Course M A3486: Hilary Term 2018.

Solutions to Revision Problems.

1. Let F"R = R and Let G:R = R be the correspondences defined such

that
Flz) = {lyeR:y>e"+1} if x <0,
Tl {yeR:y>e -2} ifx>0,

Glr) = {lyeR:y>e®+2?} ifz<0;
|l {yeR:y>e*+1} if © > 0.

Make the following determinations, justifying your answer in each case.

(a) Determine whether or not the correspondence F is upper hemicon-
tinuous at x = 0.

This correspondence is upper hemicontinuous at x = 0. Note that
F(0) = [1,400). Let V be an open set in R for which £(0) C V. Then
1 € V,and V is open in R, and therefore there exists some real number s
satisfying s < 1 for which (s,1] C V. Then (s,4+o00) C V. Now e* > 0
and therefore F'(x) C (1,00) whenever x < 0. It follows that F(z) C
V whenever x < 0. In order to complete the verification of upper
hemicontinuity, we need to show that F'(x) C V for all positive values
of x that lie sufficiently close to zero. Now the function z +— e™* — 2
is decreasing for non-negative values of x. Nevertheless the continuity
of this function ensures the existence of a positive real number § with
the property that e — 22 > s whenever 0 < z < §. Then F(x) C
(s,+00) C V for all real numbers z satisfying |z| < §. We conclude
that the correspondence F' is upper hemicontinuous at zero.

[N.B., it would, in principle, be possible to quantify matters, determin-
ing, given any value of s satisfying s < 1, a value of the positive real
number ¢ that ensures that F'(x) C V whenever 0 < z < ¢. But this
would just make unnecessary work. An appeal to the (e-§) continuity
of the relevant (single-valued) functions is sufficient.]

(b) Determine whether or not the correspondence F' is lower hemicon-
tinuous at x = 0.

The correspondence F' is not lower hemicontinuous x = 0. Note that
F(0) = [1,+00) whereas F(z) C (2, 00) whenever z < 0. Thus the set
F(zx) in some sense “abruptly collapses” as  moves away from zero in
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the negative direction. To get a formal counter-example we note that
there exists a negative real number u such that e* + 1 > % whenever
u<z<O0. Thusif,forexample,V:{yER:%<y<%,thenVis
open in R and F(0) NV # (), but F(z) NV = () for all real numbers x
satisfying u < x < 0. Thus there cannot possibly exist any positive
real number ¢ with the property that F(z) NV # () whenever |z| < 4.
This concludes the verification that the correspondence F' is not lower
hemicontinuous at z = 0.

(¢) Determine whether or not the correspondence G is upper hemicon-
tinuous at x = 0.

The correspondence G is not upper hemicontinuous at x = 0. In outline
G(0) = [2,4+00), and G(z) C [2,4+00) whenever > 0. But as x moves
from “leftwards” from zero to negative values, the set G(z) “abruptly
inflates” to intervals whose lower endpoint is close to 1.

To get an explicit counter-example, take V = {y ¢ R : y > % Then
V is open in R, and G(0) C V. Now the function z — e + 22
is continuous at x = 0, where it takes the value 1. It follows from
continuity that there exists some negative real number u such that
e + 2% < % whenever u < = < 0. It follows that if u < = < 0
then G(z) N [0,3] # 0. Therefore G(z) is not a subset of V for any
real number z satisfying v < z < 0. Therefore the correspondence G

cannot be upper hemicontinuous at x = 0.

(d) Determine whether or not the correspondence G is lower hemicon-
tinuous at x = 0.

The correspondence G is lower hemicontinuous at = 0. In summary,
any open set V' that has non-empty intersection with G(0) must contain
some real number greater than 2, and this real number will be in G(z)
for all values of x sufficiently close to 0.

Indeed let V be an open set in R with the property that VN G(0) # 0.
Now G(0) = [2,400), and if 2 € V' then there exists g > 0 such that
y € V for all real numbers y satisfying 2 — ey < y < 2+ ¢p. Thus
VN [2,+00) # 0 if and only if V N (2, +00) # 0. It follows that if V' is
an open set in R, and if VNG(0) # 0, then there exists v € V satisfying
v > 2. It follows from the continuity of the functions x +— €* 4 2% and
x +— e + 1 that there exists some positive real number § such that
e” + 22 < v for all real numbers z satisfying 0 < x < Jand e ®+1 < v
for all real numbers z satisfying 0 < x < §. Then v € G(z) for all
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real numbers x satisfying |z| < 0, and thus G(z) NV # § for all real
numbers = satisfying |z| < 4.

. Let o be the simplex with vertices vg, vi, Vo, V3, where
vo = (20, 30,40), vy, = (40,60,70),

vy = (70,70,80), vs = (20,50,40),

and let x = (34,50,54). Determine the barycentric coordinates of x
with respect to the vertices of o, and hence determine the vertices of
the unique simplex in the barycentric subdivision of o that contains the
point X in its intertor.

Let tq, t1, t2 and t3 denote the barycentric coordinates of x with respect
to the vertices of o, so that

X = tgvg + t1v1 + tavy + t3vs.

and to + t; + to + t3 = 1. On substituting tg = 1 — t; — t5 — t3, we find
that
X — Vo = tl(Vl — V()) + tQ(Vg — Vo) —f- tg(Vg — V()).

Thus
14 20 50 0
20 | =t | 30 |+t | 40 | +t3| 20
17 30 40 0

This can be written as a set of simultaneous linear equations in the

form
20t; + 50ty = 14

30t + 40ty + 20t = 20
30t; +40t, = 14

Subtracting the third equation from the second, we find that 20t3 = 6.
Thus t3 = 0.3. Multiplying the first and third equations by 3 and 2
respectively, and then subtracting, we find that

60ty + 150t =42 and 60t; + 80t = 28,

and therefore 70ty = 14. Thus t, = 0.2. But then 20t; = 14 — 50ty =
14 — 10 = 4, and therefore t; = 0.2. Finally to =1—t; —ty —t3 = 0.3.
Thus

th=0.3, t; =02, t,=0.2, t3=0.3.



The unique simplex in the barycentric subdivision of ¢ containing the
point x in its interiors as that whose vertices are the barycentres wy
and w; of 79 and 7y respectively, where 7y has vertices vy and vs and
71 has vertices vq, vi, vo and v3. Then

Wy = %(VO + V3) = (20, 40, 40)

and

W, = %(VO + v+ Ve + V3) = (375, 525, 575)

With these values we find that x = 0.2wq + 0.8w;.

. Let vo,vy,...,vg be the vertices of a 7-simplex o, let Ty be the face of
o spanned by vy and vs, let 7, be the face of o, spanned by va, v3 and
vs, and let T3 be the face of o spanned by vy, Vo, V3, Vs and vg, and let
Wy, W1 and Wy denote the barycentres 7y, T and Ty of the simplices T,
71 and Ty respectively. Let tg,tq, ..., tg be the barycentric coordinates of
some point X of o with respect to vy, vy, ..., Vg, so that

X:t0V0+t1V1+"'+t6V6

6
where 0 < t; <1 fori=0,1,...,6 and > t; = 1. Determine necessary

and sufficient conditions which, if sati;ﬁgd by to, t1,...,ts ensure that
the point x belongs to the 2-simplex of the first barycentric subdivision
of o spanned by vertices wo, Wi and wa. [Appropriately justify your
answer. ]

The necessary and sufficient conditions are that

O=ti=t4<thy=ts <ty <il3=15<1
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and Y t; = 1. [The latter condition on the sum of the ¢; can be
i=0

presumed to be satisfied without needing to be explicitly stated, given

the inclusion of this condition in the statement of the problem.| Indeed

the point x belongs to the simplex spanned by wg, w; and w, if and

only if there exist non-negative real numbers ug, u; and uy such that
X = UgWg + U1 W1 + U W,

where
Wy = %(Wg +ws), W= %(W2 + w3 + Ws),



Wy = %<W0+W2+W3+W5+W6>
and ug + u; + ug = 1. Let x be expressible in this fashion, and let x =

6

> t;v;. It then follows from the affine independence of vo, vy, ..., Vg
t=0
that

ty =ty =0, to=tg=jus, ly= U+ zus,
t3:t5:%U2+%U,1+%UO.
0=t =ty <tg=1s <ty <t3=15 <1,

6
because ug > 0, uy > 0 and uy > 0, and > t; = uy + ug + uz = 1.
i=0

Conversely, given tg,t1,...,ts satisfying these conditions, let
Uy = 5t0, Uy = 3<t2 - to), Uy = 2(t3 - tQ)

Then Ug Z 0, Ul Z 0, U9 Z 0,

6
UO+U1+U2:2t0+tQ+2t3:Zti:1.
=0

Moreover
o . 1 _1 1 1
t1=1,=0, to=1s=3zu2, la=3u1+1 =3u + zus,
t3 = t5 = %Uo +t2 = %Uo + %Ul —+ %UQ,
6
and thus if x = > t;v; then
i=0
X = %(V3+V5)+%<V2+V3+V5)+%(V0+V2+V3+V5+V6)

= UgWq + UIW] + UsWa.

Thus the conditions of ¢y, t,...,ts are indeed necessary and sufficient
to ensure that x belongs to the simplex spanned by wy, w; and wy.

. This question has the objective of demonstrating, by fairly direct calcu-
lation, that the main conclusions of Perron’s Theorem (Theorem 6.12
in 2017/18) hold for positive 2 X 2 matrices. Let

()

be such a matrixz, where a, b, ¢ and d are strictly positive real numbers.



(a) Determine the characteristic polynomial of this matriz, and deter-
mane the roots of this characteristic polynomaial in terms of a, b, ¢ and
d. Hence, by means of these calculations, show that the roots of the
characteristic polynomial are both real, and are simple roots, and that
the mazximum of the two roots has absolute value greater than the min-
imum of these roots.

The characteristic polynomial is x(\), where

‘ A—a —b

— — )2 _ —
X(A) = e N4 ’—)\ (a+ d)\+ ad — be.
The roots of the characteristic polynomial are therefore (a+d+ VD)

and 1(a +d — /D), where by the formula

% ((a—l—d)j: \/(a+d)2—4ad—|—4bc> )
Now

D = (a+d)*—4ad+ 4bc = a* + d* + 2ad — 4ad + 4bc
a’ + d* — 2ad + 4bc = (d — a)? + 4bc,

Now a, b, ¢ and d are all strictly positive real numbers. It follows that
D > 0. Thus the roots of the characteristic polynomial are real and
distinct. Moreover the average of those two roots is the strictly positive
real number %(a + d). It follows that the two roots are simple roots,
and the maximum of the two roots is strictly positive and has absolute

value greater than that of the other root.

(b) The Perron root (or Perron-Frobenius eigenvalue) p is the maxi-
mum of the two eigenvalues of the given 2 X 2 matriz. Determine the
coefficients of a corresponding eigenvector having at least one strictly
positive coefficient, and verify that both coefficients of this eigenvector
are then strictly positive.

The Perron-Frobenius eigenvalue u is given by the equation
p=3(a+d+ VD),

where D = (d—a)?+4bc (see (a)). To find an eigenvector corresponding
to the Perron-Frobenius eigenvalue p, we must solve the vector equation

(=) ()= ()
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to find (up to a scalar multiple) the values of the real numbers u and
v in terms of a, b, ¢ and d. We therefore require that

(n—a)u=bv

()

is an eigenvector corresponding to the Perron-Frobenius eigenvalue.
This eigenvector will have positive coefficients if and only if u—a > 0.

Now v'D = +/(d — a)? + 4bc > |d — al. Tt follows that

p—a=3d—a+VD)>Ld—a+|d—a|)>0.

It follows that

It follows that the eigenvector corresponding to the Perron-Frobenius
eigenvalue specified above does have strictly positive coefficients, which
accords with the general result guaranteed by Perron’s Theorem in this
situation.

. Let n be a positive integer, and let

A={xeR":x>0 and Z(X)iZI}.

i=1

Let T be an n x n matriz with strictly positive coefficients. (It then
follows that Tv >> 0 for allv € A.) Let f: A — A be defined so that

Fv) = ——Tv

for all v.€ R. Show that an element v is an eigenvector of T if and
only if it is a fized point of the continuous map f: A — A (i.e., show
that v is an eigenvector of T if and only if f(v) = v). Show also that
if v is an eigenvector of T, and if v € A, then v >> 0. (Note that
this result, combined with the Brouwer Fixed Point Theorem, guaran-
tees that every positive matrix has at least one eigenvector with strictly
positive coefficients.)

Let v € A. Then T'v >> 0, because the non-negative vector v has at
least one strictly positive coefficient and the n x n matrix 7" has strictly
positive coefficients. Suppose that v is an eigenvector of T'. Then there
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exists some real number A for which T'v = Av. It then follows from the
definition of the simplex A that

> (Tv)i =\ Z(v)i =\

=1

Thus if v € A is an eigenvector of 7" then v = f(v). Conversely

it follows immediately from the definition of the function f that if

f(v) = v then Tv = Av, where A = > (7T'v);. Thus an element v of
i=1
the simplex A is an eigenvector of T if and only if it is a fixed point of

T.

Now let v be an eigenvector of T with eigenvalue A\. Then A > 0 and
v = A"1Tv. But T'v >> 0. It follows that v >> 0. Thus all coefficients
of the eigenvector v have strictly positive coefficients.

In view of the above, the Brouwer Fixed Point Theorem guarantees
that every square matrix with positive coefficients has at least one
eigenvector with strictly positive coefficients.



