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3 The Disk Model of the Hyperbolic Plane

3.1 Inversion of the Riemann Sphere in the Unit Circle

Let D denote the open unit disk in the complex plane C, and in the Riemann
sphere, defined so that

D={zeC:|z| <1}

and let S denote the unit circle in the complex plane C, and in the Riemann
sphere, defined so that
S={ze€C:|z| =1}

We define the inversion ) of the Riemann sphere in the circle S bounding the
open unit disk D to be the transformation of the Riemann sphere defined
so that ©(0) = oo, Q2(c0) = 0 and §2(z) = 1/Z for all non-zero complex
numbers z. Then Q(z) = z for all z € S, and the composition €2 o Q of the
inversion 2 with itself is the identity transformation of the Riemann sphere.
Moreover €2 maps the open unit disk D into the region of the Riemann sphere
that lies outside the unit circle S.

Lemma 3.1 Let p be a Mobius transformation of the Riemann sphere, and
let 2 be the inversion of the Riemann sphere in the unit circle, defined so that
Q(0) = oo, Q(c0) = 0 and Q(z) = 1/Z for all non-zero complex numbers z.
Also let a, b, ¢ and d be complex coefficients determined so that

az+b
cz+d

pu(z) =

for all complex numbers z for which cz +d # 0. Then Qo po is also a
Moébius transformation, and moreover

t+dz

() =

for all complex numbers z € C for which @+ bz # 0 and ¢+ dz # 0.

Proof It follows from the definition of M&bius transformations that there
exist complex numbers a, b, ¢ and d such that

(Z>_az—|—b
a ez +d
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for all complex numbers z for which cz + d # 0. Then

1
a—+b = — 7
= a+ bz c+dz
o) =0 | 5 | =0 ()
C%—i—d

for all z € C for which z # 0, ¢4+ dz # 0 and @ + bz # 0. Also

Qu(R0) = QAu(o0) =2 (%) = =

provided that a # 0 and ¢ # 0,
QU(9(0))) = Qju(0)) = Aoc) =0 when ¢ =0,
Q(20))) = Qp(00)) = A(0) = 00 when a =0,

(o (0(3))-olp(4)) -0

provided that ¢ # 0 and d # 0, and

(o (0(5))-olp (1)) -0

provided that a # 0 and b # 0.

Now the definition of Mobius transformations requires that ad — be # 0.
Consequently ¢ # 0 when d = 0, and a # 0 when b = 0. We have therefore
determined the image of each element of the Riemann sphere under the
composition map 2 o p o €2, and can now conclude that this composition
map o pois indeed a Mobius transformation, and that it is characterized
by the property that

o)

Qu((x) =

for all complex numbers z € C for which @ + bz # 0 and ¢+ dz # 0, as
required. ||

Proposition 3.2 Let u be a Mobius transformation of the Riemann sphere,
let D be the open unit disk in the complex plane, where

D={zeC:|z| <1}

and let Q be the inversion of the Riemann sphere in the unit circle that is

defined so that
Q0) =00, Qoo)=0 and Qz)= i for all z € C\ {0}.
Z

Then the Mobius transformation o maps the unit disk D onto itself if and
only if both of the following two conditions are satisfied:
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(1) Qop=pol;

(i1) there exists at least one z € D for which u(z) € D.

Proof First suppose that the Mobius transformation g maps the unit disk D
onto itself. Let z be a complex number satisfying |z| = 1. Then tz € D
for all real numbers ¢ satisfying 0 < ¢ < 1, and consequently |u(tz)| <
1 for all real numbers t satisfying 0 < t < 1. The continuity of Mobius
transformations then ensures that |u(z)| < 1. Now if it were the case that
|p(2)] < 1 then there would exist w € D for which u(w) = p(z), because
the Mobius transformation g maps the unit disk D onto itself. But this is
not possible, because if it were, then two distinct z and w complex numbers
would be mapped by p to the same complex number, contradicting the fact
that Mobius transformations are invertible transformations of the Riemann
sphere. Thus the Mobius transformation g maps the unit circle into itself.

Now let i = Qopof2. Then [ is a Mobius transformation of the Riemann
sphere (Lemma 3.1). Moreover Q(z) = z and |u(z)| = 1 for all complex num-
bers z satisfying |z| = 1, and therefore fi(z) = u(z) for all complex numbers z
satisfying |z| = 1. Now two distinct M6bius transformations cannot coincide
at three or more points of the Riemann sphere. (see Proposition 1.15). It
follows therefore that it = pu. Consequently Q2 oy = po 2. It now follows
directly that any Mobius transformation that maps the unit disk D onto
itself must satisfy conditions (i) and (ii) in the statement of the proposition.

Conversely, suppose that Mobius transformation p of the Riemann sphere
satisfies conditions (i) and (ii) in the statement of the proposition. Then
Qopu = pofd. Let z be a complex number satisfying |z| # 1. Then Q(z) # z.
It follows that p(2(z)) # p(z), because Mobius transformations are invertible
transformations of the Riemann sphere, and therefore Q(u(2)) # u(z), from
which it follows that |u(z)| # 1. Consequently no complex number belonging
to the open unit disk D is mapped by the Mobius transformation D to a point
that lies on the unit circle. It follows that if one endpoint of a straight line
segment or circular arc contained in the open disk D is mapped by p into D,
then the same must be true of the other endpoint of that straight line segment
or circular arc.

Now the complex numbers belonging to the unit disk D can be joined to
one another by straight line segments. Moreover condition (ii) in the state-
ment of the proposition ensures that at least one complex number belonging
to the unit disk D is mapped by the Mobius transformation p into the unit
disk D. Consequently the unit disk is mapped into itself by the Mobius
transformation .

Moreover if the Mdbius transformation p has the property that oy =
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o ) then
Qoufl:Mflolquolu/fl:Milogolu,oluil:luflog,

and consequently the inverse =1 of the Mobius transformation p also satisfies
(i) and (ii) in the statement of the proposition, and therefore maps the open
unit disk D into itself. It follows that if the Mobius transformation u satisfies
conditions (i) and (ii) then it must map the open unit disk D onto itself, as
required. |

Corollary 3.3 Let u be a Mobius transformation of the Riemann sphere,
and let S be the unit circle consisting of all complex numbers z for which
|z| = 1. Suppose that p(S) C S and that |u(0)] < 1. Then the Mdébius
transformation p maps the open unit disk onto itself. Moreover Qopu = pofl,
where §2 is the inversion of the Riemann sphere in the unit circle S, defined
so that Q(0) = oo, Q(oo) = 0 and Q(z) = 1/Z for all non-zero complex
numbers z.

Proof Let fi = Qo po . Then fi is a Mdbius transformation of the Rie-
mann sphere (Lemma 3.1), and moreover fi(z) = u(z) for all z € S, because
pu(S) C S and Q(z) = z for all z € S. Now two distinct Mobius transforma-
tions cannot coincide at three or more points of the Riemann sphere. (see
Proposition 1.15). It follows that 4 = u, and therefore Q oy = po Q. The
required result now follows on applying Proposition 3.2. |}

Lemma 3.4 Given distinct complex numbers z; and zy, where |z1| = |z9] =
1, there exists a Mobius transformation p of the Riemann sphere mapping
the unit disk D onto itself for which u(z) = —1 and p(z2) = 1.

Proof Choose a complex number z3 distinct from z; and 2, for which |z3] =
1. Then there exists a unique Mobius transformation p; with the properties
that u1(z1) = —1, p1(22) = 1 and py(23) = i. Mébius transformations map
circles to circles, and, given any three distinct complex numbers that are not
colinear, there exists exactly one circle in the complex plane passing through
all three of these complex numbers. Consequently the Mobius transforma-
tion p; must map the unit circle onto itself. If |4;(0)] < 0 let the M&bius
transformation p be identical to pq; if [p1(0)] > 1 or p1(0) = oo let the
Mébius transformation p be defined so that p(z) = 1/p1(2) for all complex
numbers z for which p;(z) # 0. Then g maps the unit circle onto itself,
p(z1) = =1, p(z2) = 1 and |p(0)| < 1. Then u(D) must map the open unit
disk onto itself (see Corollary 3.3). The Md&bius transformation p then has
the required properties. |
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Proposition 3.5 Let a and b be complex numbers satisfying |b| < |a|, and
let v be the Mébius transformation of the Riemann sphere defined so that

b _
wu(z) = Gzt whenever bz +a # 0,
bz+a

pu(=a/b) = oo and (o) = a/b in cases where b # 0 and (o) = oo in
cases where b = 0. Then |u(z)| < 1 whenever |z| < 1, |u(z)] = 1 whenever
lz| = 1, and |u(z)| > 1 whenever |z| > 1 and bz +a@ # 0. Moreover the
Mobius transformation p maps the open unit disk {z € C : |z| < 1} onto
itself.

Proof Calculating, we find that

bz +al> — laz +b]* = (bz+a)(bz+a) — (az +b)(aZ +b)
= |bz)* + |a]* +abz +abz
— la|?|z]* — |b]* —abz —abz
= (la]* = pI*)(1 = |2*) > 0.

Consequently [u(2)| < 1 whenever |z| < 1, |u(2)| = 1 whenever [z = 1 and
\p(z) > 1 whenever |z|] > 1 and bz +a # 0.
Now the inverse p~! of the Mobius transformation p is characterized by

the property that )
1 az —
o) —bz+a

for all complex numbers z for which —bz+a # 0 (see Corollary 1.5). Because
the coefficients of this Mobius transformation ;i ~! have properties analogous
to those of the Mobius transformation p, we can conclude that =t maps the
open unit disk into itself, and therefore ;1 maps the open unit disk onto itself,

as required. |

Corollary 3.6 Let w be a complex number satisfying |w| < 1, and let i, be
the Mdébius transformation of the Riemann sphere defined so that i, (1/w) =

00, p(oo) = —1/w and
z—w

Mw(z) - l1—wz

for all complex numbers z distinct from 1/w. Then the Mébius transforma-
tion p, maps the open unit disk onto itself. Moreover
t—1
w(tW) = ————-
for all real numbers t distinct from 1/|w|?, and consequently the diameter of

the unit circle passing through 0 and w is mapped onto itself by the Mobius
transformation pu,. In particular p,(w) =0 and p,(0) = —w.
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Proposition 3.7 Let i be a Mobius transformation of the Riemann sphere
that maps the unit circle {z € C : |z| = 1} into itself, whilst mapping the
unit disk {z € C : |z| < 1} into itself. Then there exist complex numbers a
and b, where |b| < |a|, such that

b _
p(z) = 4z i for all z € C for which az 4+ b # 0.
bz+a

Proof The Mobius transformation g maps the unit circle into itself. It
follows from Proposition 3.2 that Qo u = p o2, where 2(0) = oo, 2(c0) =0
and Q(z) = 1/Z for all non-zero complex numbers z. Consequently p =
QoQopu=.0o o) because the composition of the inversion 2 with itself
is the identity transformation of the Riemann sphere. Let ay, by, ¢; and d;
be complex coefficients determined so that

a1z + by
2) = ———

p— whenever ¢z + dy # 0.
Then the identity pu = € o o 2 ensures that

a1z + bl N 812’ +61
crz+dp biz +a;

for all complex numbers z for which a2z + b, # 0, @y + bz #0,c1z+dy #0,
and ¢ +d;z # 0 (see Lemma 3.1). Consequently there exists some non-zero
complex number w with the property that a; = wd;, by = wey, ¢ = wby and
d; = wa; (see Proposition 1.8). It then follows that

61 dl = w2a1d1.

But 3
‘61 d1| = |CL1d1|.

It follows that |w?| = 1, and therefore |w| = 1. Accordingly a real number 6
can be found so that

w = cos 26 + v/—1 sin 26.

Let
n=cosf ++—1siné.

It then follows from De Moivre’s Theorem that * = w. Now 7°n? = |n|* = 1.
It follows that 7%w = 1. Let a = na; and b = nb;, ¢ = ne; and d = nd;. Then
az+0b

u(z) = 1 d whenever cz 4+ d # 0.
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Also a1 = 7na, by =1nb, ¢; = fc and d; = Nd. Consequently

and
C=7¢ =nwh =72wb =
Accordingly
az+b - _
u(z) = = whenever bz + @ # 0.
bz+a

Moreover [1(0)| < 1, because p maps the unit disk into itself. consequently
b| < |a|, as required. |}

Proposition 3.8 Let pu be a Mobius transformation that maps the open unit
disk D onto itself, where D = {z € C : |z| < 1}. If a path «:]0,1] — D
in the open unit disk encircles a complex number w in that disk so that, as
the real variable t increases from 0 to 1, a(t) moves continuously in a circle
around w once in the anticlockwise direction, finishing at its starting point,
so that a(0) = a(1), then p(a(t)) moves continuously around u(w) once in
the anticlockwise direction.

Proof Let p = |w| and ¢ = |u(w)|. Let py and ps be rotations of the open
unit disk about zero determined so that p;(w) = p and us(q) = p(w). Also
let Mobius transformations ps and s be defined so that

_z+q
 14g2

L
1—pz

pi2(2) and  pa(2)

forall z € D, and let ju3 = iy "opg fopopy tous . Then pt = 50403004, .
Moreover

us(0) = gt (eg  (u(pi (n2 1 (0)))) = pr (s (el (p))))
= gy (s (p(w))) = pyt(g) = 0.

Now any Mobius transformation that maps the open unit disk D onto itself
and sends zero to zero must be a rotation of the disk D about zero. (This
follows directly on applying Proposition 3.7). Consequently p;, sz and ps
are rotations of the unit disk, and therefore map paths traversing circles
once in the anticlockwise direction to paths traversing circles once in the
anticlockwise direction. Also

(z—p)(1—pz) _z+pZ—p(l+]?)
11— pz]? 1 —pz]?

pa(2) =
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and thus
1 —p?

Im|[z] Im|[z]

Sl pef?
for all z € D, where p* < 1. It follows that ps; maps the upper half plane
Im[z] > 0 into the upper half plane and the lower half plane Im[z] < 0 into
the lower half plane, whilst mapping real numbers between p and 1 to pos-
itive real numbers. Consequently ps maps paths encircling p once in the
anticlockwise direction to paths encircling zero once in the anticlockwise di-
rection. Similarly py maps paths encircling zero once in the anticlockwise
direction to paths encircling ¢ once in the anticlockwise direction. Con-
sequently each of the Mobius transformations pq, o, p3, p4 and ps maps
paths traversing circles in the anticlockwise direction to paths traversing cir-
cles in the anticlockwise direction. The same is therefore true of the Mobius
transformation p. The result is thus established. |}

3.2 The Poincaré Distance Function on the Unit Disk

Definition Let D be the open unit disk in the complex plane C, defined so
that
D={2eC:|z| <1}

The Poincaré distance function p on D is defined so that

1—w _
p(z,w):10g<| wz|+ |z w])

1 —wz| — |z —w|
for all complex numbers z and w satisfying |z| < 1 and |w| < 1.

Note that
|2 = w]
— <1
|1 —wz|
for all complex numbers z and w satisfying |z| < 1 and |w| < 1. (This
follows directly from Corollary 3.6). Consequently the Poincaré distance
p(z,w) between any two points z and w of the unit disk is a well-defined

positive real-number.

Lemma 3.9 Let s and t be real numbers satisfying —1 < s <t < 1. Then
the Poincaré distance, in the unit disk, between s and t is given by the formula

1+1¢ 1+s
—log (—— ) -1 .
p(s;1t) Og<1_t) og(1_5>
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Proof Evaluating, and noting that 1 — st > 0 (because |s| < 1 and [t| < 1)
and |t — s| =t — s (since s < ¢ by assumption), we find that

1 — st t—
p(s.t) — 1og(' st +| S')

11— st| — |t — 5]
| l—st+t—s
pr— O e —
S P —

B (1—s)(1+1)
- lOg(<1+s><1—t>)

b 1+t o 1+s
- % Ty s\1-5)°

Proposition 3.10 Let p be the Poincaré distance function on the open unit
disk D, and let & be a positive real number. Then

{z€D:p(2,0) =0} ={2€ D :|z| = R},

as required. |

where
ed—1

RSN
Proof It follows from the definition of Poincaré distance function that all
complex numbers z satisfying p(z,0) = § are equidistant from zero. They
therefore constitute a circle centred on zero. It remains to determine the
radius of that circle. Now it follows, on applying Lemma 3.9, that

1
0 = log (%)

Consequently
2R 2
5 5
—1=— l=——
‘ —r “ T iR
and therefore 5
e’ —1
R—
ed+1’

as required. |

The Poincaré distance function p on the unit disk D has the property
that p(z,w) = p(w, z) for all z,w € D. It therefore follows immediately from

Lemma 3.9 that
| 1+1¢ | 1+s
og| —— | —lo
& 1—1¢ & 1—s

for all real numbers s and ¢ satisfying —1 < s <1l and —1 <t < 1.

p(s,t) =
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Lemma 3.11 Let z and w be complex numbers, where wz # 1, and let §2
be the inversion of the Riemann sphere in the unit circle, defined so that
Q(0) = oo, Q(c0) = 0 and Q(z) = 1/Z for all non-zero complex numbers z.

Then )
Z—w

(2, Q(2); w, Q(w)) =

1 —wz

for all complex numbers z and w for which z # 0, w # 0 and Wz # 1.

Proof Let z and w be complex numbers, where z # 0, w # 0 and wz # 1.
Evaluating the cross-ratio, we find that

(2,Q(2);w, Qw)) = <z,i;wé): ( -
z W ( 1) <1 )

as required. Jj

Proposition 3.12 Let z and w be complex numbers satisfying |z| < 1 and
lw| < 1, and let p(z,w) denote the Poincaré distance between z and w. Then

B 1+ +/(z,Q(>2); w, Qw))
Pz ) = log (1 - ¢<z,9<z>;w,ﬂ<w>>> |

where Q(0) = oo, Q(c0) = 0 and Q(z) = 1/Z for all non-zero complex
numbers z.

Proof Evaluating, and applying the result of Lemma 3.11, we find that

1—w _
plew) = log(‘ wz|+ |z w[)

1 —wz| — |z —w|
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|2 — wl

1+ —
g |1 —w 2]
| 2wl
|1 —w z|
e 1+\/(Z,Q(Z);w,Q(W))>
1 /(2. 90);w, QW) )’

as required. |}

Corollary 3.13 Let z and w be complex numbers satisfying |z| < 1 and
lw| < 1, and let p(z,w) denote the Poincaré distance between z and w.
Then the cross-ratio (z,(z); w, Q(w)) is expressed in terms of the Poincaré
distance according to the formula

(2, Q2): w, 2 w)) = ($>

erzw) 41

Proof Let ¢ = (z,Q(2); w, Q(w)) and s = p(z,w). It follows from Proposi-
tion 3.12 that

Consequently

and thus

The result follows. |

Definition A transformation ¢ that maps the open unit disk D in the com-
plex plane onto itself is said to be an isometry (with respect to Poincaré
distance) if

p((2)sp(w)) = p(z,w)

for all complex numbers z and w in the open unit disk D, where p denotes
the Poincaré distance function on D.

Proposition 3.14 Let D be the open unit disk in the complex plane, defined
so that D = {z € C : |z| < 1}. Then every Mébius transformation of the
Riemann sphere that maps the open unit disk D onto itself is an isometry
with respect to the Poincaré distance function on D.
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Proof The Mobius transformation p has the property that po € = Qo p,
because it maps the unit disk onto itself (see Proposition 3.2). Moreover the
values of cross-ratios are preserved under the action of M6bius transforma-
tions (Proposition 1.16). Consequently

(1(2). 2u(2): ulw), An(w))) = (=) 1)) (w), w(QAw)))
= (z,Q(z);w,Q(w)).

The required result therefore follows immediately from an identity previously
established (Proposition 3.12) expressing the Poincaré distance p(z,w) in
terms of the cross-ratio (z,Q(z);w, Q(w)). |

Proposition 3.15 Let z1, wy, 29 and wy be elements of the open unit disk

D, where
D={zeC:|z| <1}

Suppose that p(z1,wy) = p(za,ws), where p denotes the Poincaré distance
function on D. Then there exists a Mobius transformation . mapping the
open unit disk D onto itself with the property that p(z1) = 2o and p(wy) = ws.

Proof The values of the cross-ratios
(z1,2z1); w1, Qwy)) and (22, Q(29); wa, Q(ws))

are determined by the values of the Poincaré distances p(z1, w;) and p(z, ws)
respectively (see Corollary 3.13). Now p(z1) = 22 and pu(w;) = wy. Conse-
quently

(21, Q(21); wy, Q(w1)) = (22, Q2(22); wa, Q(ws)).

It follows from this that there exists a unique Mobius transformation u
with the properties that p(z1) = 22, u(Q(z1)) = Q(2q), p(wy) = we and
w(Q(wr)) = Q(wy), (see Proposition 1.16).

Now let & = Qo po Q. Then f is itself a Mobius transformation
(Lemma 3.1) Then

flz1) = Qu(Q(21))) = Q2 (22)) = 22,
f(2(z1)) = Qu(Q2z1)))) = Qu(21)) = Q(22),

f(wr) = Q(u(Q(w1))) = Q(Qws)) = wo,
A(Q2wr)) = Qu(Q(2(w)))) = Qu(wr)) = Q(ws)

Consequently the Mobius transformations p and g both map zy, Q(z1), w
and Q(w) to zq, 2(22), we and Q(wy) respectively. But two distinct Mobius
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transformations cannot coincide at three or more points of the Riemann
sphere. (see Proposition 1.15). Consequently (i = p, and thus Qo pu = po .
Moreover elements z; and 2o of the open unit disk D are mapped into D.
Applying Proposition 3.2, we conclude that the Mobius transformation u
maps the open unit disk D onto itself. This completes the proof. |

Lemma 3.16 Let p be the Poincaré distance function on the open unit
disk D in the complex plane, let t be a real number satisfying 0 < t < 1,
and let z be a complex number distinct from 0 and t for which |z| < 1. Then

p(0,2) < p(0,t) + p(t, 2).

Moreover p(0,z) = p(0,t) + p(t, z) if and only if the complex number z is a
positive real number greater than or equal to t and less than 1.

Proof Let
z—1
R =
1—tz]|’
and let
B z—1
T RO —t2)
Then |n| =1 and
z—1
= Rn.
1—tz "
It follows that
(1—1t?)z 1—1¢?
t+Rn=-—2- d 1+tRn=
A 1—tz an o 1—tz’
and therefore
t+ Rn
z = )
1+ tRn
Now .
+1
t,0) =1 —
p(t,0) og(l_t)
e 1ot LR
—tz|+ |z —1 +
0,¢t) =1 =1 — .
o0,9) Og(|1—tz|—|z—t|) Og(l—R)

It follows that

p(0,t) + p(t, z) = log (8 J_r 28 J_r g) = log (%) )
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where L4 R
S = )
1+tR

Also

(t+ R)*[1 +tRy|> — (1 +tR)*|t + Rn|?
= (t+ R)*(1+tRn)(1 + tRn)
— (1 +tR)*(t + Rn)(t + Rn)
= (t+ R)*(1 +t*R* + 2tR Re[n))
— (1L +tR)*(* + R* + 2t R Re[n))
= (t+R)*((1+tR)> —2tR (1 — Re[n)))
— (1 +tR)*((t + R)* — 2tR (1 — Re[n)))
= 2AR((1+tR)* — (t+ R)*)(1 — Re[n])
= 2tR(1+t*R* — * — R*)(1 — Re[n))
2tR(1 —t*)(1 — R*)(1 — Re[n)),
where 0 <t < 1,0 < R <1 and |n| =1. Now 1 — Re[n] > 0, and moreover
1 — Re[n] = 0 if and only if n = 1. Tt follows that

(t+ R)*1+tRy> > (1 +tR)?|t + Rn|?

for all choices of t and z for which 0 < ¢ < 1 and z € D, and moreover
(t+ R)?1+tRy> = (1 +tR)?|t + Rn|?

if and only if n = 1. Consequently

B |t + Rn| < t+R

=R S TR T

for all choices of t and z for which 0 < t < 1 and z € D, and moreover
|z| = S if and only if n = 1.

Now e
+ |z
0,2) =1 .
p(0, z) og(1_|z|>

Also T4+2] 2 1+5 2
+ |2 +

12| 1-|¢] M TS T1-38

We have shown that |z| < S. It follows that

1+ 2| 1+8S
p(0, z) = log (1 — |Z|) < log (1 — S) p(0,1) + p(t, 2)
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Moreover we have also shown that |z| < S unless n = 1. It follows that

_ 1+ |z 1+SY
p(0,.2) =tog (111 ) <tos (155 ) = p(0.0) 4 9(0,2

unless 7 = 1, in which case

t+R
z= :
1+tR
Thus if p(0,z) = p(0,t) + p(t,z) then z must belong to the set consisting

those real numbers whose values lie strictly between ¢ and 1. The required
result has therefore been established. |}

Proposition 3.17 (Triangle Inequality) The Poincaré distance function
p on the open unit disk D has the property that

p(21,23) < p(21, 22) + p(22, 23)
for all complex numbers z1, zo and z3 belonging to the disk D.

Proof The result is immediate in cases where 27, z5 and z3 are not distinct.
Accordingly let us suppose that they are distinct. Let

ed—1

,  where 0 = p(z1, 29).

Then p(0,t) = p(21, 22). (see Proposition 3.10). Then there exists a Mdbius
transformation p of the Riemann sphere mapping the open unit disk D onto
itself which has the properties that p(z1) = 0 and pu(z2) = t. (see Proposi-
tion 3.15).

Let w = p(z3). It then follows from Lemma 3.16 that

p(0,w) < p(0,) + p(t, w).

Now the Mobius transformation p is an isometry with respect to the Poincaré
distance function p on the open unit disk D (see Proposition 3.14). Conse-
quently (0, w), p(0,t) and p(t,w) are respectively equal to p(z1, 23), p(z1, 22)
and p(za, z3) respectively. Consequently

p(z1, 23) < p(21,22) + p(22, 23),

as required. |
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3.3 Geodesics in the Open Unit Disk

Definition We say that an (open) straight line segment or circular arc within
the open unit disk {z € C : |z| < 1} is complete if it is the intersection of
the open unit disk with the full circle or straight line in the complex plane
of which it forms part.

A complete straight line segment or circular arc in the open unit disk has
no endpoints in the open unit disk itself. However its closure has endpoints
that lie on the unit circle {z € C: |z| = 1} that constitutes the boundary of
the open unit disk: the complete straight line segment or circular arc may
be said to join the endpoints of its closure in the complex plane.

Definition A straight line segment or circular arc I' in the open unit disk
{z € C:|z] <1} is said to be a geodesic if it has the property that

p(z1,23) = p(z1, 22) + p(22, 23)

for all complex numbers z;, 2o and z3 positioned on the straight line segment
or circular arc I' so that zy occurs between z; and z3.

Definition A complete geodesic in the open unit disk is a geodesic in that
disk which is the intersection of the open unit disk with a full straight line
or circle in the complex plane.

Definition A geodesic ray in the open unit disk is a geodesic in that disk
which is the intersection of the open unit disk with a closed straight line
segment or circular arc in the complex plane for which one endpoint lies in
the open unit disk and the other lies outside the open unit disk.

Definition A geodesic segment in the open unit disk is a geodesic that is
also a closed straight line segment or circular arc contained in the open unit
disk both of whose endpoints lie in the open unit disk.

Definition Given a point 1 on the unit circle in the complex plane, the
diameter of the unit disk that joins —n and 7 is the open straight line
segment consisting of those complex numbers that are of the form tn for
some real number ¢ satisfying the inequalities —1 <t < 1.

Proposition 3.18 Let D be the open unit disk in the complex plane, Then

the diameter of the disk D obtained on intersecting the disk D with the real
axis of the complex plane is a complete geodesic.
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Proof Let I be the set of real numbers ¢ satisfying |t| < 1 and let ¢y, o
and t3 be real numbers satisfying —1 < t; < {5 < t3 < 1. It follows from
Lemma 3.9 that

1+ 13 1+t
t1,t3) = 1 —1
p(ti,t3) Og<1_t3> og(l_tl)
= (6] — 10
S\1-t S\1-t
1+t 1+t
1 —1
" Og(l—f2> Og(l—tl)

= p(ti,t2) + p(ta, ts).

Thus [ is indeed a geodesic in the open unit disk D. |}

Proposition 3.19 Given any two real numbers u and v satisfying —1 < u <
v < 1, the unique complete geodesic in the open unit disk that passes through
both u and v is the diameter of the disk obtained on intersecting the disk with
the real axis of the complex plane.

Proof Let I' be a complete geodesic in the open unit disk D that passes
through v and v, and let z be chosen on I' so that v lies between u and
z. Then p(u,z) = p(u,v) + p(v, z), where p denotes the Poincaré distance
function on D. Applying Lemma 3.16, we see that z must be a real number
between v and 1. Consequently the three points u, v and z on I' are real
numbers. Now the geodesic I' must be a the intersection of a straight line
or circle in the complex plane. It follows that I' must coincide with the
intersection of the open unit disk with the real axis of the complex plane.
The result follows. |}

Proposition 3.20 Mobius transformations mapping the open unit disk onto
itself map geodesics onto geodesics.

Proof Let I' be a geodesic in the open unit disk D, where D = {z € C :
|z| < 1}, and let p be a Mobius transformation that maps the open unit
disk D onto itself. Let w;, ws and w3 be complex numbers positioned on
the image p(I") of the geodesic I' so that wy occurs on p(I') between wy and
ws. Then there exist complex numbers z1, 2o and z3 in the open unit disk D
lying on the geodesic I' for which pu(z1) = wq, p(z2) = we and p(z3) = ws.
Moreover z, is positioned on I between z; and z3. The definition of geodesics
then ensures that

p(z1,23) = p(21, 22) + p(22, 23)
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Now p(wq,ws), p(wse,ws) and p(wy,ws) are equal to p(z1, 22), p(z2, 23) and
p(z1, z3) respectively, because Mobius transformations that map the open
unit disk onto itself are isometries with respect to Poincaré distance (see
Proposition 3.14) Consequently

p(wb QU3) = p<w17 w?) + p(w2> wS)‘
Thus the line segment or circular arc p(I') is a geodesic, as required. |

Proposition 3.21 Let A be a complete straight line segment or circular arc
in the open unit disk D. Suppose that there are complex numbers z1, zo and
z3 on A, where zy lies between z; and z3, such that

p(z1,23) = p(21, 22) + p(22, 23).

Then A is a complete geodesic in the open unit disk D, and moreover there
exists a Mobius transformation p with the property that u(A) is the diameter
of the open unit disk that joins —1 and 1.

Proof Let
et —1
t= EEE where 0 = p(z1, 22).
Then p(0,t) = p(z1, 22). (see Proposition 3.10). Then there exists a Mobius
transformation p of the Riemann sphere mapping the open unit disk D onto
itself which has the properties that p(z1) = 0 and u(z2) = t. (see Proposi-

tion 3.15). Let w = u(z3). Then

p(O, w) = p<0a t) + p(t7w)7

because the Mébius transformation p is an isometry of the Poincaré distance
function p. It now follows from Lemma 3.16 that w is a real number and
t < w < 1. The complex numbers 2z, z; and 23 therefore all lie on the straight
line or circle in the complex plane that is the image of the real axis under the
inverse ;! of the Mobius transformation p. But two distinct straight lines
or circles cannot pass through the three points z1, zo and z3. Consequently
the complete arc A is contained in the image of the real axis under p=!, and
therefore the Mobius transformation p must map the complete arc onto the
diameter of the open unit disk that joins —1 and 1. Moreover A must itself be
a geodesic, because Mobius transformations that map the open unit disk D
onto itself map geodesics onto geodesics Proposition 3.20. This completes
the proof. |}
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Corollary 3.22 A complete straight line segment or circular arc A in the
open unit disk D is a complete geodesic if and only if there exists a Mobius
transformation p that maps the straight line segment or circular arc onto a
diameter of the unit circle.

Proof If A is a complete geodesic then a direct application of Proposi-
tion 3.21 ensures that existence of a Mobius transformation mapping that
complete geodesic onto the diameter of the disk D that joins —1 and 1.
Conversely if some Mobius transformation maps a complete straight line
segment or circular arc onto a diameter, then that Mobius transformation
can be composed with a rotation of the open unit disk about zero so as to
obtain a Mobius transformation mapping the complete straight line segment
or circular arc onto the diameter of the disk that is the intersection of the
disk with the real axis of the complex plane. That diameter is a geodesic (see
Proposition 3.18), and Mobius transformations map geodesics onto geodesics
(Proposition 3.20). Consequently A must itself be a geodesic, as required. ||

Proposition 3.23 Given two geodesics in the open unit disk D, there exists
a Mobius transformation of the Riemann sphere that maps the open unit
disk D onto itself and maps one geodesic onto the other.

Proof Let I'y and I'; be geodesics in the open unit disk D, and let I be
the geodesic joining —1 and 1 that is the intersection of the disk D with the
real axis of the complex plane. It follows from Proposition 3.21 that there
exist Mobius transformations 1 and ps of the Riemann sphere that map the
open unit disk onto itself, where pu; maps I'y onto I and ps maps I'y onto
I. Then uy* o puy is a Mobius transformation of the Riemann sphere that
maps the open unit disk D onto itself and also maps the geodesic I'; onto
the geodesic 'y, as required. |

Proposition 3.24 Given two distinct complex numbers wy and wsy belonging
to the open unit disk in the complex plane, there exists a unique complete
geodesic in the open unit disk that passes through both wy and ws,.

Proof Let
‘= Wy — Wy

1-— wlllJQ
Then there exists a complex number 7 satisfying || = 1 for which ¢t = pu(ws),
where p is the Mobius transformation of the Riemann sphere that satisfies

. n(z —w)
pu(z) = 1wz
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for all complex numbers z satisfying 1 —w;z # 0. Then p maps the open unit
disk onto itself and also maps w; and ws to 0 and t respectively. Let I' =
{z € D: u(z) € I}, where I is the diameter of the open unit disk consisting
of all real numbers lying between —1 and 1. The Mobius transformation u
maps ' onto the diameter I of the disk. Consequently I" must be a geodesic
in the unit disk (Corollary 3.22). This geodesic passes through w; and ws.

We now show that I is the unique complete geodesic in the open unit disk
that passes through w; and wy. Let I be a complete geodesic in the open unit
disk that passes through w; and wsy. Then p(IV) is also a complete geodesic
in the open unit disk, because Mobius transformations that map the open
unit disk onto itself map geodesics onto geodesics (Proposition 3.20). But the
distinct real numbers w and v lie on p(I”). It follows from Proposition 3.19
that (1) is the diameter I of the open unit disk consisting of all real numbers
between —1 and 1. Consequently IV C I'. The completeness of I then
ensures that IV coincides with I". Thus the complete geodesic I' is indeed
uniquely determined by w; and ws, as required. |}

Proposition 3.25 A complete straight line segment or circular arc in the
unit disk is a complete geodesic if and only if the circle in the complex plane
of which it forms part intersects the unit circle at right angles.

Proof A complete straight line segment or circular arc A in the open unit
disk D is a complete geodesic if and only if there exists a Mobius transfor-
mation p that maps the arc onto a diameter of the unit circle (see Corol-
lary 3.22).

The diameters of a circle intersect the circle at right angles, and angles
between intersecting straight lines and circles are preserved under the action
of Mdbius transformations (see Proposition 1.25). Consequently if a complete
circular arc is a geodesic then the circle of which it forms a part must intersect
the unit circle at right angles.

Conversely suppose that a complete circular arc A in the unit circle forms
part of a circle that intersects the unit circle at right angles at z; and =z,
where |z1| = 1 and |23] = 1. There then exists a Mdbius transformation p
mapping the unit disk D onto itself for which p(z;) = —1 and p(z2) = 1
(see Lemma 3.4). The image p(A) of the circular arc A under p then in-
tersects the boundary circle at right angles at —1 and 1, because Mobius
transformations are angle-preserving. But Mobius transformations map cir-
cular arcs to circular arcs or straight lines. It follows that p(A) must be the
diameter of the unit circle that is the intersection of the open unit disk with
the real axis. Consequently the complete circular arc A must be a geodesic
(Corollary 3.22). The result follows. |
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3.4 The Group of Hyperbolic Motions of the Disk

Definition Let X be a subset of the complex plane. A collection of invertible
transformations of the set X is said to be a transformation group acting on
the set X if the following conditions are satisfied:

(i) the identity transformation belongs to the collection;

(ii) any composition of transformations belonging to the collection must
itself belong to the collection;

(iii) the inverse of any transformation belonging to the collection must itself
belong to the collection.

The collection of all Mobius transformations of the Riemann sphere that
map the open unit disk {z € C: |z] < 1} onto itself is a transformation group
acting on the open unit disk. Indeed the identity transformation is a Mobius
transformation mapping the open unit disk onto itself, the composition of
any two Mobius transformations that each map the open unit disk onto itself
must also map the open unit disk onto itself, and the inverse of any Mobius
transformation that maps the open unit disk onto itself must also map the
open unit disk onto itself.

Definition Let D be the open unit disk in the complex plane, defined so
that D = {z € C : |z| < 1}, and let k: D — D be the transformation of
the open unit disk defined so that k(z) = Z for all z € D, where Z denotes
the complex conjugate of the complex number z. A transformation of the
open unit disk is said to be a hyperbolic motion of the unit disk if either
it is a Mobius transformation mapping the unit disk D onto itself or else it
expressible as a composition of transformations of the form p o x, where p is
a Mobius transformation mapping the open unit disk onto itself.

Definition An invertible transformation of the open unit disk D is said to
be orientation-preserving if, for each w € D, paths that encircle w once in
the anticlockwise direction are mapped to paths that encircle the image of w
once in the anticlockwise direction.

Definition An invertible transformation of the open unit disk D is said to
be orientation-reversing if, for each w € D, paths that encircle w once in
the anticlockwise direction are mapped to paths that encircle the image of w
once in the clockwise direction.
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Mobius transformations that map the open unit disk D onto itself are
orientation-preserving.

The transformation x: D — D that maps each complex number z in D to
its complex conjugate Z is orientation-reversing. Consequently a composition
of two transformations in which some Mobius transformation follows the
complex conjugation transformation k is orientation-reversing.

Orientation-preserving hyperbolic motions are the analogues, in hyper-
bolic geometry, of transformations of the flat Euclidean plane that can be
represented as the composition of a rotation followed by a translation.

Orientation-reversing hyperbolic motions are the analogues, in hyperbolic
geometry, of reflections and glide reflections of the flat Euclidean plane.

Proposition 3.26 Let D be the open unit disk in the complex plane, con-
sisting of those complex numbers z that satisfy |z| < 1. Then, given any
orientation-preserving hyperbolic motion ¢ of the open unit disk D, there
exist complex numbers a and b, where |b| < |a|, such that

az+b
Z) = = or all z € D.
#(2) bz+a J

Stmilarly, given any orientation-reversing hyperbolic motion ¢ of the open
unit disk D, there exist complex numbers a and b, where |b| < |a| such that

B az+b

bz 4a

v(2) forall z € D.

Proof This result follows directly on applying Proposition 3.7. |}

Proposition 3.27 The collection of all hyperbolic motions of the open unit
disk is a transformation group acting on the open unit disk.

Proof The identity transformation is a Mobius transformation that maps
the open unit disk onto itself and is thus a hyperbolic motion. Next let p;
and o be Mobius transformations that map the open unit disk onto itself,
Then ko g ok is also a Mobius transformation that maps the open unit disk
onto itself. Indeed there exist complex numbers as and by, where |bs| < |as],
such that

(2) = a9z + by
He2 52 Z+ 62

for all complex numbers z for which by z + @, # 0 (see Proposition 3.7). Then

asz + b
(pals(2)) = 72
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and therefore k o o K is also a Mobius transformation that maps the open
unit disk D onto itself. Now

pro(pzok) = (ops)or, (pokr)opus=(mo(kopusor))or

and

(n1ok)o(pzok) = po(kopusor).
Moreover pi1 o p1o and py o (k o pg o k), being compositions of Mobius trans-
formations that map the open unit disk onto itself, are themselves Mobius
transformations that map the open unit disk onto itself. It follows from this
observation that any composition of hyperbolic motions of the open unit disk
is itself a hyperbolic motion of the open unit disk. Also

(myor) ' =ropy' = (kopy o) o,

and the inverse of any Mobius transformation that maps the open unit disk
onto itself must itself be a Mobius transformation that maps the open unit
disk onto itself. Consequently the inverse of any hyperbolic motion is itself a
hyperbolic motion. It follows that the collection of all hyperbolic motions of

the open unit disk is indeed a transformation group acting on the open unit
disk. |}

Proposition 3.28 Let I' be a complete geodesic in the open unit disk D.
Then there exists an orientation-reversing hyperbolic motion ¢ with the prop-
erty that p(z) = z for all complex numbers z that lie on the geodesic I and
also those points of the open unit disk D that lie on one side of the geodesic I
are mapped by points that lie on the other side of T'.

Proof Let I be the set of real numbers ¢ that satisfy the inequalities —1 <
t < 1. Then I is a complete geodesic in the open unit disk D. There
then exists a Mobius transformation p that maps the geodesic I onto the
geodesic T'. (see Proposition 3.21 or Proposition 3.23). Let o = poxopu™?,
where k(z) = Z for all z € D. Then the orientation-reversing hyperbolic
motion I' has the required properties. |

Proposition 3.29 Let zy, wy, 2o and ws be compler numbers belonging to
the open unit disk D. Suppose that p(z1,w1) = p(2e,ws), and suppose also
that one of the sides of the geodesic I'1 in D passing through z, and w, has
been chosen, and that one of the sides of the geodesic I'y in D passing through
2o and wo has also been chosen. Then there exists a hyperbolic motion ¢ with
the following properties: p(z1) = z9; w(wy) = wa; @ maps complex numbers
on the chosen side of the geodesic 'y to complex numbers on the chosen side
of the geodesic I's.
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Proof It follows from Proposition 3.15 there exists a Mdbius transformation
that maps the open unit disk onto itself and also maps z; and w; to 2
and ws respectively. If this Mdbius transformation does not itself map the
chosen side of I'; to the chosen side of I'y, then it may be composed with an
orientation-reversing hyperbolic motion that fixes all complex numbers of the
geodesic 'y whilst mapping complex numbers on one side of I'y to complex
numbers on the other side. The result follows. |}

3.5 The Hyperbolic Centre of a Circle in the Disk

Proposition 3.30 Let w be a complex number belonging to the open unit
disk D in the complex plane, and let p denote the Poincaré distance function
on D. Let 6 be a positive real number. Then

{zED:p(z,w)<(5}:{Z€D:‘12__52 <R},
where 5
e —1
R = )
ed+1
Proof Let
(2) = z—w
Hw 1 —wz

for all complex numbers z. Then pu,, is a Mobius transformation mapping
the open unit disk onto itself for which f,,(w) = 0 (see Corollary 3.6). Now
Mobius transformations mapping the open unit disk onto itself are isome-
tries with regard to the Poincaré distance function (see Proposition 3.14).
Consequently

{ze€D:p(z,w) <6} ={2€ D:p(uy,(2),0) <d}.
The required result now follows on applying Proposition 3.10. |

Definition Let D be the open unit disk in the complex plane that consists
of those complex numbers z satisfying |z| < 1, and let C' be a circle in the
complex plane that is contained within D. A complex number w is said to
be the hyperbolic centre of the circle C' if the Poincaré distance between z
and w is the same for all points z that lie on the circle C.

Proposition 3.31 Let C be a circle in the complex plane that is contained
within the open unit disk D. Suppose that the circle C' intersects the real
axis at real numbers u and v, where —1 < u < v < 1. Suppose also that

74



the hyperbolic centre of the circle C' lies on the real axis, and is located at t,
where u <t <wv. Then

1+6\° (1 +u)(l+w)
(E) T 1-—w—v)

Proof Applying Lemma 3.9, we find that ¢, u and v must satisfy the identity

lo 1+v —lo ﬂ =lo ﬂ —lo 1+u
s\1-% s\1-¢) = B \1¢ s\1-4

Consequently
1+t 1+u 14w
21 — | =1 1 .

The required result then follows on taking the exponential of both sides of
this identity. |

75



