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4. Covering Maps

4. Covering Maps

4.1. Evenly-Covered Open Sets and Covering Maps

Definition

Let X and X be topological spaces and let p: X — X be a
continuous map. An open subset U of X is said to be evenly
covered by the map p if and only if p~1(U) is a disjoint union of
open sets of X each of which is mapped homeomorphically onto U
by p. The map p: X — X is said to be a covering map if

p: X — X is surjective and in addition every point of X is
contained in some open set that is evenly covered by the map p.

If p: X—> Xisa covering map, then we say that Xis a covering
space of X.
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Example
Let S! be the unit circle in R%. Then the map p: R — S! defined
by

p(t) = (cos2mt,sin27t)

is a covering map. Indeed let n be a point of S'. Consider the
open set U in S* containing n defined by U = S\ {—n}. Now
n = (cos27ty, sin 27ty) for some to € R. Then p~1(U) is the
union of the disjoint open sets J, for all integers n, where

Jh={teR:to+n—3<t<to+n+3}

Each of the open sets J, is mapped homeomorphically onto U by
the map p. This shows that p: R — S! is a covering map.
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Example

Let pexp: C — C\ {0} be the map from the complex plane C to
the open subset C \ {0} of C defined such that pe«y(z) = exp(z)
for all complex numbers z. We show that peyp(2) is a covering
map.

Given any real number s, let
Ls={-re®:rcRandr>0}.

Then Lg is a ray in the complex plane starting at zero and passing
through — coss — isins. Moreover every complex number
belonging to the complement C \ Ls of the ray Ls in C can be
expressed uniquely in the form re’t, where r and t are real numbers
satisfying r >0 and s — 7 <t < s+ .
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Let
We={weC:s—m<Imw] <s+m},

where Im[w] denotes the imaginary part of w for all complex
numbers w, and let Fs: C\ Ls — W; be the complex-valued
function on the open subset C \ L of the complex plane defined
such that

Fs(ret) =logr + it

for all real numbers r and t satisfying r >0and s—7 <t < s+ .
Then Fs: C\ Ls — W is a continuous map, exp(Fs(z)) = z for all
z€ C\ Ls and Fs(exp(w)) = w for all w € W. It follows that
Fs: C\ Ls — W; is a homeomorphism between C \ Ls and W;.
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Let w be a complex number for which exp(w) € C\ Ls. Then
there exists a unique integer m such that

s+2mm—7 <Im[w] <s+2mm+m. Then w € Foypm(expw). It
follows from this that, for each real number s, the preimage
p;(%)(C \ Ls) is the disjoint union of the sets Wi 2xm as m ranges
over the set Z of integers. Also Wsiorm N Wsiorn = 0 when m
and n are integers and m # n, and pes,: C\ C\ {0} maps the
open set Wsio2rm homeomorphically onto C\ Ls for all integers m,
where pexp(w) = exp(w) for all w € C. Thus pep: C — C\ {0} is
a covering map.
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Example

Let
X = {(xy) €R?: (x,y) #(0,0)},
X = {(xy,2) eR®: (x,y) #(0,0),

x =/x%2+y? cos2nz and y = \/x% + y? sin2wz},

and let p: ):( — X be defined so that p(x,y, z) = (x,y) for all
(x,y,z) € X. Now exp(w) = T(p(h(w))) for all w € C, where

v
h j :( “ ) si ’ )
(u+iv) e“cosv,e’sinv,

for all real numbers v and v and T(x,y) = x + iy for all
(x,y) € X.
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Moreover h: C — X is a homeomorphism whose inverse h™!
satisfies

hi(z) = %Iog(x2 + y?) + 27iz
for all (x,y,z) € X.

The map p: X — X is a covering map. Indeed let
stm:{(x,y,z)e)N(:s—i—m—%<z<s+m+%}

and let Vs m, = p(Ws o) for all real numbers s and integers m.
Then Vs is an open set in X, p_l(Vs7o) = Umez Ws,m and p
maps Ws » homeomorphically onto Vi for all s € R and m € Z.

The surface X is a helicoid in R3.
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Example

Consider the map a: (—2,2) — S1, where

a(t) = (cos 2rt,sin 27t) for all t € (—2,2). It can easily be shown
that there is no open set U containing the point (1,0) that is
evenly covered by the map «. Indeed suppose that there were to
exist such an open set U. Then there would exist some ¢ satisfying
0 < § < 4 such that Us C U, where

Us = {(cos2rt,sin2xt) : =6 < t < d}.

The open set Us would then be evenly covered by the map a.
However the connected components of a~1(Us) are (=2, —2 + §),
(-=1—9,-1490), (=0,9), (1 —0,1+0) and (2 —6,2), and neither
(—2,—2+9) nor (2 — 4,2) is mapped homeomorphically onto Us
by a.
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Example
Let Z=C\{1,—1}, let

Z={(z,w) €C?:w#0and w? = 2> -1},

and let p:~2 — Z be defined such that p(z, w) = z for all
(z,w) € Z. Let (z0,wp) € Z, and let z = zp + (. Then

-1 = 21422+ =wd +2z(+¢?
220¢ + ¢
= Wg<1+0<2C>.

Wo
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Now the continuity at zero of the function sending each complex
number ¢ to (2z0¢ + ¢2)/w@ ensures that there exists some
positive real number ¢ such that

2 2
20¢ + ¢ <

2
wo

whenever || < d. Let D(zp,d) be the open disk of radius § about
Zp in the complex plane, and let

F(z) = % log (1 G Zoavér (z - 20)2)

for all z € D(zy,6), where log(re’®) = log r + if for all real
numbers r and 6 satisfying r > 0 and —7 < 6 < 7. Then F(z) is a
continuous function of z on D(z, d), and

2z0(z — 20) + (z — 20)? 22 —1

exp(F(z))2 =1+ w2 w2
0 0

for all z € D(z,9).
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Let (z,w) € p~1(D(z0,9)). Then z € D(z,6) and

w?>=2z>-1= (Wo exp(F(z)))z,

and therefore w = +wgpexp(F(z)). It follows that
p~Y(D(z9,0)) = Wy U W_ where

Wy = {(z,w) € C?:z¢€ D(z,6) and w = wpexp(F(z))}
)

W_ = {(z,w)€C?:z¢e D(2,6) and w = —wpexp(F(2))},
Now )
2 _ _
Re |14 222 fz=a))
Wo

for all z € D(z,6). It follows from the definition of F(z) that
—ir <Im[F(2)] < 3~

for all z € D(zp, ), and therefore



Re [ p( ( )] = exp(Re[F(2)]) cos(Im[F(z)]) > 0

. It follows that

for all z

(z, eZ z € D(z dR[WJ>0},

{
{w) e o (0, a) e | 2] 0],
{(e)
{(e)

(z,w)e Z:ze D(z dR[WJ<O},

(z,w) € p~1(D(20,06)) [:/V]<O}.
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Now p~1(D(zo,d) is open in Z, because the it is the preimage of
the open subset D(zp,d) of Z under the continuous map

p: Z — Z. Moreover the function mapping (z, w) to the real part
of w/wy is continuous on p~1(D(z,d). It follows that W, and
W_ are open in Z. Also W, N W_ =0, and the map p: Z — Z
maps each of the sets W, and W_ homeomorphically onto Z,
where Z = C\ {1, —1}. It follows that the open disk D(zp, ) is
evenly covered by the map p: Z — Z. We have therefore shown
that this map is a covering map.
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Let 7(z,w) = w for all (z,w) € Z. Then

F(2)? = p(2)2 — 1

for all 2 € Z. It follows that the function f: Z — C represents in
some sense the many-valued ‘function’ v/z2 — 1. However this
function Z is not defined on the open subset Z of the complex
plane, but is instead defined over a covering space Z of this open
set. This covering space is the Riemann surface for the ‘function’
v/z2 — 1. This method of representing many-valued ‘functions’ of
a complex variable using single-valued functions defined over a
covering space was initiated and extensively developed by Bernhard
Riemann (1826-1866) in his doctoral thesis.
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Proposition 4.1

Let p: X — X be a covering map. Then p(V') is open in X for
every open set V in X.

Proof

Let V be open in X, and let x € p(V/). Then x = p(v) for some
v € V. Now there exists an open set U containing the point x
which is evenly covered by the covering map p. Then p~1(U) is a
disjoint union of open sets, each of which is mapped
homeomorphically onto U by the covering map p. One of these
open sets contains v; let U be this open set, and let

N, = p(V N U). Now N, is open in X, since V N U is open in U
and p]U is a homeomorphism from U to U. Also x € N, and

Ny C p(V). It follows that p(V) is the union of the open sets N,
as x ranges over all points of p(V), and thus p(V) is itself an open
set, as required. |



4. Covering Maps (continued)

Corollary 4.2

A bijective covering map is a homeomophism.

Proof

This result follows directly from Proposition 4.1 the fact that a
continuous bijection is a homeomorphism if and only if it maps
open sets to open sets. |}
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4.2. Uniqueness of Lifts into Covering Spaces

Definition

Let p: X — X be a covering map, let Z be a topological space,
and let f: Z — X be a continuous map from Z to X. A
continuous map f: Z — X is said to be a /ift of f: Z — X to the
covering space X if po f = f.

Much of the general theory of covering maps is concerned with the
development of necessary and sufficient conditions to determine
whether or not maps into the base space of a covering map can be
lifted to the covering space.

We prove that any lift of a given map from a connected
topological topological space into the base space of a covering
map is determined by its value at a single point of its domain.
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Proposition 4.3

Let p: X = X bea covering map, let Z be a connected
topological space, and let g: Z — X and h: Z — X be continuous
maps. Suppose that po g = po h and that g(z) = h(z) for at
least one point z of Z. Then g = h.

Proof
Let Zo = {z € Z: g(z) = h(2)}. Note that Z; is non-empty, by
hypothesis. We show that Zj is both open and closed in Z.
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Let z be a point of Z. There exists an open set U in X containing
the point p(g(z)) which is evenly covered by the covering map p.
Then p~1(U) is a disjoint union of open sets, each of which is
mapped homeomorphically onto U by the covering map p. One of
these open sets contains g(z); let this set be denoted by U. Also
one of these open sets contains h(z); let this open set be denoted
by V. Let N, = g~1(U)n h=(V). Then N, is an open set in Z
containing z.
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Consider the case when z € Zy. Then g(z) = h(z), and therefore
V = U. It follows from this that both g and h map the open

set N, into U. But pog = po h, and p|0: U—Uisa
homeomorphism. Therefore g|N, = h|N,, and thus N, C Z,. We
have thus shown that, for each z € Zj, there exists an open set N,
such that z € N, and N, C Zy. We conclude that Zj is open.

Next consider the case when z € Z\ Zy. In this case Unv =0,
since g(z) # h(z). But g(N,) € U and h(N,) C V. Therefore
g(Z') # h(Z') for all Z/ € N, and thus N, C Z \ Zy. We have thus
shown that, for each z € Z\ Zp, there exists an open set N, such
that z € N, and N, C Z \ Zy. We conclude that Z \ Z; is open.

The subset Zy of Z is therefore both open and closed. Also Zj is
non-empty by hypothesis. We deduce that Zp = Z, since Z is
connected. Thus g = h, as required. |}
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Corollary 4.4

Let p: X — X be a covering map over a topological space X. Let
Z be a connected topological space, and let f: Z — X be a
continuous map. Suppose that p(f(z)) = xo for all z € Z, where
xo is some point of X. Then f(z) = Xy for all z € Z, where Xy is
some point of X which satisfies p(Xo) = xo.

Proof

Let zp be some point of Z. Let % = (), and let ¢: Z — X be
the constant map defined by c(z) = X for all z € Z. Then

c(z0) = f(z) and poc = pof. It follows from Theorem 4.3 that
f =c, as required. |}
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4.3. The Path-Lifting Theorem

Theorem 4.5 (Path-Lifting Theorem)

Let p: X = X be a covering map over a topological space X. Let
~v: [a, b] = X be a continuous map from the closed interval [a, b]
to X, and let w be a point of X for which p(w) = y(a). Then
there exists a unique continuous map %: [a, b] — X for which

J(a) =w and poy = 7.

Proof

Let S be the subset of [a, b] defined as follows: an element ¢ of
[a, b] belongs to S if and only if there exists a continuous map
ne: [a,¢] = X such that nc(a) = w and p(nc(t)) = ~(t) for all
t € [a,c]. Note that S is non-empty, since a belongs to S. Let
s=supS.
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There exists an open neighbourhood U of ~(s) which is evenly
covered by the map p, since p: X = Xisa covering map. It then
follows from the continuity of the path « that there exists some

d > 0 such that v(J(s,d)) C U, where

J(s,8) ={teab]:|t—s| <5}

Now S N J(s,d) is non-empty, because s is the supremum of the
set S. Choose some element ¢ of SN J(s,d). Then there exists a
continuous map 7. : [a, c] — X such that 7.(a) = w and

p(nc(t)) = ~(t) for all t € [a, c]. Now the open set U is evenly
covered by the map p. Therefore p~1(U) is a disjoint union of
open sets in X, each of which is mapped homeomorphically onto U
by the covering map p. One of these open sets contains the

point 7c(c); let this open set be denoted by U.
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There then exists a unique continuous map o: U — U defined
such that, for all x € U, o(x) is the unique element of U for which

p(o(x)) = x. Then o(y(c)) = nc(c).

Then, given any d € J(s,d), let ng: [a,d] — X be the function
from [a, d] to X defined so that

- (t) ifa<t<cg;
na(t) = { SOt Hfe<t<d

Then ngy(a) = w and p(ng(t)) = 7(t) for all t € [a,d]. The
restrictions of the function 14 [a, d] — X to the intervals [a, c]
and [c, d] are continuous. It follows from the Pasting Lemma
(Lemma 1.24) that 74 is continuous on [a,d]. Thus d € S. We
conclude from this that J(s,d) C S. However s is defined to be
the supremum of the set S. Therefore s = b, and b belongs to S.
It follows that that there exists a continuous map #: [a, b] — X for
which (a) = w and po ¥ =, as required. |}
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4.4. The Homotopy-Lifting Theorem

Theorem 4.6 (Homotopy-Lifting Theorem)

Let p: X — X be a covering map over a topological space X. Let
Z be a topological space, and let F: Z x [0,1] — X and

g:Z— X be continuous maps with the property that

p(g(z)) = F(z,0) for all z € Z. Then there exists a unique
continuous map G: Z x [0,1] — X such that G(z,0) = g(z) for
allze Z and po G =F.
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Proof

For each z € Z, consider the path 7,: [0,1] — Z defined by

v2(t) = F(z,t) for all t € [0,1]. Note that p(g(z)) = 7-(0). It
follows from the Path-Lifting Theorem (Theorem 4.5) that there
exists a unique continuous path 4,: [0,1] — X such that

7,(0) = g(z) for all z € Z and po 4, = ~,. Let the function

G: Z x[0,1] = X be defined by G(z,t) = 7,(t) for all z € Z and
t €10,1]. Then G(z,0) = g(z) for all z € Z and

p(G(z,t)) = p(9(t)) = 1=(t) = F(z, 1)

forall z€ Z and t € [0, 1]. It remains to show that the function
G: Z x [0,1] — X is continuous and that it is unique.
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Given any z € Z, let S, denote the set of all real numbers ¢
belonging to the closed interval [0, 1] which have the following
property:
there exists an open set N in Z such that z € N and the
function G is continuous on N x [0, c].

Let s, be the supremum sup S, (i.e., the least upper bound) of the
set S,. We prove that s, belongs to the set S, and that s, = 1.
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Choose some z € Z, and let w € X be given by w = G(z, ;).
There exists an open neighbourhood U of p(w) in X which is
evenly covered by the map p. Thus p~1(U) is a disjoint union of
open sets, each of which is mapped homeomorphically onto U by
the covering map p. One of these open sets contains the point w;
let this open set be denoted by U. Then there exists a unique
continuous map o: U — U defined such that, for all x € U, o(x)
is the unique element of U for which p(c(x)) = x. Then
o(F(z,s;)) = w.
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Now F(z,s,) = p(w). It follows from the continuity of the map F
that there exists some positive real number § and some open
set My in Z such that z € My and F(M; x J(s;,d)) C U, where

J(sz,0)={te€[0,1] :s,—d <t <s,+4}.

Now we can choose some ¢ belonging to S, which satisfies

s, — 0 < ¢ < s, because s, is the least upper bound of the set S,.
It then follows from the definition of the set S, that there exists an
open set My in Z such that z € M, and the function G is
continuous on M x [0, c]. Let

N={ZeMnM,:G(Zc)e U}

Then z € N, and the continuity of the function G on M, x [0, c]
ensures that N is open in Z. Moreover the function G is
continuous on N x [0, c] and F(N x J(s,,0)) C U.
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Let 2 € N. Then G(Z,c) € U and p(G(,¢)) = F(Z,c). It
follows from the definition of the map o: U — X that
G(Z',c) = o(F(Z,c)). Also the interval J(s;,d) is connected, and

p(G(Z, 1)) = F(Z,t) = p(o(F(Z, 1))

for all t € J(sz,9). It follows from Theorem 4.3 that
G(Z,t) =a(F(Z,t) for all t € J(s;,0).
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We have thus shown that the function G is equal to the
continuous function o o F on N x J(sz,0). The function G is
therefore continuous on both N x [0, c] and N x [c, t] for all

t € J(s;,0) satisfying t > c. It then follows from the Pasting
Lemma (Lemma 1.24) that the function G is continuous on

N x [0, t] for all t € J(s;, ), and thus J(s;,d) C S,. This however
contradicts the definition of S, unless s, € S, and s, = 1. We
conclude therefore that 1 € S,, and thus there exists an open

set N in Z such that z € N and G|N x [0, 1] is continuous.

We conclude from this that every point of Z x [0, 1] is contained in
some open subset of Z x [0, 1] on which that function G is
continuous. It follows that G: Z x [0,1] — X is continuous (see
Proposition 1.23).
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The uniqueness of the map G: Z x [0,1] — X follows directly
from the fact that for any z € Z there is a unique continuous path
5,:[0,1] = X such that 5,(0) = g(z) and p(5:(t)) = F(z, t) for
alltef0,1]. 1§
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4.5. Path-Lifting and the Fundamental Group

Let p: X — X be a covering map and let o: [0,1] — X and
B:10,1] — X be paths in the base space X which both start at
some point xp of X and finish at some point x; of X, so that

a(0) =p5(0)=x0 and «a(l)=p(1) = x.

Let Xy be some point of the covering space X that projects down
to xp, so that p(Xp) = xo. It follows from the Path-Lifting
Theorem (Theorem 4.5) that there exist paths &: [0,1] — X and
B: [0,1] — X in the covering space X that both start at X and
that are lifts of the paths o and 3 respectively.
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Thus y
6(0) = 5(0) = %
p(a(t)) = a(t) and p(B(t)) = B(t) forall t €0,1].

These lifts & and /3 of the paths « and 3 are uniquely determined
by their starting point X (see Proposition 4.3).
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Now, though the lifts & and /3 of the paths o and /3 have been
chosen such that they start at the same point Xy of the covering
space X, they need not in general end at the same point of X.
However we shall prove that if a ~ 3 rel {0,1}, then the lifts &

and 3 of a and 8 respectively that both start at some point Xy of
X will both finish at some point % of X, so that &(1) = 5(1) = .
This result is established in Proposition 4.7 below.
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Proposition 4.7

Let p: X = X bea covering map over a topological space X, let
a: [0,1] — X and B: [0,1] — X be paths in X, where

a(0) = B(0) and (1) = B(1), and let &: [0,1] — X and
B:[0,1] = X be paths in X such that po& =« and po 8 = 3.
Suppose that &(0) = 5(0) and that o ~ B rel {0,1}. Then
&(1) = B(1) and @ ~ f rel {0,1}.
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Proof
Let xp and x; be the points of X given by

xo = «(0) = 5(0), x1 = a(1) = B(1).

Now a >~ 3 rel {0, 1}, and therefore there exists a homotopy
F:[0,1] x [0,1] — X such that

F(t,0) =a(t) and F(t,1)=p(t) forall t€][0,1],
and

F(0,7)=x0 and F(1,7)=x3 forall 7€ [0,1].
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It then follows from the Homotopy-Lifting Theorem (Theorem 4.6)
that there exists a continuous map G: [0,1] x [0,1] — X such that
po G = F and G(0,0) = &(0). Then p(G(0,7)) = xp and
p(G(1,7)) = xq for all 7 € [0,1]. A straightforward application of
Proposition 4.3 shows that any continuous lift of a constant path
must itself be a constant path. Therefore G(0,7) = X and
G(1,7) = Xy for all 7 € [0, 1], where

% = G(0,0) =a&(0), % = G(1,0).
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However

G(07 0) = G(07 1) =X = &(O) = B(O),

p(G(t,0)) = F(t,0) = aft) = p(a(t))
and

p(G(t,1)) = F(t,1) = (t) = p(5(t))

for all t € [0,1]. It follows that the map that sends t € [0, 1] to
G(t,0) is a lift of the path « that starts at Xy, and the map that
sends t € [0,1] to G(t,1) is a lift of the path /3 that also starts at
Xo-
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However Proposition 4.3 ensures that the lifts & and f of the
paths « and 3 are uniquely determined by their starting points. It
follows that G(t,0) = &(t) and G(t,1) = j3(t) for all t € [0,1]. In
particular,

&(1) = G(1,0) = % = G(1,1) = A(1).

Moreover the map G: [0,1] x [0,1] — X is a homotopy between
the paths & and 8 which satisfies G(0,7) = % and G(1,7) = %
for all 7 € [0,1]. It follows that & ~ (3 rel {0, 1}, as required. |}
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Proposition 4.8

Let p: X — X be a covering map, and let Xy be a point of the
covering space X. Then the homomorphism

py: m(X, %) — m1(X, p(%0))

of fundamental groups induced by the covering map p is injective.

o’

Proof

Let og and o1 be loops in X based at the point X, representing
elements [og] and [o1] of 7r1()~(,>"<0). Suppose that

p[oo] = pxlo1]. Then poog >~ po oy rel {0,1}. Also

00(0) = X = 01(0). Therefore oo ~ o1 rel {0,1}, by
Proposition 4.7, and thus [0¢] = [01]. We conclude that the
homomorphism py: 71(X, %) — m1(X, p(%)) is injective. 1
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Proposition 4.9

Let p: X — X be a covering map, let % be a point of the covering
space X, and let v be a loop in X based at p(Xo). Then

[V] € pg(m (X, %0)) if and only if there exists a loop 4 in X, based
at the point Xy, such that po 4 = ~.
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Proof 5
If v = po# for some loop 7 in X based at X then [y] = py[7],
and therefore [] € py (m1(X, %0)).

Conversely suppose that [v] € p4 (771(;(,20)). We must show that
there exists some loop % in X based at Xy such that v = po 4.
Now there exists a loop ¢ in X based at the point Xp such that
[v] = px([o]) in m1(X, p(X0)). Then v =~ poo rel {0,1}. It follows
from the Path-Lifting Theorem for covering maps (Theorem 4.5)
that there exists a unique path : [0,1] — X in X for which
4(0) = % and po 4 = ~. It then follows from Proposition 4.7 that
(1) = o(1) and 4 ~ o rel {0,1}. But o(1) = X. Therefore the
path 4 is the required loop in X based the point % which satisfies
poy=7v 1



4. Covering Maps (continued)

Corollary 4.10

Let p: X = X bea covering map over a topological space X, let
wo and wy be points of X satisfying p(wo) = p(w1), and let

a: [0,1] = X be a path in X from wy to wi. Suppose that
[p oa) € pu (7r1(X, wo)). Then the path « is a loop in X, and thus
wo = wq.

v

Proof

It follows from Proposition 4.9 that there exists a loop § based at
wo satisfying po 5 = poa. Then «(0) = 3(0). Now

Proposition 4.3 ensures that the lift to X of any path in X is
uniquely determined by its starting point. It follows that o = .
But then the path a must be a loop in )N< and therefore wp = wy,
as required. ||



4. Covering Maps (continued)

Theorem 4.11

Let p: X — X be a covering map over a topological space X.
Suppose that X is path-connected and that X is simply-connected.
Then the covering map p: X — X is a homeomorphism.

Proof

We show that the map p: X — X is a bijection. This map is
surjective (since covering maps are by definition surjective). We
must show that it is injective. Let wy and w; be points of X with
the property that p(wp) = p(w1). Then there exists a path
a:[0,1] = X with a(0) = wp and (1) = wy, since X is
path-connected. Then po « is a loop in X based at the point xp,
where xg = p(wp). However 71(X, p(wp)) is the trivial group, since
X is simply-connected. It follows from Corollary 4.10 that the
path « is a loop in X based at wp, and therefore wg = wy. This
shows that the the covering map p: X = Xis injective.



4. Covering Maps (continued)

Thus the map p: X — X is a bijection, and thus has a well-defined
inverse p~1: X — X. But any bijective covering map is a
homeomorphism (Corollary 4.2). The result follows. |



	Results concerning Topological Spaces
	Winding Numbers of Closed Curves in the Plane
	The Fundamental Group of a Topological Space
	Covering Maps
	Evenly-Covered Open Sets and Covering Maps
	Uniqueness of Lifts into Covering Spaces
	The Path-Lifting Theorem
	The Homotopy-Lifting Theorem
	Path-Lifting and the Fundamental Group


