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8 Differentiation of Functions of Several Real
Variables

8.1 Growth of Functions with Bounded Partial Deriva-
tives

An open set X in R™ is a product of open intervals Jy, Jo, . .., Jy, if

X = JixJox- - xJ,
= {(z1,22,...,2p) ER™ 12, € J; for i =1,2,...,m}.

Suppose that u and v are points of X, where X is an open set in R™ that is a

product of open intervals J; for i = 1,2, ..., n. Then there exist real numbers
a; and b; in the open interval J; for ¢ = 1,2,...,m such that a; < u; < b;
and a; < v; < b; for v = 1,2,...,m. Let H be the closed subset of R™
consisting of those points (x1, 2o, ..., x,) whose ith coordinate x; satisfies

min(u;, v;) < x; < max(ug,v;) for i =1,2,...,m. Then H C X.

Lemma 8.1 Let u and v be points of R™. Then

m

Z|ui—vi|§\/ﬁ|u—v|.

=1

Proof Consider the scalar product (u—v).s of the m-dimensional vector u—
v with the vector s whose ith component s; is determined for i = 1,2,...,m

m
so that s; = 1ifu; > v; and s; = —1 if u; < v;. Now (u—v).s = > |u; — v
i=1

and |s| = \/m. Schwarz’s Inequality (Lemma 2.1) ensures that (u —v).s <
|lu — v||s|. The required inequality follows immediately. [}

Proposition 8.2 Let X be an open set in R™ that is a product of open
intervals, let f: X — R be a real-valued function on X, and let M be a
positive constant. Suppose that

of

<M
3@»

throughout the open set X fori=1,2,...,m. Then
[f(w) = f(V)| < Vm M Ju—v|

for all points u and v of X.
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Proof Let u = (uy,us,...,uy,) and v = (vy,va,...,0y). Then real numbers
a; and b; can be found such that a; < u; < b;, a; < v; < b; and a; and b;
both belong to or are endpoints of the interval J; for « = 1,2,...,m. For
each integer k£ between 0 and m, let

Wi = (wk,la Wg,25 - - - 7wk,m)
where
v; if i <k
’ u; ifi> k.
Then a; < wy,; < b; for k =0,1,2,...,m and ¢ = 1,2,...,m. Moreover,

for each integer k between 1 and m, the points w,_; and and wy, differ only
in the kth coordinate, and the line segment joining these points is wholly
contained in the open set X. It follows that

d o
g (A= Wiy +twi)) = (o — i) 5o

(A-t)wp_1+twy,
Consequently

d

w7 (f((1 =)Wy + twk))‘ < M fuy, — vl

and therefore
|f(Wi—1) = f(wi)] < M |uy, — vy

fori=1,2,...,m (see Corollary 7.9). Thus (applying the inequality stated
in Lemma 8.1,) we conclude that

) = )] < D1 (wimn) = Fwi)| < MY Jug, — vy

k=1

< \/EM |Ll - Vlv
as required. |}

Example Let f:R™ — R be the function defined so that f(z1,xs, ..., Z,) =
il 0

> a; for all (zq,x9,...,2,) € R™. Now (‘9f = 1 throughout R™ for i =
i=1 T

1,2,...,m. Let u=(0,0,...,0) and v =(1,1,...,1). Then |[u—v|=+m
and |f(u)— f(v)| = m, and thus |f(u)— f(v)| = v/m |[u—v|. This shows that
the inequality proved in Proposition 8.2 is sharp, i.e., there exist instances
where, with an appropriate choice of the function f and the points u and v,

the stated upper bound on |f(u) — f(v)]| is attained.
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Corollary 8.3 Let X be an open set in R™ that is a product of open in-
tervals, let ¢: X — R™ be a function mapping X into R™, and let M be a
positive constant. Suppose that

<M

)
6@»

throughout the open set X fori = 1,2,....m and j = 1,2,...,n, where
fi: X — R is the jth component of the map p. Then

() = (V)] < Vmn M |u—v|
for all points u and v of X.
Proof Let u and v be points of X. Then (on applying the inequality stated

in Proposition 8.2,) we find that

n

p(w) = (V)] = (f5(w) = f3(v))* < mnd? ju—v]*

j=1
The result follows. |}

Corollary 8.4 Let X be an open set in R™, let p: X — R™ be a function
mapping X into R™, and let M be a positive constant. Suppose that

2

<M
83,"1-

throughout the open set X fori = 1,2,...,m and j = 1,2,...,n, where
fi: X — R s the jth component of the map ¢. Then the function ¢ is
continuous on X.

Proof Let p be a point of X. The set X is open in R™, and therefore there
exists an open set V' that is a product of open intervals such that p € V' and
V C X. It then follows from Corollary 8.3 that

() — (V)| < Vmn M [u—v|

for all points u and v of V. This inequality ensures that the function ¢ is
continuous around the point p. The result follows. |}
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8.2 Functions with Continuous Partial Derivatives

We now investigate the behaviour of functions of several real variables whose
first order partial derivatives are continuous.

Definition Let X be an open set in R™, and let f: X — R" be real-valued
function on X, and let p be a point of X. Suppose that the first order
partial derivatives of f are defined at the point p. The gradient (Vf)p of f
at the point p is the m-dimensional vector whose components are the partial
derivatives of the function f at the point p. Thus

X:p)

(V5)p = (aa—f ot

T T2
The mere existence of first order partial derivatives of a real-valued func-
tion around a given point is not sufficient to enable the gradient of that
function to provide a reasonable approximation to the function around that
point. On the other hand, as we shall see, if the first order partial derivatives
are not only defined around that point but are also continuous there, then
the gradient of the function does determine a “first order” approximation to

the function around that point.

o

0T,

Y )

Proposition 8.5 Let X be an open set in R™, let f: X — R be a real-
valued function on X, and let p be a point of X. Suppose that the first order
partial derivatives of the function f are defined throughout the set X and
are continuous at the point p. Then, given any positive real number €, there
exists some positive real number § such that

f(u) = f(v) = (Vf)p.(u—v)| <e|lu—v]|

for all points w and v of X satisfying lu — p| < 0 and |v — p| < &, where
(Vf)p denotes the gradient of the function f at the point p.

Proof Let p = (p1,p2,...,Pm), and let g: X — R be the real-valued function
on X defined so that

9(x) = f(x) = f(p) = (Vf)p . (x—p)

for all x € X. Then the function g has first order partial derivatives, defined
throughout the open set X, which are continuous at the point p. Moreover
9(p) = 0 and

=0

8$i x=p
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fori=1,2,...,n. Moreover

g() —g(v) = f(u) = f(v) = (Vf)p . (=)

for all points u and v of X.

Let some positive real number ¢ be given. for ¢+ = 1,2,...,n. Now the
domain X of the functions f and g is an open subset of R™. This, together
with the continuity of the first order partial derivatives of the function ¢ at
the point p, ensures that some positive real number § can then be chosen
small enough to ensure both that

{(z1,29,...,2p) ER™ : |p; — x| <dfori=1,2,....m} C X
and also that
dg €
< =
ox;| — v/m

fori=1,2,...,m at all points (z1, xs, ..., ;) of R™ that satisfy |z; —p;| < 0
fori=1,2,...,m.
It now follows (on applying Proposition 8.2) that

l9(n) = g(v)| < efu—v]|

at all points x of R™ whose components x1,Zs, ..., T, satisfy |z; — p;| <
fori =1,2,...,m. The result follows. |}

Corollary 8.6 Let X be an open set in R™, let f: X — R" be a real-valued
function on X, and let p be a point of X. Suppose that the first order
partial derivatives of the function f are defined throughout the set X and are
continuous at the point p. Then

lim
x=p [X — p|

[f(x) = f(P) = (Vf)p - (x—p))| =0,
where (V f)p denotes the gradient of the function f at the point p.

Proof Proposition 8.5 ensures that, given any positive real number £, there
exists a positive real number § such that

1
x — p

[f(x) = f(P) = (Vf)p. (x—p)[<e
for all points x of X satisfying 0 < |x — p| < J. The result therefore

follows directly from the formal definition of limits of functions of several
real variables. |}
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Corollary 8.7 Let X be an open set in R™, let p: X — R™ be a function
on X taking values in R™, let fi, fo,..., fn be the components of the map p,
and let p be a point of X. Suppose that the first order partial derivatives
of the components of the map ¢ are defined throughout the set X and are
continuous at the point p. Then, given any positive real number €, there
exists some positive real number § such that

[p(u) = @(v) = (Dp)p (u—v)[ < efu—v|
for all points w and v of X satisfying |[u — p| < ¢ and |v — p| < 8, where
(De)pw = ((Vfi)p - W, (Vfa)p-W,....(Vfa)p - W)

for all w € R™.

Proof It follows from Proposition 8.5 that, given any positive real number ¢,
there exists some positive real number ¢ such that

[fi(a) = f3(v) = (Vj)p - (w=v)| < 7 u—v|

for j =1,2,...,n, and for all points u and v of X satisfying |u—p| < § and
v —p| <. Then

lo(u) — (V) — (Dg)p (u—v)[*

= Y (W) = Hv) = (Ve (w=v))*
j=1

< 2lu—v|?

for all points u and v of X satisfying lu —p| < § and |v —p| < J. The result

follows. |}

Corollary 8.8 Let X be an open set in R™, let p: X — R™ be a function
on X taking values in R™, let fi, fa,..., fn be the components of the map p,
and let p be a point of X. Suppose that the first order partial derivatives
of the components of the map ¢ are defined throughout the set X and are
continuous at the point p. Then

[p(x) —¢(p) = (Df)p (x = p))| =0,

where
(De)pw = ((Vfi)p - W, (Vfo)p.W,....(Vfa)p. W)
for all w € R™.
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Proof Proposition 8.7 ensures that, given any positive real number £, there
exists a positive real number § such that

1

=—p| o(x) — @(p) — (Df)p (x—p)| <€

for all points x of X satisfying 0 < |x — p| < d. The result therefore
follows directly from the formal definition of limits of functions of several
real variables. |}

8.3 Derivatives of Functions of Several Variables

Definition Let X be an open subset of R™ let p: X — R” be a function
mapping X into R”, let T:R™ — R" be a linear transformation from R™ to
R", and let p be a point of X. The function ¢ is said to be differentiable at
p, with derwative T:R™ — R™ if and only if

lim

o =Pl (p(x) —¢(p) —T(x—p)) =0.

Henceforth we shall usually denote the derivative of a differentiable map
©: X — R" at a point p of its domain X by (Dy)p.

The derivative (Dy)p, of ¢ at p is sometimes referred to as the total
derivative of ¢ at p. If ¢ is differentiable at every point of X then we say
that ¢ is differentiable on X.

Lemma 8.9 Let T:R™ — R" be a linear transformation from R™ into R".
Then T is differentiable at each point p of R™, and (DT), =T.

Proof This follows immediately from definition of differentiability, given
that Tx —Tp—T(x—p)=0forallx e R™. |}

Lemma 8.10 Let X be an open subset of R™ let p: X — R™ be a function
mapping X into R", let T:R™ — R™ be a linear transformation from R™
to R", and let p be a point of X. Then the function ¢ is differentiable at
p, with derwative T, if and only if, given any positive real number ¢, there
exists some positive real number § such that

lp(x) —p(p) = T(x—p)| <elx—p|

at all points x of X that satisfy |x — p| < 6.
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Proof First suppose that the function ¢: X — R™ has the property that,
given any positive real number g, there exists some positive real number §
such that

lp(x) = ¢(p) = T(x — p)| < eox —p|
at all points x of X that satisfy |x — p| < §. Let some positive number &
be given, and let ¢y be chosen so that 0 < ¢y < €. Then there exists some

positive real number ¢ such that the above inequality holds at all points x of
X that satisfy |[x — p| < 6. But then

1
x — p|

lp(x) —¢(p) —T(x—p)| <e
at all points x of X that satisfy 0 < |x — p| < 9, and therefore

) 1
lim
x—p |x — Pp|

(p(x) —¢(p) = T(x—p)) =0.

Thus the function ¢ is differentiable at the point p.

Conversely suppose that the function ¢ is differentiable at the point p.
Let some positive real number € be given. Then there exists some positive
real number § such that

1
x — p|

lp(x) —p(p) —T(x—p)| <e¢

at all points x of X that satisfy 0 < |x — p| < 0. Considering separately the
cases when x = p and when 0 < |x — p| < 0, it then follows that

o(x) = ¢(p) = T(x = p)| < &[x - p|
at all points x of X that satisfy |x — p| < d. The result follows. ||

Lemma 8.11 Let X be an open subset of R™ let p: X — R™ be a function
mapping X into R™, and let p be a point of X. Suppose that the function ¢
is differentiable at the point p. Then ¢ is continuous at p.

Proof Suppose that the function ¢ is differentiable at p with derivative
(Dp)p. It then follows from the definition of differentiability that

lp(x) — p(p) — (Dp)p(x —p)| = 0.
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It then follows from basic properties of limits that
lim |¢(x) — ¢(p) — (D¢)p(x — p)|

- - (hm x — P|> (hm |x—;p| |o(x) = (P) = (Dep)p(x — p”)

X—p X—p
= 0.
Therefore
lim (p(x) = ¢(p) — (D)p(x —p)) = 0.
But then

lim ¢(x) = lim (o(p) + (D¢)p(x — P)) = ¢(P)

X—p X—p

Consequently the function ¢ is continuous at p. The result follows. |}

Proposition 8.12 Let X be an open set in R™, let p: X — R" be a function
on X taking values in R™, and let p be a point of X. Suppose that the
first order partial derivatives of the components of the map ¢ are defined
throughout some open set to which the point p belongs and are also continuous
at the point p itself. Then the function p is differentiable at the point p.

Proof Let fi, f5,..., f, be the components of the map ¢. It follows from
Corollary 8.8 that

[o(x) = ¢(p) = (Df)p (x —p))[ =0,

where
(De)pw = ((Vfi)p - W, (Vfo)p.W,...,(V[a)p. W)

for all w € R™. The function ¢ therefore satisfies the definition of differen-
tiability at p, as required. |

8.4 The Jacobian Matrix of a Differentiable Function

Proposition 8.13 Let X be an open set in R™, let p: X — R" be a function
mapping X into R™, and let p be a point of X at which the function ¢ is
differentiable. Let w be an element of R™. Then

(Dp)pw = lim + (b + 1w) — o(p)).

Thus the derivative (Dy)p of ¢ at p is uniquely determined by the map .
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Proof Let w be some vector in R™, and let some positive real number £ be
given. Then let some positive real number gy be chosen so that go|w| < e.
The differentiability of ¢ at p then ensures that there exists some positive
real number dy which is small enough to ensure that

(%) = @(p) = (D)p(x = p)| < colx — p|

at all points x of X that satisfy |x — p| < do. (see Lemma 8.10). Setting
x = p + tw, and choosing a positive real number § for which |w|§ < g, we
find that

0 lo(p +1tw) — p(p) — t(Dyp)pw| <o |w| < ¢

whenever 0 < |t| < .
Considering separately the cases as t tends to zero through positive and
negative values, we can then conclude that

lim (p(p+tw) —p(p) — t(Dp)pw) =0

t—0+ ¢

and
lim + ((p -+ 1w) — ¢(p) — H{Dp)pw) = 0,

t—0~

It follows that 1
lim = (p(p +1w) — (p)) = (Dy)pWw,

t—0

as required. |

Corollary 8.14 Let X be an open set in R™, let ¢: X — R"™ be a function
mapping X into R™, and let p be a point of X at which the function ¢ s
differentiable. Then the derivative (Dy)p of ¢ at the point p is uniquely
determined by the map .

Proof The result of Proposition 8.13 shows that, for all w € R™, the value
of (Dy)p,w is expressible as a limit involving the function ¢ itself and is
thus uniquely determined by the function ¢ itself. Thus there cannot be
more than one linear transformation from R™ to R™ that can represent the
derivative of the function ¢ at the point p. |}

Corollary 8.15 Let X be an open set in R™, let o: X — R™ be a function
mapping X into R™, and let p be a point of X at which the function ¢ is
differentiable. Let fi, fo,..., fn denote the components of the function let
p: X — R™. Then the first order partial derivatives of the components of ¢
are all defined at the point p, and the derivative (D), of the map ¢ at the
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point p is represented by the n X m matriz whose coefficient in the ith row

0fi
and jth column is equal to the value at p of the partial derivative —f of fi

al’j

with respect to the jth coordinate function x; on X.

Proof Letej, e, ..., e, denote the standard basis of R™, where the ith com-
ponent of the vector e; is equal to 1 when 7 = j, but is equal to zero otherwise.
Basic linear algebra ensures that the linear transformation (Dyp)p: R™ — R”
is represented by the matrix .J(p) whose coefficient J; ;(p) in the ith row and
jth column is equal to the ith component of the vector (D), e;. It then
follows (applying Proposition 8.14) that

fi

81:j x=p

Y

Js(p) = lim + (fi(p + te) — filey)

as required. |

Let X be an open set in R™, let ¢: X — R™ be a differentiable function
mapping X into R”. Corollary 8.15 ensures that the derivative of ¢ at any
point p of X is the linear transformation from R™ to R™ that sends w € R™
to J(p)w, where J is the n X m matrix

of on o
Ory Oxy Oz
Ory Oxy Oz
Ofn Ofn O fn
90, 01, " B

of functions on X whose coefficients are the first order partial derivatives of
the components fi, fo, ..., f, of the map ¢. This matrix of partial derivatives
is known as the Jacobian matriz of the map .

Example Let ¢:R? — R? be defined so that

A))- (727

for all real numbers x and y. Let p and ¢ be fixed real numbers. Then

() =((2))
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xz;yyz > - ( pQQ;qqz )
(x +p)(x—p) = (y+ ) )
gz —p)+2p(y —q) + 2(90 -

p(z—p) —2q(y — q) + (z — ) (y q)2>
2q(x —p) +2p(y —q) +2(z —p)(y — q)

i ) ) (epe=d”)

Now, given (z,y) € R?, let r = \/(z — p)2 + (y — ¢)%. Then |z —p| <r
and |y — ¢| < r, and therefore

(z—p) = (y—@? <|z—pf +|y—q* <2r?

and 2(z — p)(y — q) < 2r?, and thus

N2 2 _ _
[(z —p)* = (y — @) <9 and 2(z = p)(y — q)| <o
V(& —p)?+(y —q)? V(e —p)+(y —q)?
Thus, given any positive real number ¢, let § = %5. Then
— )2 _ — )2 _ _
@—p"--9" | __ .4 2(z y 9 |_.
V(e —p)?+(y—q)? V(@ (y —q)?

whenever 0 < |(z,y) — (p, q)| < 0. It follows therefore that

o V(= p)21+ (v —q)? ( (x2(—$p22p;(éy—_q§)2 ) - ( 8 > ‘

Thus the function p: R? — R? is differentiable at (p, ¢), and the derivative of
this function at (p, q) is the linear transformation represented by the matrix

2p —2q
29 2p )
8.5 Sums, Differences and Multiples of Differentiable
Functions

Proposition 8.16 Let X be an open set in R™, and let f: X — R and
g: X — R be functions mapping X into R. Let p be a point of X. Suppose
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that f and g are differentiable at p. Then the functions f + g and f — g are
differentiable at p, and

D(f+9)p = (Df)p + (Dg)p

and
D(f - g)p = (Df)p - (Dg)p-

Moreover, given any real number c, the function cf is differentiable at p and

D(cf)p = c(Df)p-

Proof The limit of a sum of functions is the sum of the limits of those
functions, provided that these limits exist. Applying the definition of differ-
entiability, it therefore follows that

lim = (76 900 = () + 9(0)) = (D)o + (D)) (x — )
= Jim e (J6) = S (p) — (D)plx )
+lim - (90x) — 9(p) ~ (D)ol — )
= 0.
Therefore

D(f+9)p = (Df)p + (Dg)p-
Also the function —g is differentiable, with derivative —(Dg)p. It follows
that f — g is differentiable, with derivative (Df), — (Dg)p.
Let ¢ be a real number. Then

= clim —— (769~ F(p) — (DN)olx )

x—p [X — P

= 0.

It follows that the function cf is differentiable at p, and D(cf)p, = c¢(Df)p,
as required. |

8.6 An Inequality limiting the Growth of a Differen-
tiable Function

We shall derive an inequality bounding the growth of a function of of several
real variables around a point where it is differentiable. The statement of
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the result makes reference to the operator norm of a linear transformation.
Accordingly we now give the definition of operator norms.

Definition Let T:R™ — R" be a linear transformation. The operator norm
|T||op of T" is the smallest non-negative real number with the property that
Tw| < ||T||op |W]| for all w € R™.

The operator norm ||T'||,, of a linear transformation 7: R™ — R™ may be
characterized as the maximum value attained by |Tw| as w ranges over all
vectors in R™ that satisfy |w| = 1.

Lemma 8.17 Let T:R™ — R™ be a linear transformation from R™ to R",
and let |T||op denote the operator norm of T. Also let A;; = Te; . Te; for
all integers © and j between 1 and m, where, for each integer 5 between 1 and
m, the vector e; is the jth standard vector whose jth component is equal to
one and whose other components are all zero. Then let A denote the matrix
whose coefficient in the ith row and jth column is A; ;, and let Ayax denote the
mazimum eigenvalue of the real symmetric matriz A. Then || T|lop = v/ Amax-

Proof The matrix A is a real symmetric matrix, and, given any such matrix,
there exists an orthogonal matrix R, with transpose RT for which RART is
diagonal. The inverse of the matrix R is then equal to its transpose R”. Let
A; denote the coefficient in the 7th row and column of the diagonal matrix
RART for i = 1,2,...,m. Then A\, \s,..., )\, are the eigenvalues of the
matrix A.

Let w € R™, and let w = (wy,ws, ..., w,,). Then

|T‘W|2 = <i wiei) . (iwjeJ) = ii/lmwiwj.
i=1 Jj=1

i=1 j=1

Thus if we represent w in matrix algebra as a column vector with coefficients

Wy, Wy, . .., w, then |[Tw|?> = wl Aw, where w’ denotes the row vector that
is the transpose of the column vector w.

Let u = Rw, so that u, = Y Ry jw; for k=1,2,...,m. Then w = RTu,
=1
and therefore

Tw|* = wl Aw = u' RARTu = Z Moty < Amax Z up.

k=1 k=1

Moreover
n

u; =u'u=w R'Rw =w'w = |w|%.

k=1
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We conclude therefore that
|TW|2 < /\max|w|2

for all w € R™. Moreover if w = RTe;,, where k is an integer between 1 and
m for which A\, = A\Lax, then

ITW|?* = Amax|W|?.
The result follows. |}

Proposition 8.18 Let X be an open set in R™, let o: X — R"™ be a func-
tion mapping X into R™, let p be a point of X at which the function ¢ s
differentiable, and let M be a real number satisfying M > ||(Dy)pllop, where
|(D@)pllop denotes the operator norm of the derivative (Dg)y of ¢ at p.
Then there exists some positive real number & such that

p(x) —@(p)| < M |x — p|
for all points x of X satisfying |x — p| < 0.

Proof Let ¢ = M — |[(D¢)plop- Then ¢ > 0. Now

((De)pw| < [[(D@)pllop W]

for all w € R™. Also the differentiability of the function ¢ at the point p
ensures that there exists some positive real number § that is small enough
to ensure that

lp(x) = @(P) — (Dp)p(x —P)| < e|x — P

for all x € X satisfying |[x — p| < ¢ (see Lemma 8.10).
It then follows from the Triangle Inequality satisfied by the Euclidean
distance function that

[p(%) = @(P)| < [(Dg)p(x — p)| + lx — P

for all x € X satisfying |x — p| < ¢. But the definition of the operator norm
ensures that

|(De)p(x —P)| < [(D@)pllop X — P
for all x € X. It follows that

o(x) = (P)] < (I(Dp)pllop + €)[x — p| = M |x — p|

for all x € X satisfying |x — p| < d, as required. |}

77



8.7 The Product Rule for Functions of Several Vari-
ables
Let f: X — R and g: X — R be real-valued functions defined over an open

subset X of R™. We denote by f - g the product of the functions f and g,
defined so that (f - g)(x) = f(x)g(x) for all x € X.

Proposition 8.19 (Product Rule)  Let X be an open set in R™, let
f: X — R and g: X — R be real-valued functions on X, and let p be a
point of X. Suppose that f and g are differentiable at p. Then the function
f - g s differentiable at p, and

D(f-9)p=9®)(Df)p + f(P)(Dg)p-

Proof The differentiability of the functions f and g at p ensures the exis-
tence of positive real numbers ensures that there exist positive real numbers
M, N and ¢ that ensure that

|f(x) = f(p)| < M |x —p|
and
l9(x) —g(p)| < N [x —p

at all points x of R™ that satisfy |x — p| < . (This follows on applying
Proposition 8.18.) Let h: X — R be the real-valued function on X defined
so that

hx) = (f(x) = f(p)(9(x)—g(p))
= f(x)g9(x)+ f(p)g(p) — f(P)9(x) — f(x)g(p)
for all x € X. Then h(p) =0 and

h(x) 1 o .
K—p| ‘X_p,|f() f)lg(x) = g(p)|

< MN|x—p|

at all points x of R™ that satisfy |x — p| < d. It follows that

It then follows from the definition of differentiability that the function h: X —
R is differentiable at the point p, and (Dh), = 0.
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Now

f(x)g(x) = f(p)g(x) + g(p)f(x) — f(P)g(p) + h(x)

for all x € X. Differentiating, and using the fact that (Dh), = 0, we find
that f - g is differentiable at p, and

(D(f-9)p = f(P)(Dg)p + 9(P) (Df)p,

as required. |}

8.8 The Chain Rule for Functions of Several Variables

Proposition 8.20 (Chain Rule) Let X and Y be open sets in R™ and
R" respectively, let p: X — R™ and :Y — R¥ be functions mapping X and
Y into R™ and R* respectively, where o(X) C Y, and let p be a point of
X. Suppose that ¢ is differentiable at p and that 1 is differentiable at o(p).
Then the composition 1 o p: X — RF is differentiable at p, and

D( o p)p = (DY)yp) © (D)p.

Thus the derivative of the composition 1 o @ of the functions at the point p
is the composition of the derivatives of the functions ¢ and ¢ at p and p(p)
respectively.

Proof The differentiability of the functions ¢ and ¢ at p and ¢(p) respec-
tively ensures that there exist positive real numbers M, N, §; and 7; such
that the following conditions hold: x € X and |p(x) — ¢(p)| < M|x — p| for
all x € R™ satistying [x—p| < 613y € Y and [¢(y) =¥ ((p))| < N [y —¢(p)]
for all y € R” satisfying |y —o(p)| < m1; [(DY)p@yw| < N |w| for all w € R”.
(This follows on applying Proposition 8.18.)

Let some positive real number ¢ be given. It follows from the differentia-
bility of ¥ at ¢(p) that there exists some real number 7y, where 0 < 7y < 7,
such that

[¥(y) = ¥($(P)) — (D)o (¥ = $(P))| < 31y = #(p)|

for ally € Y satisfying [y—¢(p)| < m2. (This follows from a direct application
of Lemma 8.10.) Let some real number d, be chosen so that 0 < §; < §; and
Méy < my. If x € R™ satisfies |x — p| < 2 then x € X and |p(x) — ¢(p)| <
M|x — p| < n2. Consequently if |[x — p| < § then

|[¥((x)) = P(e(P)) — (D¥)y(p)(0(x) — @(p))]

IN

S7le) — o)

selx—npl.

IN
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Now it follows from the differentiability of ¢ at p that there exists some real
number § satisfying the inequalities 0 < § < §5 that is small enough to ensure
that

p(%) = ¢(p) — (Dp)p(x = p)| <

for all x € R™ satisfying |[x — p| < 0. Now |[(D¢)ypyw| < N |w| for all
w € R". It follows that

(DY) o) ((x%) = (P)) = (D) (p) (Dip)p(x — D)
N p(x) = ¢(p) — (Dp)p(x — p)|

for all x € R™ satisfying |x — p| < .
The inequalities obtained above ensure that x € X and

|¢(90(X))—w(90( )) (sz)w(p( ©)p(x — D)
|9 (4( D((P)) — (DY) g(p) (0(x) — (p))]
+\ Dw @ (©x) = @(p)) — (DY) pp)(D)p(x — p)|
< elx—p|

at all points x of R™ that satisfy |x — p| < d. It follows from this that the
composition function v o ¢ is differentiable at p, and that (D(v o ¢))p =

(DY) y(p) © (D)p, as required. |}
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