Worked Solutions to Non-Bookwork Questions
on the M A3486 Annual Paper 2017

1. (a) Let &:R = R be the correspondence defined such that

{yeR:z<y<ax+2} ifx<0;
Pz)=< {yeR:0<ay’ <1} if0<a<l;
{yeR:z—-2<y<uz} ifz>1.

Answer the following, fully justifying your answers:—

(1)

(i)

(iii)

(iv)

Is ®: R — R upper hemicontinuous at x =07

The correspondence ® is not upper hemicontinuous at x = 0. Note
that ®(0) = [0,2]. Let V =(—1,3) = {y € R: —1 <y < 3}. Then
V' is open in R and ®(0) C V. But 4 ¢ V, though 4 € ®(x) for all
real numbers x satisfying 0 < x < %. It follows that there cannot
exist any positive real number § with the property that ®(z) C V
for all real numbers z satisfying |z| < 4.

Is &:R — R lower hemicontinuous at x = 07

The correspondence ® is lower hemicontinuous at 0. Let V be
an open set in R for which ®(0) NV # (. Now ®(0) = [0,2].
Therefore the open set V' contains at least one real number in the
interval [0, 2]. Moreover, because V' is an open set, if 2 € V then V
also contains positive real numbers less than 2. Let s € V', where
0<v<2 Ifv—2<az<0thenve ®x). Alsoif 0 <z < 3
then 0 < zv? < 1 and therefore v € ®(z). Thus if § <2 — v and
6 < 1 then v € ®(z) NV for all real numbers z satisfying |z| < d.
It follows that ®:R = R is lower hemicontinuous at 0.

Is ®:R — R upper hemicontinuous at v = 17

The correspondence ® is upper hemicontinuous at 0. First note
that ®(1) = [—1,1]. Let V be an open set in R for which [-1,1] C
V. Then there exists s > 1 for which [—s,s] C V. If 1 < x < s then
[z—2,2] C [~1,5) C V. Also if z > 1/s* then ®(z) C [—s,s] C V.
Thus if ¢ is the minimum of s — 1 and 1 — 1/s* then ®(z) C V
for all real numbers x satisfying |z — 1| < 0. It follows that the
correspondence P is upper hemicontinuous at 1.

Is ®:R — R lower hemicontinuous at xt = 1¢



The correspondence ® is lower hemicontinuous at 0. Let V' be
an open set in R that intersects ®(1). Now ®(1) = [-1,1]. If
1eV,orif —1 € V then v € V for some real number v satisfying
—1 < v < 1. It follows that an open set V' which has non-empty
intersection with ®(1) must always contain some real number v
satisfying —1 < v < 1. Then v € ®(x) for all real numbers x
satisfying 1 < x < v+ 2 (where v +2 > 1), and also v € ®(x) for
all real numbers x satisfying 0 < z < 1. Thus if 0 < § < 1 and
0 <wv+1,and if | — 1| < § then 0 < < v + 2, and therefore
v € ®(z). Thus ®(x) NV # O for all real numbers x satisfying
|z — 1] <.

2. (¢) The point (6,7) of R? belongs to the triangle in R? with vertices
(0,0), (6,6) and (8,10). Determine the barycentric coordinates of (6,7)

with regard to the vertices of this triangle.

We need to determine real numbers £, ¢; and ¢, between 0 and 1 such
that
t0(0,0) + t1(6,6) + t2(8,10) = (6,7)

and to +t1 —|—t2 = 1. Then 6t1 —|—8t2 =6 and 6t1 + 10t2 =T. Subtracting
the second equation from the first, we find that 2t = 1 and therefore
ty = % Then 6t; + 4 = 6 and therefore ¢t; = % Using the identity
to+t1+1ty = 1, we deduce that tqg = %. Thus the barycentric coordinates
of the point (6,7) with respect to the given vertices are (in the given
order) %, %, %

(d) Let o be a 5-dimensional simplex with vertices vy, vy, Va, V3, Vy, let
K be the simplicial complex consisting of the simplex o together with

all its faces, let K' be the first barycentric subdivision of o, let

X = ivo+ £vi+ 2y + tvy,
and let T be the unique simplex of K' that contains the point X in its
interior (so that x belongs to T but does not belong to any proper face
of 7). Determine the barycentric coordinates of the vertices of T with
respect to the vertices of o, and determine the barycentric coordinates
of the point x with respect to the vertices of T.



The ordering of the values of the barycentric coordinates of x with
respect to the vertices of ¢ is as follows:

Note that £ = 2.) Tt follows that
5 15

x = Z2(Vo+vi+vs+ vy + Vot vi+vy)+ vy

4 1 8
15W0 + 5W1 + 15W27

where
_ _ 1 1
wo =V, Wi=3z(Votvitwvy), Wo=3(Vo+vi+vs+vy).

The simplex 7 has vertices wy, w; and wy, as specified above. The
barycentric coordinates of the vertices of 7 with respect to the vertices
of o, in the given order, are as follows: for wg, 0,0,0,0,1; for wy,
%, %, 0,0, %; for wa, i, }L, 0, i, 411- Moreover the barycentric coordinates
of x with respect to the vertices of 7 are, in the given order, %, %, %.
(Note that these barycentric coordinates do indeed add up to 1, as they

are required to do.)



