosy + v —1 sin~).

|23 — 2o |24 — 21|

This completes the proof. |}

Proposition 1.24 Let two lines in the complex plane intersect at at point
represented by the complex number z1, and let points represented by z3 and z4
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be taken distinct from z1, one on each of the two lines, where these points are
labelled so that the direction of z3— zy is obtained from the direction of z4— 2z,
by rotation anticlockwise through an angle v less than two right angles. Then

_ A

(cosy + v —1 sin~).

(21700;23724) - |Z4 . le

Proof The cross-ratio in this situation is defined so that

23— 21

(21700;23724) = .
Z4 — 21

Furthermore
23 — X1 |23 — 21

(cosy + v —1 sin~).

za—z | — 2

The result follows directly. |}

Lines in the complex plane correspond to circles on the Riemann sphere
that pass through the point at infinity. With that in mind, it can seen that
Propositions 1.22, 1.23 and 1.24 conform to a common pattern, and show
that, where two curves intersect at a point, each of those curves being either
a circle or a straight line, the angle between the tangent lines to those curves
at the point of intersection may be expressed in terms of the argument of an
appropriate cross-ratio.

Indeed, to determine the angle the tangent lines to two circles on the
Riemann sphere at a point p; where they intersect, one can determine the
other point of intersection p,, a point p3 on one circular arc between p; to
p2, and a point ps on the other circular arc between p; and p,. A positive
real number R and a real number v satisfying —m < 7 < 7 can then be
determined so that

(P1,D2;P3,pa) = R(cosy+ v —1sinvy).

Then the angle between the tangent lines to those circles at the point p; of
intersection, measured in radians, is then the absolute value || of 7.

Proposition 1.25 Mobius transformations of the Riemann sphere P! are
angle-preserving. Thus if two circles on the Riemann sphere intersect at a
point p of the Riemann sphere, and if a Mdbius transformation . maps p to a
point q of the Riemann sphere, then the angle between the tangent lines to the
original circles at the point p is equal to the angle between the tangent lines
to the corresponding circles at the point q, the corresponding circles being the
images of the original circles under the Mdbius transformation.
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Proof The angle between the tangent lines to the original circles at p is
determined by the value of a cross ratio of the form (pq,p2;ps, ps), where
p1 and po are the points of intersection of the original circles, and p3 and
p4 lie on the circular arcs joining p; to ps, with ps on the right hand side
as the circle through ps is traversed in the direction from p; through ps
to po. The angle between the tangent lines to the corresponding circles
at ¢ is determined in the analogous fashion by the value of the cross ratio
(q1,92;q3,qa), where g; is the image of p; under the Mobius transformation
sending the original circles to the corresponding circles. Proposition 1.16
ensures that (p1, pe; ps, pa) = (¢1, 425 g3, q4). The result follows. |
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