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4 Countable and Uncountable Sets

4.1 Functions between Sets

Let X and Y be sets, and let f: X — Y be a function from X to Y. The
function f is injective if, given any element y of Y, there exists at most one
element x of X for which f(z) = y. The function f is surjective if, given any
element y of Y, there exists at least one element = of X for which f(z) = y.
The function f is biyective if it is both injective and surjective. Thus the
function f: X — Y is bijective if and only if, given any element y of Y, there
exists a exactly one element x of X for which f(x) = y. A function f: X — Y
is bijective if and only if it has a well-defined inverse f~1: Y — X. Injective,
surjective and bijective functions may be referred to as injections, surjections
and bijections respectively.

4.2 Countable Sets

Definition A non-empty set X is said to be countable if there exists an
injection mapping X into the set N of positive integers. The empty set () is
also said to be countable.

Lemma 4.1 Any subset of a countable set is countable.

Proof Let Y be a subset of a countable set X. Then there exists an injection
f: X — N from X to the set N of positive integers. The restriction of this
injection to the set Y gives an injection from Y to N. |}

Lemma 4.2 Let X andY be sets, and let f: X — 'Y be an injective function
from X to Y. Suppose that the set Y is countable. Then the set X is
countable.

Proof The set Y is countable, and therefore there exists an injective func-
tion ¢:Y — N mapping Y into the set N of positive integers. Then the
composition function g o f: X — N is injective, because the composition of
any two injective functions is always itself an injective function. It follows
that the set X is countable, as required. |}

We establish a one-to-one correspondence between the set N x N of or-
dered pairs of positive integers and the set N of positive integers. This
correspondence is implemented by a function h:N x N — N is constructed
so that

h(1,1) =1,
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h2,1) =2, h(1,2) =3,
h(3,1) =4, h(2,2)=5, h(1,3)=6,
h(4,1) =7, h(3,2)=8, h(2,3)=9, h(1,4)=10, etc.

The expression for the function h should be determined so that h(j, k) =
S(j + k) + k for all positive integers j and k, where, for each integer m
satisfying m > 2, S(m) is equal to the number of ordered pairs (p,q) of
positive integers satisfying p + ¢ < m.

Let m be a positive integer satisfying m > 3. Then, for each integer p
between 1 and m — 2, there are m — p — 1 positive integers ¢ satisfying
p+q < m. It follows that

m—2 m—2
:Zm p—1)=>» i=3(m—1)(m—2).
p:l =1

This identity also holds when m = 2, since S(2) = 0. The function h: NxN —
N constructed to implement the one-to-one correspondence between the sets
N x N and N therefore satisfies

hj k) =G +k -1 +k—2)+k

for all positive integers 7 and k. We now prove formally that this function is
indeed a bijection between the sets N x N and N.

Lemma 4.3 Let h: N x N — N be the function defined such that
h(j,k)=2(G+k—1)(j+k—2)+k.
for all positive integers j and k. Then h:N x N — N is a bijection.

Proof Let n be a positive integer. Then there is a unique integer m satisfying
m > 2 for which

Lm = 1)(m —2) <n < dm(m - 1).

Let k = n— 3(m —1)(m —2) and j = m — k. Then j and k are integers
between 1 and m — 1, and

h(j, k) =3(m—1)(m—2)+k=n.
Now let j' and &’ be positive integers satisfying h(j’, ¥’) = n. Then
O<n—30 '+ -1 +K-2)=K<j+F -1,
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and therefore
UK =D K —2) <n <50 HR)G R - 1),

It follows that j' 4+ k' = m, where m is the unique integer satisfying m > 2
for which

fm—=1)(m—2) <n < im(m-1).
But then

f(m=1)(m—-2)+k =n=3(m—1)(m-2)+k,

1
2
and therefore k' = k and j' = j. Thus (j,k) is the unique ordered pair
of positive integers for which h(j, k) = n. We have thus shown that, given
any positive integer n, there exists a unique ordered pair (j, k) of positive
integers for which h(j, k) = n. It follows that h: N x N — N is a bijection, as
required. |

Lemma 4.4 Let h:N x N — N be the function defined such that
h(jk)=3(G+k—1)(j+k—2)+k.
for all positive integers j and k, and let functions
gn:N" = N

be constructed for n = 1,2,3... so that g1(j) = j for all positive integers j
and

gn(jbj?a s >]n) = h<gnfl(j1>j2; B ajnfl)ajn)
for all (j1,72,---,7Jn) € N whenever n > 1. Then each of the functions
9n: N — N s a bijection.

Proof The function ¢g;: N — N is a bijection because it is the identity func-
tion of N. The function g,: N*> — N coincides with the function h. It therefore
follows from Lemm 4.3 that the function go: N> — N is a bijection. We prove
by induction on n that the function g,: N — N is a bijection for all positive
integers n. Suppose therefore as our induction hypothesis that n is some
positive integer satisfying n > 3 and that g,_;:N"~! — N is a bijection. We
must show that g,: N® — N is a bijection.

Let m be a positive integer. Then there exist uniquely-determined posi-
tive integers m’ and j,, for which h(m’, j,) = m, because the function h: N* —
N is a bijection. There then exists a unique (n — 1)-tuple (j1, ja, - -, Jn—1) Of
positive integers for which g, 1(j1, 2, - ., Jn_1) = m', because g, _;: N"7! —
N is a bijection. But then (ji, jo, - .., jn) is the unique n-tuple of positive inte-
gers for which g, (j1, j2, - - -, jn) = m. We conclude therefore that g,: N* — N
is a bijection, as required. |}



Proposition 4.5 Let X1, Xs,..., X, be countable sets. Then the Cartesian
product X1 X Xg X -+ X X, of these countable sets is itself a countable set.

Proof Let X = X x X, x--- X,,. There exist injective functions f;: X; —» N
from the set X; to the set N of positive integers, because each set X; is
countable. Also there exists a bijection g,:N" — N from the set N" of

ordered n-tuples of positive integers to the set N of positive integers (see
Lemma 4.4). Let f: X — N be defined so that

f($1,.1'2, U 7xn) = gn(f1($1)> f2($2)> ceey fn(wn))

for all (x1,z9,...,2,) € X. We show that f: X — N is injective.

Let (w1, 22, ..., x,) and (27, 2h, ..., 2 ) be elements of the set X. Suppose
that
f(x17$2>"'axn) = f(x/17$,277x;1)
Then

(f1(21), fa(x2), s fulan)) = (fo(@)), fa(a), - fu(27),

because the function g,: N? — N is injective, and therefore f;(x;) = fi(«}) for

1 =1,2,...,n. But each of the functions fi, fo, ..., f, is injective. It follows
that x; = ) for i = 1,2,...,n, and thus
(x4, @0, ..., xn) = (2,20, ...,2)).

This shows that the function f: X — N is injective. It follows that the set X
is countable, as required. |}

Proposition 4.6 Any countable union of countable sets is itself a countable
set.

Proof Let J be a subset of the set N of positive integers and, for each j € J,
let X; be a countable set, and let X = [J X;. Also, for each j € J, let
et
g;j: X; — N be an injective function from )J( ; to the set N of positive integers.
(The functions g; exist because, for all j € J, the set X; is a countable set.)
For each x € X let n(z) denote the smallest positive integer j in the indexing
set J for which € X;. Let h:N x N — N be a bijection between the sets
N x N and N (see Lemma 4.3), and let f: X — N be the function defined so
that

for all z € X.



Let z and 2’ be elements of X satisfying f(x) = f(2'). We claim that
x = a'. Now if f(x) = f(2') then n(x) = n(2') and gn@)(T) = gn@) (@),
because the function h:N x N — N is a bijection. Let n = n(z). Then
r € X, and 2 € X, and g,(x) = g,(2/). But ¢: X,, — N is an injective
function. It follows that x = 2’. We conclude therefore that the function
f: X — N is injective, and therefore the set X is countable, as required. |}

Lemma 4.7 The set 7Z of integers is countable.

Proof The set Z is the union of the set N of positive integers and the set
W of non-positive integers, where W = {n € Z : n < 0}. Let f: W — N be
defined such that f(n) =1 —n for all n € W. Then f:W — N is bijective,
and therefore the set W is countable. It follows that the set Z of integers,
being the union of the countable sets N and W, is itself a countable set, as
required. [

Lemma 4.8 The set Q of rational numbers is countable.

Proof For each positive integer m, let R,, be the set consisting of all rational
numbers that are of the form n/m for some positive integer n. The function
mappng each ¢ € R, to mq is a bijection from R, to the set Z of integers,
and Z is a countable set. It follows that R,, is a countable set for each

positive integer m. Now Q = U R,,. It follows that the set Q of rational

numbers is a countable union of countable sets. Moreover any countable
union of countable sets is itself countable (Proposition 4.6). We conclude
that the set Q is countable, as required. |

Proposition 4.9 Let h: X — Y be a surjection. Suppose that the set X 1is
countable. Then the set'Y is countable.

Proof The set X is countable, and therefore there exists an injective function
g: X — N from X to the set N of positive integers. Given any element y of
the set Y there exists at least one positive integer n with the property that
n = g(z) for some z € X satisfying h(z) = y, because the function h is
surjective. For each y € Y, let f(y) be the smallest positive integer n with
the property that n = g(x) for some = € X satisfying h(z) = y.

Let y and ¢y’ be elements of the set Y, where y # ¢'. Then there exist
elements = and 2’ of the set X for which f(y) = g(x), f(¥/) = g(2), h(z) =y
and h(z") = y'. Then x # 2/, because y # y'. But then g(z) # g(2'), because
the function g is injective, and therefore f(y) # f(y'). We conclude from
this that the function f is injective, and therefore the set Y is countable, as
required. ||



Proposition 4.10 A non-empty set X is countable if and only if there exists
a surjective function g:N — X mapping the set N of positive integers onto

X.

Proof Let X be a non-empty set. If there exists a surjective function
9:N — X mapping the set of positive integers onto X then it follows from
Proposition 4.9 that the set X is countable.

Conversely suppose that X is a non-empty countable set. Then there
exists an injection f: X — N from X to N. Let xy be some chosen element of
the set X. Given a positive integer n, there exists at most one element x of the
set X for which f(x) = n. It follows that there exists a function ¢g: N — X
where g(f(z)) = z for all x € X nd g(n) = zo for positive integers n that
do not belong to the range f(X) of the function f. This function ¢:N — X
is then a surjective function mapping the set N of positive integers onto the
set X. The result follows. |}

4.3 Uncountable Sets

A set that is not countable is said to be uncountable. Many sets occurring
in mathematics are uncountable. These include the set of real numbers.

It follows directly from Lemma 4.1 that if a set X has an uncountable
subset, then X must itself be uncountable.

It also follows directly from Proposition 4.9 that if h: X — Y is a surjec-
tion from a set X to a set Y, and if the set Y is uncountable, then the set X
is uncountable.

Definition Let X be a set. The power set P(X) of X is the set whose
elements are the subsets of the set X.

It is a straightforward exercise to prove that if a finite set X has m
elements then its power set P(X) has 2" elements. (This may be shown by
induction on the number of elements in the finite set.) It follows that, for
any finite set X, the power set P(X) has more elements than the set X itself,
and therefore there cannot exist any surjective function from a finite set to
its power set. We now show that the same is true of all sets, whether finite
or infinite.

Proposition 4.11 Let X be a set, and let P(X) be the power set of X.
Then there cannot exist any surjective function from the set X to its power

set P(X).



Proof Let f: X — P(X) be a function from a set X to its power set P(X),
and let B ={x € X : o & f(z)}. Let z € X. Then z € B if and only if
x & f(z). It follows that the element x of X belongs to exactly one of the
subsets B and f(x) of X, and therefore B # f(x). We conclude from this
that the subset B of X is an element of the power set P(X) of X that does
not belong to the range f(X) of the function f. Thus the function f is not
surjective. The result follows. |

Corollary 4.12 The power set P(N) of the set N of positive integers is an
uncountable set.

Proof If the set P(N) were countable, there would exist a surjective function
f:N — P(N) mapping the set N of positive integers onto its power set (see
Proposition 4.10). But there cannot exist any surjective function mapping
the set N onto its power set (Proposition 4.11). Therefore the set P(N) must
be uncountable, as required. |}

Proposition 4.13 The set R of real numbers is uncountable.

Proof Let the function h: P(N) — R from the power set P(N) of the set
of positive integers to the set R of real numbers be defined so that, for all
subsets B of N,
+00 .
nBy =Y 4
(B) 1077

=1

where d; = 1 whenever j € B and d; = 0 whenever j ¢ B. (Thus, for
example, h({2,3,5,8}) = 0.01101001.)

The function h: P(N) — R is injective. It follows that if the set R of
real numbers were countable, then the set P(N) would also be countable
(see Lemma 4.2). But the power set P(N) of the set of positive integers is
uncountable (see Corollary 4.12). It follows therefore that the set R of real
numbers is also uncountable, as required. |}



5 Some Properties of Infinite Sequences and
Series

5.1 Least Upper Bounds and Greatest Lower Bounds

Definition Let S be a set of real numbers which is bounded above. The
least upper bound, or supremum, of the set S is the smallest real number that
is greater than or equal to elements of the set S, and is denoted by sup S.

Thus if S is a set of real numbers that is bounded above, then the least
upper bound sup S of the set S is characterized by the following two prop-
erties:

o forallz € S, x <supS;
e if u is a real number, and if, for all x € S, x < u then sup S < u.

The Least Upper Bound Property of the real number system guarantees
that, given any non-empty set S of real numbers that is bounded above, there
exists a least upper bound sup S for the set S.

Definition Let S be a set of real numbers which is bounded below. The
greatest lower bound, or infimum, of the set S is the largest real number that
is less than or equal to elements of the set S, and is denoted by inf S.

Thus if S is a set of real numbers that is bounded below, then the greatest
lower bound inf S of the set S is characterized by the following two properties:

e forallz € S, z > inf S;
e if [ is a real number, and if, for all x € S, x > [ then inf S > .

Given any non-empty set S of real numbers that is bounded below, there
exists a greatest lower bound inf .S for the set .S.

5.2 Monotonic Sequences

An infinite sequence x1, T2, x3, . . . of real numbers is said to be strictly increas-
ing if x;41 > x; for all positive integers j, strictly decreasing if x4, < x; for
all positive integers j, non-decreasing if x;11 > x; for all positive integers 7,
non-increasing if xj1; < x; for all positive integers j. A sequence satisfy-
ing any one of these conditions is said to be monotonic; thus a monotonic
sequence is either non-decreasing or non-increasing.



Theorem 5.1 Any non-decreasing sequence of real numbers that is bounded
above is convergent. Similarly any non-increasing sequence of real numbers
that is bounded below is convergent.

Proof Let xq, x5, x3,... be a non-decreasing sequence of real numbers that
is bounded above. It follows from the Least Upper Bound Axiom that there
exists a least upper bound p for the set {z; : j € N}. We claim that the
sequence converges to p.

Let some strictly positive real number £ be given. We must show that
there exists some positive integer NV such that |z; — p| < ¢ whenever j > N.
Now p — ¢ is not an upper bound for the set {z; : j € N} (since p is the
least upper bound), and therefore there must exist some positive integer N
such that xny > p —e. But then p — ¢ < x; < p whenever j > N, since
the sequence is non-decreasing and bounded above by p. Thus |z; — p| < ¢
whenever j > N. Therefore x; — p as j — +o00, as required.

If the sequence x1,x9, 3, ... is non-increasing and bounded below then
the sequence —x1, —x9, —x3, ... is non-decreasing and bounded above, and
is therefore convergent. It follows that the sequence xy, w9, x3,... is also

convergent. [

5.3 Upper and Lower Limits

Let aq,as,as,... be a bounded infinite sequence of real numbers, and, for
each positive integer j, let

Sj = {ajaaj+1;aj+2, . } = {ak k> j}

The sets Sy, .99, 53, . .. are all bounded. It follows that there exist well-defined
infinite sequences wuy, ug, us, ... and I, l, I3, ... of real numbers, where u; =
sup S; and [; = inf S; for all positive integers j. Now S;; is a subset of .S; for
each positive integer j, and therefore u,4, < u; and [;41 > [; for each positive
integer j. It follows that the bounded infinite sequence (u; : j € N) is a non-
increasing sequence, and is therefore convergent (Theorem 5.1). Similarly
the bounded infinite sequence (I, : j € N) is a non-decreasing sequence, and
is therefore convergent. We define

limsupa; = lim w; = lim sup{a;,a;i1,aj42,...}
j—+oo J—too Jj—+o0

and
liminfa; = lim [, = lim inf{a;, a;11,a;49,...}.
j—>+oo] j—>+oo] =y too {J’]+7J+7 }



The quantity limsupa; is referred to as the upper limit of the sequence

j—+oo
ai,as,as,.... The quantity liminf a; is referred to as the lower limit of the
—+00

sequence aj, as, as, . . .. ’

Note that every bounded infinite sequence aq,as,as,.... of real num-
bers has a well-defined upper limit limsup a; and a well-defined lower limit

Jj—+oo
liminf a;.
Jj—+o00
Proposition 5.2 A bounded infinite sequence aq, as,as, . ... of real numbers
is convergent if and only if liminf a; = limsup a;, in which case the limit of
J—rtoo j—+oo

the sequence is equal to the common value of its upper and lower limits.
Proof For each positive integer j, let u; = sup S; and [; = inf S, where

Sj = {aj7aj+1aaj+2, .. } = {ak k> j}

Then liminfa; = lim [; and limsupa; = lim wu;.
j—+oo j—+o0 j—+o0 j—+oo
Suppose that liminfa; = limsupa; = ¢ for some real number c¢. Then,
J—rtoo j—+oo

given any positive real number ¢, there exist positive integers N; and Ny such
that ¢ — e < [; < ¢ whenever j > N;, and ¢ < u; < ¢+ € whenever j > Ns.
Let N be the maximum of N; and Ny. If j > N then a; € Sy, and therefore

c—e<Ily<a;<uy<c+e.

Thus |a; — ¢| < € whenever j > N. This proves that the infinite sequence
ai, as,as, ... converges to the limit c.

Conversely let aq,as,as, ... be a bounded sequence of real numbers that
converges to some value c¢. Let ¢ > 0 be given. Then there exists some
positive integer N such that ¢ — %5 <a; <c+ %5 whenever j > N. It follows
that S; C (c — %5,c+ %5) whenever 7 > N. But then

1 1
C—EESljSUjSC"‘iE

whenever j > N, where u; = sup S; and [; = inf S;. We see from this that,
given any positive real number ¢, there exists some positive integer N such
that |l; — ¢| < e and |u; — ¢| < € whenever j > N. It follows from this that

limsupa; = lim w; =cand liminfa; = lim [; = ¢,
j—+o0 j—+oo j—+oo j—+o0

as required. |
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5.4 Rearrangement of Infinite Series
Example Consider the infinite series

11 1
l—z+z->+

11+
2 3 4 5 6

For each positive integer k, let pi denote the kth partial sum of this infinite
series, defined so that

The absolute values of the summands constitute a decreasing sequence, and
accordingly examination of the form of the infinite series establishes that

P1>DP3>ps >pr >

P2 < pg <pg<pg<---

Moreover po,, < pomy1 < p1 and Popa1 > pom > po for all positive inte-
gers m. Thus pq, ps, ps, pr is a decreasing sequence that is bounded below,
and po, P4, Ps, Ps is an increasing sequence that is bounded above. A standard
result of real analysis ensures that these bounded monotonic sequences are
convergent. Moreover

1
i g =t (a5t

= lim po, lim
m— 00 P2 + m—+oo 2m —+ 1
= lim po,.
m—00

It then follows easily from examination of the definition of convergence that

the infinite sequence py, po, p3, . .. converges, and
lim .= lim om = lim 2 1-
j—>+oop] mHJroop m m%Jroop met

Let o = lim p;. Then p; < a < py, and thus % <a<l.

Jj—+00o
Now consider the infinite series

The individual summands are those of the infinite series previously consid-
ered, but they occur in a different order. This new infinite series is thus a

11



rearrangement of the infinite series previously considered. Nevertheless the
sum of this new infinite series may be represented as

11 1+1 1 1+1 1 1+
2 4 3 6 8 5 10 12

and therefore the sum of the new infinite series is equal to that of the infinite

series
1 1 1 1 1 1

2 176 8 10 12T

and is therefore equal to %oz. This example demonstrates that when the terms
of an infinite series are rearranged, so that they are summed together in a
different order, the sum of the rearranged series is not necessarily equal to
that of the original series.

The example just discussed considers the behaviour of a particular infinite

series that is convergent but not absolutely convergent. An infinite series
+00 +o00o

> a; is said to be absolutely convergent if ) |a;| is convergent. The following
j=1 j=1

proposition and its corollaries ensure that any absolutely convergent infinite
series may be rearranged at will without affecting convergence, and without
changing the value of the sum of the series. In particular an infinite series
whose summands are non-negative may be rearranged without affecting the
value of the sum of that infinite series.

+oo
Proposition 5.3 Let ) a; be a convergent infinite series, where a; is real
j=1
and a; > 0 for all positive integers j. Let ) be the subset of the real numbers
consisting of the values of all sums of the form ) a; obtained as F ranges
jEF
over all the non-empty finite subsets of N. Then

+oo
Z a; = sup Q.
j=1

Proof For each positive integer k, let

k
Pk = E Clj.
Jj=1

This number p; is referred to as the kth partial sum of the infinite series
ay + as + az + ---. The definition of the sum of this infinite series then
ensures that

oo

a; = lim .
D o= lim p
J=1

12



Moreover p; < ps < p3 < ---, because a; > 0 for all positive integers j, and
therefore

+o0
Zaj = sup{py : k € N}.
j=1

For each non-empty finite subset F' of the set N of positive integers, let

qr = Zaj-

JEF
If F and H are finite subsets of N, and if F' C H then gr < qy, because the
summand a; is non-negative for all positive integers j.

Now, given any non-empty finite subset F' of N there exists some positive
integer k such that F' C Jg, where J;, = {1,2,...,k}. But then

+oo

qar < qj, = pr < Zaj-
j=1

Therefore the set ) consisting of the values of the sums gr as F' ranges over
all the non-empty finite subsets I’ of N is bounded above. Moreover it is
non-empty. The Least Upper Bound Principle then ensures that the set @
has a well-defined least upper bound sup Q.

+o0o
Let s = sup@. We have shown that ¢p < ) a; for each non-empty
j=1
+oo
finite subset F' of N. It follows that s < )" a;. But p, € @ for all positive
j=1
integers k, because p, = ¢, , and therefore p;, < s. Taking limits as & — 400,

we find that
+oo

g a; = lim p, <s.
— k—+o0
]:

The inequalities just obtained together ensure that

“+oo

Zaj = s =sup (),

Jj=1
as required. |}

A permutation of the set N of positive integers is a function o:N — N
from the set N to itself that is bijective. A function ¢:N — N is thus a
permutation if and only if it has a well-defined inverse 0=':N — N. This
is the case if and only if, given any positive integer k, there exists a unique
positive integer j for which k = o(j).

13



Definition An infinite sequence by, by, bs, . .. of real numbers is said to be a

rearrangement of an infinite sequence ay, as, as, . .. if there exists a permuta-
tion o of the set N of positive integers such that by = a,) for all positive
+oo
integers k. In this situation we also say that the infinite series ) by is a
k=1
+o0
rearrangement of the infinite series ) a;.
j=1

+o00 +o00o
Corollary 5.4 Let ) a; be a convergent infinite series, and let ) by be a
j k=1

7j=1 =
“+o00o
rearrangement of infinite series Y a;. Suppose that a; > 0 for all positive
j=1
400 “+o00 +o00o
integers j. Then the infinite series Y by is convergent, and Y by = Y a;.
k=1 k=1 j=1

Proof There exists a permutation o: N — N of the set N of positive integers

such that by = aq) for all positive integers k. Let gr = > a; for all non-
jEF

empty finite subsets F' of N, and let r¢ = ) by for all non-empty finite

keG
subsets GG of N. Then

G = > 0= o= bp=rc

j€a(G) keG keG

for all non-empty finite subsets G of N, and accordingly qr = r5-1(r) for all
non-empty finite subsets F' of N. Moroever G is a non-empty finite subset of
N if and only if o(G) is a non-empty finite subset of N. It follows that the
set () consisting of all sums of the form g as F' ranges over the non-empty
finite subsets of N is also the set consisting of all sums of the form rg as G
ranges over the non-empty finite subsets of N. It follows from Proposition 5.3
that

+oo +o0
>_aj=swpQ=7 b
j=1 k=1

as required. |}

It follows from Corollary 5.4 that, given any collection (¢, : @« € A) of
non-negative real numbers ¢, indexed by the members of a countable set A,

we can form the sum ) ¢,. If the countable indexing set A is infinite then
acA

14



there exists an infinite sequence o, o, a3, ... in which each element of the
set A occurs exactly once. Then

“+00
E Co — E Caj-
Jj=1

a€cA

o
The requirement that ¢, > 0 for all & € A ensures that the value of +Z Ca;

=1
does not depend on the choice of infinite sequence aq, as, as, . . . enume]rating
the elements of the indexing set A.

Let ¢1, ¢9, c3, ... be an infinite sequence of real numbers that are not nec-
essarily all non-negative or all non-positive, and let c}L = max(c;,0) and
c¢; = min(0, ¢;) for all positive integers j. Then c;r >0,¢; <0,¢5= cj +cj
and |c;| = ¢ — ¢; = ¢] + |cj| for all positive integers j. Moreover, for each
positive integer j, at most one of the numbers c;r asnd ¢; is non-zero. Now
0 < ¢ <|eland 0 < ¢ | < |¢j| for all positive integers j. It follows from

+o00 +00 +o00
this that 231 |c;| is convergent if and only if both 21 ¢/ and 231 c; convergent.
J= J= J=

In this case we say that the infinite series Z;;O‘f ¢; is absolutely convergent.

“+o00o

Corollary 5.5 Let ) a; be an absolutely convergent infinite series, and let
j=1

+o0 +oo

> b, be a rearrangement of infinite series Y a;. Then the infinite series

k=1 j=1

400 +o0 +0o

> by is absolutely convergent, and Y by =Y a;.

k=1 k=1 j=1

Proof There exists a permutation o: N — N of the set N of positive integers
with the property that b, = a,@) for all positive integers k. Let a;r =
max(a;,0) and a; = min(0, a;) for all positive integers j and b = max(by, 0)
and b, = min(0, b) for all positive integers k. The absolute convergence of

oo oo [e.e]
>~ a; then ensures that the infinite series ) a) and )7 a; both converge.
j=1 j=1 j=1
It then follows from Corollary 5.4 that
~+00 —+00 +00 400 +00 —+00
D lal =D af =3 @y =3 b =3 b= Il
j=1 j=1 j=1 k=1 k=1 k=1

and
“+o0 “+oo +oo +oo +oo +oo
DU SRS S SRS ST SIA
j=1 j=1 j=1 k=1 k=1 k=1
The result follows. |}
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5.5 The Extended Real Number System

It is sometimes convenient to make use of the extended real line [—o0, +00].
This is the set R U {—00,+00} obtained on adjoining to the real line R two
extra elements 400 and —oo that represent points at ‘positive infinity’ and
‘negative infinity’ respectively. We define

¢+ (4+00) = (+00) + ¢ = +00

and
¢+ (—0) = (—00) +c=—0

for all real numbers c¢. We also define products of non-zero real numbers with
these extra elements oo so that

¢ X (+00) = (400) X ¢c=+00 when ¢ > 0,
¢ X (—o0) = (—o0) Xec=—00 when ¢ >0,
¢ X (+00) = (4+00) X c=—00 when ¢ <0,
¢ X (—o0) = (—o0) xc=+0o0 when ¢ <0,

We also define

0% (+00) = (+00) x 0 =0 X (—00) = (—o0) X 0 =0,

and
(+00) X (+00) = (—00) X (—o0) = +00,
(+00) X (—00) = (—00) X (+00) = —00.
The sum of +00 and —oo is not defined. We define —(+00) = —oo and

—(—00) = +00. The difference p — g of two extended real numbers is then
defined by the formula p—q = p+ (—¢q), unless p = ¢ = 400 or p = ¢ = —0,
in which cases the difference of the extended real numbers p and ¢ is not
defined.

We extend the definition of inequalities to the extended real line in the
obvious fashion, so that ¢ < +o00 and ¢ > —oo for all real numbers ¢, and
—00 < +00.

Given any real number ¢, we define

[C, +OO] = [Cv +OO) U {+OO} = {p S [_OO’ OO] tp 2> C}7
(C, +OO] = (C, +OO) U {+OO} = {p S [_007 OO] ‘P> C}a
[—OO,C] = (—OO,C] U {_OO} = {P € [_007 OO] 'p < C},
[—00,¢) = (—o00,c)U{—o0}={p€[—00,00]:p<c}.

16



There is an order-preserving bijective function ¢: [—o00, +o0] — [—1,1]
from the extended real line [—00, +00] to the closed interval [—1, 1] which is

defined such that ¢(4+00) = 1, (—00) = —1, and ¢(c) = for all real

c
1+ |¢|
numbers c. Let us define p(p,q) = |p(q) — ¢(p)| for all extended real num-
bers p and ¢. Then the set [—00, +00] becomes a metric space with distance
function p. Moreover the function ¢:[—o00,4+00] — [—1,1] is a homeomor-
phism from this metric space to the closed interval [—1, 1]. It follows directly
from this that [—oo, +00] is a compact metric space. Moreover an infinite
sequence (p; : j € N) of extended real numbers is convergent if and only if
the corresponding sequence (¢(p;) : j € N) of real numbers is convergent.

Given any non-empty set S of extended real numbers, we can define sup S
to be the least extended real number p with the property that s < p for all
s € S. If the set S does not contain the extended real number +o0, and
if there exists some real number B such that s < B for all s € S, then
sup S < 4o00; otherwise supS = +oo. Similarly we define inf S to be the
greatest extended real number p with the property that s > p for all s € S.
If the set S does not contain the extended real number —oo, and if there
exists some real number A such that s > A for all s € S, then inf S > +o0;
otherwise inf S = —oo. Moreover

(sup S) = sup p(5) and ¢(inf S) = inf p(.5),

where ¢: [—00,+00] — [—1,1] is the homeomorphism defined such that
o(+00) =1, p(—o0) = —1 and ¢(c) = ¢(1 + |¢|)~! for all real numbers c.
Given any sequence (p; : j € N) of extended real numbers, we define the

upper limit limsup p; and the lower limit liminf p; of the sequence so that
j—+oo J—r+oo

limsupp; = lim sup{ps: k> j}

j—+oo J—r+oo
and

liminfp; = lim inf{ps: k& > j}.

J—+o0 J—+oo
Every sequence of extended real numbers has both an upper limit and a lower
limit. Moreover an infinite sequence of extended real numbers converges to
some extended real number if and only if the upper and lower limits of
the sequence are equal. (These results follow easily from the corresponding
results for bounded sequences of real numbers, on using the identities

e(limsup p;) = limsup ¢(p;), @(liminfp;) = liminf p(p,),
J—+o00

j—+oo j—+oo Jj—+oo

where ¢: [—00, +00] — [—1, 1] is the homeomorphism defined above.)
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The function that sends a pair (p,q) of extended real numbers to the
extended real number p + ¢ is not defined when p = +o00 and ¢ = —o0, or
when p = —oo and ¢ = 400 but is continuous elsewhere. The function that
sends a pair (p, q) of extended real numbers to the extended real number pgq
is defined everywhere. This function is discontinuous when p = 4+o0o and
g = 0, and when p = 0 and ¢ = +o00. It is continuous for all other values of
the extended real numbers p and q.

Let a1, a9, as, ... be an infinite sequence of extended real numbers which
does not include both the values +0o0 and —oo, and let p, = Z?:o a; for
all natural numbers k. If the infinite sequence p1, po, p3, . .. of extended real
numbers converges in the extended real line [—oo, +00] to some extended

real number p, then this value p is said to be the sum of the infinite series
+oo +oo
> aj, and we write ) a; = p.
j=1 j=1
It follows easily from this definition that if +o0c is one of the values of

+o0
the infinite series aq, as, as, ..., then > a; = +o0. Similarly if —oco is one of
j=1
+o00o
the values of this infinite series then then ) a; = —oo. Suppose that the
j=1
—+00
members of the sequence ay,as,as, ... are all real numbers. Then ) a, =
j=1
400 if and only if, given any real number B, there exists some real number N

k 400
such that ) a, > B whenever £ > N. Similarly ) a; = —oo if and only
j=1 j=1
if, given any real number A, there exists some real number N such that
k
a; < A whenever k> N.
=1

J
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6 Semirings and Rings of Sets

6.1 Distributive Laws in Set Theory

We explore some basic properties of intersections and products of unions of
sets that are manifestations of distributive laws satisfied in basic set theory.

Proposition 6.1 Let Aq, A, ..., A, be sets and, for each integer v between
1 and n, let (D;; : j € J;) be a collection of subsets of A;, indexed by some
set J;, for which \J D;; = A;. Let

JE€J;

J:J1XJ2X"'XJn.

Then .

NA= U Eipe

=1 (J1.925-50n) €J
where

By oo = D1y N Da gy M- N Dy j,

for each (41, j2, .- -, jn) € J. Moreover if, for each integer i between 1 and n,
the sets D, ; with j € J; are pairwise disjoint, then the sets Ej j, . ;. with
(J1, 925« - -, Jn) € J are pairwise disjoint.
Proof Let = be an element of E; ;, ;. for some element (ji,Ja, ..., jn) of

the indexing set J. Then x € A; for each integer between ¢ and n, because

E.

J15925+29n

CD,;; CA,;,

zv]z

and therefore z € () A;.
i=1

n
Now let z be an element of (] A;. Then x € A; for each integer i between

i=1
1 and n and therefore, for each integer i between 1 and n there exists an
element j; of the indexing set J; for which « € D, j,. But then x € Ej, ;, ;..

These results establish that
ﬂAZ = U Ej17j2="'7j7b'
1=1 (j17j27“'7j77«)6‘]

Now suppose that, for each integer ¢ between 1 and n, the sets D; ; with
j € J; are pairwise disjoint. Let (ji,j2,...,jn) € J and (J1,75,...,75) € J.
Suppose that
(j17j2, cee ajn) 7& (]17957 s 7]7/1)
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Then there is some integer ¢ between 1 and n for which j; # j.. But then

Ej jorin € Digsy  Ejg . C Dy

n

and Dj, N D; jr = (). It follows that
Ej17j27~-~7jn N Eji?jé:"'hj?/l =0.

Thus the sets Ej, j,..;. With (j1,J2,...,7,) € J are pairwise disjoint, as
required. |

Corollary 6.2 Let Ay, As, ..., A, be subsets of a set X and, for each inte-

ger i between 1 and n, let D1, D, ..., D;qu) be pairwise disjoint subsets of
q(?)

X satisfying \J D j, = A;. Let the indexing set J consist of those n-tuples
Ji=1

(J15 925+ - -5 Jn) that satisfy 1 < j; < q(i) fori=1,2,...,n. Then

n
NA4A= U  Eipoun
=1

(jl,jQ,---,jn)eJ

where Ej, j, . = Di1ND; 2N+ -ND; gy for all (41,2, ..., jn) € J. Moreover
the sets Ej, ;, . . with (41, j2,-..,jn) € J are pairwise disjoint.

Proposition 6.3 Let Ay, Ay, ..., A, be sets and, each integer i between 1
and n, let (D, :j € J;) be a collection of subsets of A;, indexed by some set
Ji, for which |J D;; = A;. Let

Jj€J;

J=J1 X Jgx - x J,.

Then
A XAy x -+ x A, = U Fj o
(J1,§25emrjr ) ET
where
Ejiargn = D1ji X Dajy X oo X Dyjj,

for each (41, j2, ..., jn) € J. Moreover if, for each integer i between 1 and n,
the sets D; ; with j € J; are pairwise disjoint, then the sets Iy, j, . ;. with
(J1,72s - -5 Jn) € J are pairwise disjoint.

Proof Let (j1, jo, ..., jn) be an n-tuple of integers belonging to the indexing
set J, and let (21, 22, ..., x,) be an element of the corresponding set F;
Then z; € A; for each integer between ¢ and n, and therefore

17j27"'ajn *

(X1, T, ..., xy) € A X Ag X -+- X A,,.
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Now let (x1, o, ..., x,) be an element of A; X Ay x---x A,,. Then z; € A;
for each integer ¢ between 1 and n and therefore, for each integer ¢ between
1 and n there exists an element j; of the indexing set J; for which z; € D, ;,.
But then

(1,22, Xn) € Fj s jn-

These results establish that
Al X AQ X -+ X An = U F}1,j2,...,jn'
(jlmj?»'“:jn)e‘]

Now suppose that, for each integer 7 between 1 and n, the sets D; ; with
J € J; are pairwise disjoint. Let (j1,j2,...,Jn) € J and (ji,J5, ..., 70) € J.
Suppose that
(j17j27 B 7.771) 7& (]17.757 ce 7]7/1)

Then there is some integer ¢ between 1 and n for which j; # j.. Suppose
there were to exist some element (1,9, ...,x,) of A; X Ay X -+ x A, that
belonged to both F}, j, . ;, and Fy 5 . Then it would be the case that both
z; € D;j, and x; € D; . But this is not possible, because D; j, N D;j = 0.
It follows that

ijlyj?v-wjn m Eiv]év?]'ﬁz = Q)

Thus the sets F}, j, .., with (ji,J2,...,jn) € J are pairwise disjoint, as
required. |

Corollary 6.4 Let Ay, Ao, ..., A, be sets, and, for each integer i between 1
and n, let D;y,D;o, ..., D;qu be pairwise disjoint subsets of A; satisfying
q(9)

U Dij, = Ai. Let the indexing set J consist of those n-tuples (j1, j2, - - - jn)
Ji=1

that satisfy 1 < j; < q(i) fori=1,2,...,n. Then

A1><A2X'--><An: U

(j17j27"'7jn)€'-]

Fj17j27"'7jn

where

Fjy jorjn = D1y X Daj, X - X D j,

for all (j1, ja, - -, jn) € J. Moreover the sets Fj, j,... ;. with (j1,j2,.-.,Jn) €
J are pairwise disjoint.
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6.2 Semirings of Sets

Definition Let X be a set. A collection S of subsets of X is said to be a
semiring of subsets of X if it satisfies the following two properties:—

1. (i) the empty set () belongs to S;

2. (ii) the intersection A N B of any two members A and B of S belongs
to S.

3. (iii) The difference A\ B of any two members of S can be represented
as a finite union of pairwise disjoint members of S.

A set is said to be a singleton set (or a one-point set) if it has only one
element.

Lemma 6.5 Let J be the collection of subsets of the real line R consisting
of the empty set, all the singleton sets, and all bounded intervals in R. Then
J is a semiring of subsets of R.

Proof The specification of the collection J ensures that the empty set () is
a member of J.

If A is equal to the empty set then AN B and A\ B are both equal to
the empty set for all members B of the collection J. It follows that AN B
and A\ B are members of J in all cases where A = () and B is a member of
J. Also if A is a member of the collection J, and if B = () then AN B and
A\ B, being equal to () and A respectively, are members of the collection 7.
If A and B are members of 7, and if A is a singleton set (so that A = {c}
for some real number ¢) then AN B and A\ B belong to J, because each of
those sets, if non-empty, is equal to the singleton set A. It suffices therefore
to verify that A N B is a member of 7, and that A\ B is a finite union of
pairwise disjoint members of 7, in those cases where A is a bounded interval
and B is either a singleton set or a bounded interval.

The intersection of a bounded interval and a singleton set is either a
singleton set or is equal to the empty set. Therefore the intersection of a
bounded interval and a singleton set is a member of 7. The intersection of
two bounded intervals is a bounded interval, a singleton set or the empty set.
It follows that the intersection of any two bounded intervals is a member of
J. We conclude that A N B is a member of J in all cases where A is a
bounded interval and B is either a singleton set or else a bounded interval.
It only remains therefore to verify that A\ B is a member of 7 in those cases
where A is a bounded interval and B is either a singleton set or a bounded
interval.
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Let A be a bounded interval, and let B be either a singleton set or a
bounded interval. Then the complement R\ B of B is the disjoint union of
two unbounded intervals L and R, where

L = {xeR:z<yforall y € B},
R = {x€R:z>yforall y € B}.

But then
A\B=ANR\B)=(ANL)U(ANR).

Thus A\ B is the disjoint union of two bounded sets ANL and ANR. Moreover
each of these sets AN L and AN R is a bounded interval, a singleton set or
is equal to the empty set. Thus either A\ B is a member of J or else A\ B
is the disjoint union of two disjoint non-empty members of J in all cases
where A is a bounded interval and B is either a singleton set or a bounded
interval. This completes the proof that, for all members A and B of 7, the
difference A\ B is expressible as the union of a finite collection of pairwise
disjoint members of J. The result follows. |}

Lemma 6.6 Let S be a semiring of subsets of some given set X. Then, for
all members A and B of the semiring S, the union AU B of A and B is
expressible as a finite union of pairwise disjoint members of the semiring S.

Proof It follows from the definition of semirings of sets that AN B is a
member of § and that A\ B and B\ A can both be expressed as finite
unions of parwise disjoint members of the semiring §. The union AU B of
the sets A and B is the disjoint union of the sets AN B, A\ B and B\ A.
The result follows directly. |}

Lemma 6.7 Let S be a semiring of subsets of some given set X, and let
Aq, Ay, ..., Ay be subsets of X. Suppose that each of the sets Ay, As, ..., Ay

can be represented as a finite union of pairwise disjoint members of the semir-
k

ing S. Then the intersection [ A; of those sets can also be so expressed.
i=1

Proof There exist positive integers ¢(1),¢(2),...,¢(k) and members B, ; of
Sfori=1,2,...,kand j =1,2,...,¢q(k) so that, for each integer i between
1 and k, the sets B; 1, ..., B;4) are pairwise disjoint, and

q()
j=1
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Let F' be the set consisting of all k-tuples (ji, jo, ..., Jjx) of integers sat-
isfying 1 < j; < q(4) for i = 1,2,...,k, and, for each (j1,72,...,7x) € F,
let

Ciyjarnis = B1,ji N Bajy M-+ N By j, -

Then each set C}, j,.. j,, being a finite intersection of members of the semiring
S, is itself a member of S.

Let (41, j2,- .-, Jk) and (J1, 75, - .., J%) be distinct k-tuples belonging to F.
There is at least one integer ¢ between 1 and k for which j; # ji. Then

Civgorin C Bigi and  Cy g o C B,

and B; ;;NB; ji = 0, because the sets B; ; are pairwise disjoint for 1 < j < ¢(4),
and therefore
Cirgaenic 0 Cif gy, = 0.

It follows that the collection of subsets of X consisting of the sets C}, ;, . j,
for (j1,72,...,Jkx) € J is a finite collection of pairwise disjoint members of
the semiring S.

Let z € AN Ay N ---N A. Then, for each integer i between 1 and
k., there is exactly one integer j; between 1 and ¢(i) for which x € B, ..
Then x € Cj, j,,.. ;.- We have therefore completed the verification that the
intersection A; N Ay N --- N Ay of the sets Aq, Ao, ..., Ay is a finite union of
pairwise disjoint members of the semiring S. The result follows. |}

Proposition 6.8 Let S be a semiring of subsets of a given set, and let
Ay, Ay, ... Ay be a finite list of members of the semiring S. Then there
exrists a finite list By, Bs, ..., B,, of members of S satisfying the following
properties:

(i) the sets By, By, ..., By, are pairwise disjoint;

(ii) each member of the list Ay, As, ..., Ay is expressible as a union of sets
belonging to the list By, Bs, ..., B,,.

Proof We can prove this result by induction on the number k of members of
A occurring in the list Ay, Ao, ..., Ax. The result is clearly true when k = 1.
We may therefore suppose as our induction hypothesis that £ > 1 and that
there exists some finite list C, Cs, ..., C, of pairwise disjoint members of S
such that each of the sets A; with i < k may be expressed as a union of
members of & that occur in the list C1, Cs, ..., C).
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For each integer ¢ between 1 and p for which C; C A; let ¢(i) = 1.
For all other integers ¢ between 1 and p there exist pairwise disjoint sets
D;s, ..., D; 4 belonging to S, where ¢(i) > 1, such that

q(4)
Ci\ A, = Di;.

j=2

Let D;; = C;N Ay, for all integers ¢ between 1 and p. Then, for each integer ¢
between 1 and p, the sets D;1,..., D; ) are pairwise disjoint members of
the semiring § and

q(9)

Ci - U Di,j-
j=1

Let J denote the set of ordered pairs of positive integers (4, j) for which
1 <i<pand1<j<q(i), and let G denote the finite collection of members
of the semiring S consisting of the sets D;; for which (i,5) € J. Each set
C; is the union of those sets D;; for which (i,7) € J. If (i,5) € J and
(¢/,7') € J and if ¢ # ' then D;; C C;, Dy jy C Cy and C; N Cy = 0, and
therefore D; ;N Dy j = 0. If (i,5) € J and (¢, 5') € J, where i =i’ and j # j'
then D; ; N Dy j» = ), because the sets D;1, ..., D; ) are pairwise disjoint.
It follows that G is a finite collection of pairwise disjoint members of the
semiring S, and moreover each of the sets C; is expressible as a union of sets
belonging to the collection G. Now each set A; with ¢ < k can be expressed

as a union of sets belonging to the list C4,Cy, ..., C,, and moreover each
set C; in this list is in turn expressible as a union of sets belonging to the
collection G. It follows that each of the sets Ay, ..., Ap_1 is expressible as a

union of sets belonging to G. Moreover each set belonging to G is a subset

p
of E, where £ = |J C;, and

=1

LPJD,,1 =Jknc) = Axn (O C,-) = A, NE.
i=1 =1

=1

It follows therefore that A, N E is expressible as a union of sets belonging to
the collection G.

We now show that Aj \ E can be represented as the union of a finite
collection of pairwise disjoint members of the semiring S. Now

p

A\ E = A\ |G =4\ C).

=1 =1
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Each of the sets Ay \ C; is expressible as a finite union of pairwise disjoint
sets belonging to the semiring S. The intersection of those sets is therefore
also expressible as a finite union of pairwise disjoint sets belonging to the
semiring S. (see Lemma 6.7). Accordingly let H be a finite collection of
pairwise disjoint members of the semiring S whose union is the set Ay \ E,
and let K = G U H, so that K is the consisting of those members of the
semiring S that belong either to G or to H. Now the sets belonging to
are pairwise disjoint, since those sets belonging to G are pairwise disjoint
subsets of £ and those sets belonging to H are pairwise disjoint subsets of
the complement of E. Moreover

Ap = (AN E) U (A \ E),

and we have shown that the sets Ay N E and A \ E are expressible as unions
of sets belonging to G and H respectively. It follows that Aj is expressible as
a union of sets belonging to IC. We have shown that the sets Ay, Ag, ..., Ap_1
are also expressible as unions of sets belonging to G. The result follows. |}

Corollary 6.9 Let S be a semiring of subsets of some given set X, and let
Aq, Ay, ... Ay be subsets of X. Suppose that each of the sets Ay, A, ..., Ay

can be represented as a finite union of pairwise disjoint members of the semir-
k

ing S. Then the union |J A; of those sets can also be so expressed.
i=1

Proof There is a some finite list C7, Cy, ..., Cy of members of the semiring S
with the property that, for each integer i between 1 and k, the set A; is a union
of some of the sets occurring in the list C,Cs, ..., C). There then exists a
finite collection G consisting of pairwise disjoint members Dy, Ds, ..., D,, of
the semiring S with the property that, for each integer i between 1 and k, the
set C; is expressible as a union of members of § belonging to the collection G
(see Proposition 6.8). Then each of the sets Ay, As, ..., Ay is expressible

k
as a union of members of S belonging to G. It follows that |J Ax is also

expressible as a union of members of S belonging to G. The members of the
collection G are pairwise disjoint. The result follows. |}

Corollary 6.10 Let X be a set, let S be a semiring of subsets of X, and
let A and B be subsets of X each of which is expressible as a finite union
of pairwise disjoint members of the semiring S. Then A\ B can also be so
expressed.

Proof There is some finite collection G consisting of of pairwise disjoint
members Dy, Do, ..., D,, of the semiring S determined so as to ensure that
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each of the sets A and B is expressible as a union of members of S belonging
to G (see Proposition 6.8).

If a set D; in the collection G is not a subset of A then it must be disjoint
from all those members of the collection G that are contained in A. But the
union of those members of the collection G that are contained in A is the
whole of the set A. It follows that, for each integer j between 1 and m, either
D; C Aorelse D;NA= 0. Similarly, for each integer j between 1 and m,
either D; C B or else D; N B = (). But then A\ B is the disjoint union of
those sets D; for which D; C A and D;NB = (). Indeed let € A\ B. Then
there is exactly one integer j between 1 and m for which x € D,, because
A is a union of sets belonging to the list Dy, Do, ..., D,, of pairwise disjoint
members of S. Thus D; N A is non-empty, and therefore D; C A. But also
x ¢ B. It follows that D; cannot be a subset of B, and therefore D;N B = ().
The result follows. |}

6.3 Rings of Sets

Definition Let X be a set. A collection R of subsets of X is said to be
a ring of subsets of X if it is non-empty and AN B, AU B and A\ B are
members of R for all members A and B of R.

Example The characteristic function of a subset A of the set R of real
numbers is the function x4: R — {0, 1} defined so that

(z) = 1 ifx e A,
XA =90 ifx ¢ A

Let C be the collection of subsets of R consisting of those sets A whose
characteristic functions y 4 satisfy the following conditions:

(i) xa(z)=1forall z € A, and xa(x) =0 for all x € R\ A;
(ii) {z € R: xa(x) = 1} is a bounded subset of R;
(iii) The function x4 has only finitely many points of discontinuity.

The collection C of subsets R thus consists of those bounded subsets of R
whose characteristic functions have only finitely many points of discontinuity.
Now, given members A and B of C, the characteristic functions x ang, XauB
and x4\ of AN B, AU B and A\ B respectively satisfy

XAﬁB(fE) = XA(x)XB(x)a
xaus(z) = xa(z)+xs(®) — xal®)XB(2),
xas(r) = xa(r) = xa(*)xs(z)
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for all z € R. It follows easily from this that xanp, xaup and xa\p satisfy
conditions (i), (ii) and (iii) stated above. It follows that C is a ring of subsets
of R.

Lemma 6.11 Let R be a ring of subsets of a given set X. Then the empty
set () belongs to R, and any finite union or intersection of members of the
ring R s also a member of that ring.

Proof The ring R is by definition non-empty. Let A be a member of R.
Then A\ A = (). Tt follows that the empty set () is a member of the ring R.
Also it follows by induction on the number of sets involved that any finite
union or intersection of members of the ring R must itself belong to that

ring. |}

Let X be a set. The power set P(X) of X is the set whose elements are
the subsets of X. The power set P(X) of X is itself a ring of subsets of X,
and any ring Q of subsets of X is itself a subset of the power set P(X) of X.
The intersection of any collection of rings of subsets of X is the intersection
of a collection of collections of subsets of X, and is thus itself a collection
of subsets of X. Morever if sets A and B belong to all the rings in some
collection of rings of subsets of X, then so do AUB, AN B and A\ B. It
follows directly that the intersection of any collection of rings of subsets of
X is itself a ring of subsets of X.

In particular, let C be a collection of subsets of X and let R(C') be the
intersection of all rings of subsets of X that contain the collection C. (as
a subcollection). Then R(C) is itself a ring of subsets of X. Moreover it is
contained in any other ring of subsets of X that also contains the collection C.
Thus R(C) is the smallest ring of subsets of X that contains the collection C
(as a subcollection). We refer to R(C) as the ring of subsets of X generated
by the collection C of subsets of X.

Lemma 6.12 Let C be the collection consisting of those bounded subsets of R
whose characteristic functions have only finitely many points of discontinuity.
Then C is the ring of subsets of R generated by the semiring whose members
are the empty set, the singleton sets in R and the intervals in R.

Proof Let A be a non-empty member of the ring C. Then the characteristic
function y a4 of A has only finitely many points of discontinuity. Let those
points of discontinuity be ug, uy, us, . . ., U, where

Uy < UL < v v < Upp,.
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Then A can be expressed as a finite union of pairwise disjoint sets, where
each of the latter sets is either a singleton set taking the form {u;} for some
integer ¢ between 0 and m or else an open interval taking the form {z € R :
w1 < x < u;} for some integer i between 1 and m. Thus each member of
the ring C is expressible as a finite union of pairwise disjoint members of the
semiring J whose non-empty members are the singleton sets and bounded
intervals in R. It follows from this any ring of sets that contains all subsets of
R belonging to semiring 7 must also contain all subsets of R belonging to the
ring C. Therefore C is the ring of subsets of R generated by the semiring 7,
as required. |

Proposition 6.13 Let X be a set, let S be a semiring of subsets of X, and
let R(S) be the ring of subsets of X generated by the semiring S. Then R(S)
consists of those subsets of X that are expressible as finite unions of pairwise
disjoint subsets of X belonging to the semiring S.

Proof Let 7 be the collection of subsets of X consisting of all subsets of
X that are expressible as finite unions of pairwise disjoint members of the
semiring S. Then 7 C R(S). But it follows from Lemma 6.7 Corollary 6.9
and Corollary 6.10 that if A and B are subsets of X belonging to the collec-
tion 7 then so are AN B, AU B and A\ B. It follows that 7T is itself a ring
of subsets of X, and therefore R(S) C 7. Consequently 7 = R(S). The
result follows. |}

6.4 Products of Semirings of Sets

Proposition 6.14 Let X, Xs,..., X, be sets, let S; be a semiring of subsets
of X; fori=1,2,...,n, and let S be the collection of subsets of the Cartesian
product X1 x Xy -+ x X, consisting of those subsets of this Cartesian product
that can be expressed as product sets of the form

A1XA2X"'XAn

in which A; is a member of the semiring S; fori =1,2,...,n. Then S is a
semiring of subsets of the Cartesian product X; X Xo--- X X,

Proof The empty set belongs to S, because the empty set belongs to each
semiring S; and any Cartesian product of sets involving the empty set is itself
equal to the empty set.
Let
X=X xXox- - xX,,
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and let A and B be subsets of X belonging to S. Then there exist subsets
A; and B; of X; belonging to S; for i = 1,2,...,n such that

A:A1XA2X"~XAn

and
B=B; xByx---xB,.

An element (x1,s,...,z,) of X belongs to the set A if and only if z; € A;
for i = 1,2,...,n. That element belongs to the set B if and only if z; € B;
for i = 1,2,...,n. It follows that (z1,xs,...,2,) belongs to AN B if and
only if z; € A; N B; for i =1,2,...,n. We conclude from this that

AOB:(AlmBl)X(AgmBQ>XX(Antn)

Moreover A; N B; € S; for i = 1,2,...,n because, for each integer ¢ between
1 and n, §; is a semiring of subsets of S. It follows that A N B belongs to
the collection S of subsets of X.
Then, for each integer ¢ between 1 and n, there exist pairwise disjoint
subsets
Di1, Dia, ..., Diga

of X; belonging to the semiring S; such that each of the sets A; and B; can
be expressed as a finite union of some of these sets D; ; (see Proposition 6.8).
Let J denote the set of all n-tuples (ji,J2,...,7,) with 1 < j; < ¢(i) for
1=1,2,...,n, let

F}1,j2 .... Gn = Dle X DQ’jQ X e X Dn,jn
for all (ji1,72,...,7Jn) € J, and let G denote the collection consisting of the
sets Fj, j,...;, corresponding to the n-tuples (ji,J2,...,J,) in the indexing
set J.

Now, for each integer i between 1 and n, there are subsets K; and L; of
{1,2,...,q(7)} such that

Ai = U Di,j and Bz = U Di,j7

JEK; JjEL;

because each of the sets A; and B; is expressible as a finite union of sets of
the form D;; with 1 < j <¢(i). Let

K = {(j17j2>"'7jn)eJ:jiGKifOri:LQ,...7n},
L = {(ji.jor---vdn) €J:ji€ Lifori=1,2,... ,n}.
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Now Fj, ... € Aforall (51, ja,...,Jn) € K. Also a element (21, s, ..., 2,)
of the set X belongs to the subset A if and only if z; € A; fori =1,2,...,n.
But then, for each integer i between 1 and n, there must exist j; € K; for
which z; € D;j,. Then (j1,ja,...,Jn) € K and (z1,22,...,%,) € Fj, s jn-
These results ensure that

A = U Fjjl?j?:"'mjn'

(j17j27"'7jn)€K
Similarly
B = U P}lvj?r“)jn‘
(J1,J25-->Jn)EL
It follows from that that

A \ B = U Fj17j27--~7jn’

(J1:J25+dn) EK\L

because the sets F}, j, ;. for (ji1,7j2,...,jn) € J are pairwise disjoint. Each
set Fj, j,.. ;. belongs to S. Thus A\ B expressible as a finite union of pairwise
disjoint members of the collection S.

We have now shown that the empty set belongs to the collection & of
subsets of X. Also, given any members A and B of the collection S, the
intersection AN B is a member of S, and the difference A\ B is expressible as
a finite union of pairwise disjoint subsets of X belonging to S. These results
ensure that the collection S of subsets of X is a semiring, as required. |}

Definition Let Xi, X5,..., X, be sets, and let S; be a semiring of subsets of
X; fori=1,2,...,n. The product of the semirings &1, Ss, . ..,S, is defined
to be the collection &7 X Sy x --- x §,, of subsets of the Cartesian product
X1 x Xy x -+ x X, consisting of those subsets of of the sets X; that can be
expressed as Cartesian products

A1><A2><'-'><An
of sets Aq, Ay, ..., A, in which A; is a member of the semiring S; for ¢ =
1,2,...,n.

Proposition 6.14 ensures that any product of semirings of sets is itself a
semiring of sets.

Corollary 6.15 Let n be a positive integer, and let J, be the ring of subsets
of R™ that consists of the empty set together those subsets of R™ that are
Cartesian products of subsets of R that are bounded intervals or singleton
sets. Then [J, is a semiring of subsets of R™.

Proof This result follows directly on applying Lemma 6.5 and Proposi-
tion 6.14. |}
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6.5 Content Functions on Semirings

Definition Let X be a set, let S be a semiring of subsets of X, and let
A:S — [0,400) be a function mapping each member A of the semiring S
to a non-negative real number A(A). The function X is said to be finitely
additive if

AMATUA U=+ UA) =) AMA,)
r=1

whenever Ay, As, ..., A, are pairwise disjoint members of the semiring S
whose union belongs to the semiring S.

Definition A content function \:S — [0,+00) on a semiring S of subsets
of a given set is a finitely additive function mapping each member A of the
semiring S to a non-negative real number \(A).

Lemma 6.16 Let J be the semiring of subsets of R consisting of the empty
set, the singleton sets and the bounded intervals, and let the function A\: J —
[0, +00) be defined such that A(0) =0, A({c}) =0 for all c € R, and

A([a, b)) = Al(a, b]) = Alla, b)) = A((a, b)) =b—a

for all real numbers a and b satisfying a < b. Then \:J — [0,400) is a
content function on the semiring J .

Proof If a member A of the semiring § is a finite union of pairwise disjoint
sets Ay, Ay, ..., Ag, and if A(A) =0, then A(A,) =0forr=1,2,...,s, and
therefore

AMA) =D AA)

in all cases for which A(A) =0,

Now suppose that A is a bounded interval with endpoints a and b, where
a and b satisfy a < b, and that

A=A UAU---UA,,

where the sets Ay, As, ..., A, are pairwise disjoint and each set Ay is either
a singleton set or a bounded interval.
Let ug, uy,...,uy be a list of real numbers satisfying

a=1uy<u <---<uy=~>o,
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where the list ug, uq, ..., uy includes the endpoints of all the intervals oc-
curring in the list Aq, As, ..., A; and also includes the elements of all the
singleton sets occurring in this list. Then

N

MA) =b—a=) (u;—uj_1).

Jj=1

Now, for each integer j between 1 and N, and for each integer r between
1 and s, either (u;_1,u;) C A, or (uj_1,u;) N A, =0, where

(uj,l,uj) = {.CC eR: Uj—1 < T < Uj}.

The nature of intervals in the real line and the choice of uq,us, ..., uy then
ensures that A(A,) is the sum of the quantities u;—wu;_; for which (u;_,u;) C
A,. For each integer r between 1 and s, let K. denote those integers j between
1 and N for which (u;_1,u;) C A,. Then

MA) = (uy —uya).

JEK

Now the sets Ay, As, ..., A, are pairwise disjoint. It follows that, for each
integer j between 1 and N, there is exactly one integer r between 1 and s
for which (u;_1,u;) C A,. It follows that

N

MA) = (uy—ujm) =Y > (uj—ujm) = Y AMA).

j=1 r=1 jeK;,
The result follows. |}

Lemma 6.17 Let X be a set, let S be a semiring of subsets of X, and let
A:S = [0, +00) be a content function on X. Then \(0)) = 0 and \(A) < \(B)
for all members A and B of the semiring S for which A C B.

Proof Let A be a subset of X belonging to the semiring §. Then the sets
A and () are disjoint. It follows from the finite additivity of the content
function A that
AA) = AMAUD) = AA) + A(0).

Subtracting A(A), we conclude that A(()) = 0.

Now let A and B be members of the semiring S, where A\ B. It follows
from the definition of semirings that there exists a finite list of pairwise
disjoint members C,Cy, ..., C) of the semiring S for which

B\A=C,UCyU-- UC.
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The finite additivity and non-negativity of the content function A then en-
sures that

AB) = AA) + MB\ A) = MA) + > ANC)) = MA).

j=1
The result follows. |}

Lemma 6.18 Let X be a set, let Dy, Do, ..., D, be pairwise disjoint subsets
of X, and let A be a subset of X. Suppose that A is expressible as a finite
unton of sets included in the list Dy, Do, ..., D,. Then, for each integer j
between 1 and q, either D; is a non-empty subset of A or else D; N A = 0.

Proof We may suppose, without loss of generality, that the set A is non-
empty. Let K be the set consisting of those integers j between 1 and ¢ for
which D; is non-empty and D; C A. Then the set A is the union of those
sets D; for which j € K. If j ¢ K then D; N D, = { for all p € K, and
therefore D; N A = (). The result follows. |

Proposition 6.19 Let \:S — [0,4+00) be a content function on a semir-
ing S of subsets of some set X, and let A and Ay, As, ..., As be members of
the semiring S. Suppose that A C |J Ag. Then AM(A) < > A(Ag).

=1

k=1

Proof It follows from Proposition 6.8 that there is a finite list Dy, Do, ..., D,
of members of the semiring S such that Dy, Ds, ..., D, are pairwise disjoint
and such that each of the set A, Ay, As,..., A, is expressible as a union of
sets in the list Dy, Ds, ..., D,.

Let us define 0(A) for j = 1,2,...,¢ so that 0;(A) = 1 whenever D; is a
non-empty subset of A and ¢;(A) = 0 in all other cases. Similarly, for each
integer k between 1 and s, let us define 0;(Ay) so that o;(Ay) = 1 whenever
D; is a non-empty subset of Ay and o;(A;) = 0 in all other cases. Then
the set A is the union of those sets D; for which 0,;(A) = 1. Suppose that
0;(A) = 1 for some integer j between 1 and ¢g. Then D; is non-empty and
D; C A. Let x € D;. Then there is at least one integer k£ between 1 and s for

Y

which z € Ay, because x € Aand A C |J Ag. Thus if j is an integer between
k=1
1 and ¢, and if 0;(A) = 1, then there is at least one integer k£ between 1 and

s for which o;(Ay) = 1. It follows that



for all integers j between 1 and gq.
Now the content function A is finitely additive. It follows that

AA) = 3 0, (AA(D))

Similarly
q
AA) =Y o (Ag)A(D;)
j=1

for k=1,2,...,s. We have shown that
0;(A) <> 0;(Ax)
k=1

for all integers 7 between 1 and ¢. It follows that

S q S

A(A) = ZUJ(A))‘(DJ) <Y o (AND;) =) A (A),

k=1 j=1 k=1
as required. |

Proposition 6.20 Let \:S — [0,+00) be a content function on a semir-
ing S of subsets of some set X, and let A and Ay, As, ..., Ay be members
of the semiring S. Suppose that the sets Ay, A, ..., As are disjoint and are

contained in A. Then Y N Ay) < A(A).
k=1

Proof It follows from Proposition 6.8 that there is a finite list Dy, Do, ..., D,
of members of the semiring S such that Dy, D,, ..., D, are pairwise disjoint
and such that each of the set A, Ay, Asy,..., A, is expressible as a union of
sets in the list Dy, Ds, ..., D,.

Let us define 0(A) for j =1,2,...,s so that 0;(A) = 1 whenever D; is a
non-empty subset of A and ¢;(A) = 0 in all other cases. Similarly, for each
integer k between 1 and s, let us define 0;(Ay) so that o;(Ax) = 1 whenever
D; is a non-empty subset of A and 0;(Ax) = 0 in all other cases. Then the
set A is the union of those D; for which o;(A) = 1.

Now for each integer j between 1 and ¢, there is at most one set A; in
the list Ay, Ag,..., Ay for which D; C Ay, because the sets A;, As, ..., A
are pairwise disjoint. It follows that

D oAy <1
k=1
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for j = 1,2,...,q. Moreover, given any integer k between 1 and s, the
identity o,(A) = 1 is satisfied by those integers j between 1 and ¢ for which
0;(Ax) = 1. It follows that

> 0i(Ar) < 05(A)
k=1

for all integers j between 1 and ¢. Now the content function A is finitely
additive. It follows that

AMA) = Zaj(A))‘(Dj)'

Similarly
q
AAR) =) 0 (A)AD;)
j=1

for k=1,2,...,s. We have shown that
> 0i(A) < 05(4)
k=1

for all integers j between 1 and q. It follows that

D OMA) =D o (AAD;) < ZUJ'(A)/\(DJ') = A(A4),

k=1 j=1
as required. |}

Proposition 6.21 Let X be a set, let S be a semiring of subsets of X,
and let \:S — [0,400) be a content function on the semiring S. Then
the content function X\ extends in a unique fashion to a content function
X R(S) — [0,4+00) defined on the ring R(S) of subsets of X generated by
the semiring S.

Proof It follows from Proposition 6.13 that any subset of X belonging to
the ring R(S) of subsets of X generated by semiring S is expressible as a
finite union of pairwise disjoint members of that semiring.

Let A be a member of the ring R(S) generated by the semiring S, and
let it be the case that

A:

p
Jj=

q
B; = ]JCx
k=1

1
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where By, By, ..., B, is a list of pairwise disjoint members of the semiring S,
and C1, Oy, ..., Cy is also a list of pairwise disjoint members of the semiring S.
Then, for each integer j between 1 and p,

q

k=1

Now the sets B; N Cy, for k = 1,2,...,q are pairwise disjoint. It follows from
the finite additivity of the content function A\ on S that

k=1
and therefore
p P q
A(Bj) = A(B; N Cy)
7j=1 7=1 k=1
Similarly
q P q
AMCy) = AB; N Cy)
E—1 j=1 k=1
It follows that
p q
D OAB;) = ACy)
7j=1 k=1

We therefore define A\(A) to be the unique real number with the property
_ P

that A(A) = > A(B;) for all finite lists By, Bo, ..., B, of pairwise disjoint
j=1

p
members of the semiring S for which A = |J B;. It then follows directly
i=1

J
that

A R(S) — [0, +00)
is finitely additive, and is thus a content function on the ring R(S) generated

by S. Moreover this content function \ is clearly the only finitely additive
function that extends A. The result follows. |}

Corollary 6.22 Let 7 be the ring of subsets of the set R of real numbers
consisting of the empty set together with those subsets of R that are repre-
sentable as finite unions of singleton sets and bounded intervals. Then there
15 a well-defined content function

v:Z — [0,+00)
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that satisfies v({c}) =0 for all c € R and
V([Cl,b]) = V((a’ab]) = V([CL, b)) = V((a’ab)> =b—a
for all real numbers a and b satisfying a < b.

Proof This result follows immediately on applying Proposition 6.21 to ex-
tend the content function on the semiring of subsets of R, characterized by
the conditions stated in the corollary, whose existence was established by
Lemma 6.16. |

6.6 Content Functions on Products of Semirings of
Sets

Proposition 6.23 Let X, Xs,..., X, be sets, and, for each integer v be-
tween 1 and n, let S; be a semiring of subsets of X;, and let \;: S; — [0, +00)
be a content function on the semiring S;. Also let

)\(Al X AQ X X An) = )\1(141))\2(142) tee )\n(An)

for all product sets Ay X Ay X --- X A, for which A; is a member of the
semiring S; fori=1,2,...,n. Then

)\:Sl XSQ X Sn% [O,+OO)

is finitely additive, and is therefore a content function on the product semiring

81X82X"'Sn.

Proof Let X = X; x Xox---xX,and S =8 xS x---x8,. Let A
be a subset of X belonging to the product semiring &, and suppose that

A= J A" where AN AP . A®) are pairwise disjoint members of the
r=1
semiring S. Then, for each integer ¢ between 1 and n, there exist subsets A;,

Agl), AZ(?), e ,AZ(»S) of X;, all belonging to the semiring S;, such that
A:Al XA2 XAn
and
A = AT 5 AT o A

for r = 1,2,...,s. Then, for each integer ¢ between 1 and n there exists
a positive integer ¢(i) and pairwise disjoint members D; 1, D; o, ..., D; 40 of
the semiring S; such that each of the sets A;, Agl), e ,AES) can be expressed
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as a union of sets included in the list D; 1, D; 9, ..., D; ;) (Proposition 6.8).

Then, for each integer i between 1 and n, subsets Kj, Kfl), e ,Ki(s) of {j €
Z :1<j<q(i)} can be found so that

JEK;

and
AV = ) Dy

e k()
JEK;

forr=1,2,...,s.

Let
K= {(jl,jg,...,jn) 17 € K; for i = 1,2,...,7’L}
and
KO ={(1,ja2- . jn) 1 ji € K™ fori=1,2,...,n}.
and let
Fy jorgn = D1jy X Dajy X - X Dy 5,

for each n-tuple (j1,J2,...,7,) of integers that satisfies 1 < j; < ¢(7) for i =
1,2,...,n, and let G denote the collection consisting of these sets F}, ;, ;..
Then the subsets of X belonging to the collection G are all members of the
semiring S. Also the sets Fj are pairwise disjoint,

1,J25-0n
A - U ‘F}.lvj?y--an?

(jlvav--,jn)GK

and
A(T) - U Fjjlvj?vnzjn

(J1,525++1n ) EK (M)
for r =1,2,...,s. (These results follow from a direct application of Corol-
lary 6.4.)

We now investigate the behaviour of the content functions on the relevant
semirings. Now A = A; x Ay x --- x A, where each set A; is the disjoint
union of the sets D, j, for which j; € K;. It follows that

A(A) = > M(Dij),

Ji€K;
Now it follows from the definition of the function A that

ACA) = A(ADAa(4s) -+~ Aa(Ay)
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and
A argn) = M(D1j)A2(Dagy) -+ Aa(Dhnj,)
for each (41, j2,...,Jn) € K. It follows (applying the Distributive Law) that

AMA) = D> Y MDig)Ma(Dag,) - A(Dny,)

J1€K1 j2€ Ko Jn€Kn
= ) AMFjy goronijn)-
(J1,J2,-Jn)EK

Similarly

AADY = 37 3" YT (D) Ae(Dagy) - A(Dny,)

aek ekl ek

= > ACE jayojn)-

(7172510 ) €K (™)

Now the set A is by assumption the union of the pairwise disjoint sets
AW A@ AW Tt s also the union of the pairwise disjoint sets Fj, j,. .
for which (j1,J2,...,jn) € K, and each A" is the union of the pairwise
disjoint sets Fj, j,. ;. for which (41, j2,...,7,) € K. Thus the indexing

set K is the disjoint union of the sets K, K® ... K®) and therefore

AA) = > AMFrgn)

(jlva:"'vjn)eK

- Z Z )‘(F’jhjz,...,jn)

=1 (j1 jo,orjin ) EK ()
= Do)
r=1

Thus the function A\:S — [0, 400) is finitely-additive, and is thus a content
function on the semiring S, as required. |}

Corollary 6.24 Let n be a positive integer, and let B,, be the ring of subsets
of R™ that consists of the empty set together with all subsets of R™ rep-
resentable as finite unions of Cartesian products of subsets of R that are
bounded intervals or singleton sets. Then there is a well-defined (finitely ad-
ditive) content function \: B,, — [0, +00) characterized by the property that

ML x Iy x - x 1) = (by —ay)(by — ag) - -+ (b, — ay)

for all subsets Iy, I, ..., I, of R that are bounded intervals or singleton sets,
where a; = inf I; and b; =sup l; fori=1,2,...,n.
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Proof It follows from Lemma 6.16 and Proposition 6.23 that there is a
content function on the product semiring of subsets of R™ consisting of the
empty set together with those subsets of R" that are expressible as Cartesian
products of subsets of R that are bounded intervals and singleton sets. It
then follows from Proposition 6.21 that the resultant content function on
the semiring extends to a content function on the ring of subsets of R"
generated by the product semiring. Morever Proposition 6.13 establishes
that the subsets of R™ that belong to the ring of subsets generated by the
product semiring are those subsets of R™ that are finite unions of Cartesian
products of bounded intervals and singleton sets. The result follows. |}
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