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2 Winding Numbers of Closed Paths in the
Complex Plane

2.1 Paths in the Complex Plane

Let D be a subset of the complex plane C. We define a path in D to be a
continuous complex-valued function v: [a,b] — D defined over some closed
interval [a,b]. We shall denote the range v([a, b]) of the function 7 defining
the path by [y]. Now it follows from the Heine-Borel Theorem (Theorem 1.37)
that the closed bounded interval [a, b] is compact. Moreover continuous func-
tions map compact sets to compact sets (see Lemma 1.39). It follows that
[7] is a closed bounded subset of the complex plane.

Lemma 2.1 Let v: [a,b] — C be a path in the complex plane, and let w be
a complex number that does not lie on the path ~v. Then there exists some
positive real number £y such that |y(t) — w| > g9 > 0 for all t € [a,b].

Proof The closed unit interval [a,b] is a closed bounded subset of R. Now
any continuous real-valued function on a compact set is bounded above and
below on that set (Lemma 1.40). Therefore there exists some positive real
number M such that |y(t) —w|™' < M for all t € [a,b]. Let &g = M~'. Then
the positive real number gy has the required property. |}

Definition A path 7: [a,b] — C in the complex plane is said to be closed if
Y(a) = (b).

Remark The use of the technical term closed as in the above definition has
no relation to the notions of open and closed sets.) Thus a closed path is a
path that returns to its starting point.

Let v: [a,b] — C be a path in the complex plane. We say that a complex
number w lies on the path ~ if w € [y], where [y] = v([a, ]).

2.2 The Exponential Map

The exponential map exp: C — C is defined on the complex plane so that
exp(x + iy) = e"cosy +ie”siny

for all real numbers z and y, where 2 = —1. Then
exp(x +iy) = u(x,y) +iv(z,y)
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where
u(z,y) = e"cosy, v(x,y)=e€"siny

for all real numbers  and y. The functions u: R> -+ R and v: R? — R
satisfy the partial differential equations

ou v
or — dy
ou v
dy Oz

These partial differential equations are the Cauchy-Riemann equations that
are satisfied by the real and imaginary parts of a function of a complex
variable if and only if that function is holomorphic.

Lemma 2.2 The exponential map exp: C — C satisfies the identities exp(z+
w) = exp(z) exp(w) and exp(—z) = exp(z)~! for all complex numbers = and
w.

Proof Let z = x + iy and w = u + v, where x, y, u and v are real numbers
and i? = —1. Then

exp(z +w) = € (cos(y +v) +isin(y +v))
= e e“(cosy cosv — siny sinv + 28iny cosv + ¢ cosy sinv)
‘e

8

Te'(cosy +isiny)(cosv + isinv)
= exp(z) exp(w).

Applying this result with w = —z, we see that exp(z) exp(—z) = exp(0) = 1,
and therefore exp(—z) = exp(z)™', as required. ||

Lemma 2.3 Let z and w be complex numbers. Then exp(z) = exp(w) if
and only if w = z 4+ 2min for some integer n.

Proof Suppose that w = z + 2min for some integer n. Then

exp(w) = exp(z)exp(2min) = exp(z)(cos2mn + isin 27n)
= exp(2).

Conversely suppose that exp(w) = exp(z). Let w — z = u + v, where u and
v are real numbers. Then

e“(cosv +isinv) = exp(w — z) = exp(w) exp(z) ' = 1.

Taking the modulus of both sides, we see that ¢ = 1, and thus u = 0. Also
cosv = 1 and sinv = 0, and therefore v = 27n for some integer n. The result

follows. |}
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oo  p
Remark The infinite series Z — converges absolutely for all complex num-
n!
n=0
bers z. Standard theorems concerning power series then ensure that the in-
finite series converges uniformly in z over any closed disk of positive radius
about zero in the complex plane. A standard theorem of analysis regarding

Cauchy products of absolutely convergent infinite series then ensures that

(E5)(Z5)- (Z5)

for all complex numbers z. It follows that if z = x + iy, where x and y are
real numbers and i?> = —1, then

) SEMN O SEA N ( ol C A o ot s
el A\ &l )\ & T ATk )

= €®(cosy + 1 siny)

for all real numbers z and y. Thus

+oo 4

z
expz = Z—
n!

n=0 "

for all complex numbers z.
Lemma 2.4 Let w be a non-zero complex number, and let
Dyjw ={z€C:|z—-w| < |w|}.

Then there exists a continuous function Fy: D, — C with the property
that exp(F,(2)) = z for all z € Dy, |y

Proof Let U = C\ {zx € R: z <0}, and let log: U — C be the “principal
branch” of the logarithm function, defined so that log(re®) = log 7 +i6 for all
real numbers r and 6 satisfying » > 0 and —7 < 6 < w. Then the function
log: U — C is continuous, and exp(logz) = z for all z € U. Let { be a
complex number satisfying exp ( = w. Then z/w € U for all z € D, |,|. Let
Fo: Dyjw) — C be defined so that Fy,(2) = ¢ +log(z/w) for all z € D, |y
Then
exp(Fu(2)) = exp(¢) exp(log(s/w)) = w(z/w) = »

for all z € D(w, |w|), as required. |}
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2.3 Path-Lifting with respect to the Exponential Map

Theorem 2.5 Lety: [a,b] — C\{0} be a path in the set C\{0} of non-zero
complex numbers. Then there ezists a path 7 : [a,b] — C in the complex plane
which satisfies exp(§(t)) = y(t) for all t € |a,b.

Proof The complex number ~(¢) is non-zero for all ¢ € [a, b], and therefore
there exists some positive number gy such that |y(t)| > ¢¢ for all t € [a, b].
(Lemma 2.1). Now any continuous complex-valued function on a closed
bounded interval is uniformly continuous. (This follows, for example, from
Theorem 1.48.) Therefore there exists some positive real number ¢ such that
[7(t) —v(s)| < ep for all s,t € [a, b] satisfying |t — s| < 9.

Let m be a positive integer satisfying m > |b — a|/d, and let t; = a +
jlb—a)/mfor j =0,1,2,...,m. Then |t; —t;_1| <6 for j=1,2,...,m. It
follows from this that

(&) =)l < €0 < (Hy)]

for all t € [t;_1,t;], and thus

Y([ti-1:851) € Dagey) eyl
for j =1,2,...,n, where
Dy ={2€C:|z—w| < |wl|}

for all w € C.

Now there exist continuous functions Fj: D,y |y, — C with the prop-
erty that exp(Fj(z)) = z for all 2 € Dy, yq,) (see Lemma 2.4). Let
3;(t) = Fj(y(t)) for all t € [t;_1,¢;]. Then, for each integer j between 1 and
m, the function 7;: [t;_1,t;] — C is continuous, and is thus a path in the
complex plane with the property that exp(%;(t)) = ~(¢) for all t € [t;_1,¢;].
Now

exp(7;(t;)) = 7(t;) = exp(Yj41(t5))
for each integer j between 1 and m — 1. The periodicity properties of the
exponential function (Lemma 2.3) therefore ensure that there exist integers
kl, k‘g, N km—l such that ij—&—l(tj) = ’3/](75]) + 27Tik?j for ] = ]_, 2, oo, — 1.
Then

J Jj—1
f?j+1(tj) — 2m Z kT = :}/j(tj> — 271'@2 kr
r=1 r=1
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for j =1,2,...,m — 1. The Pasting Lemma (Lemma 1.24) then ensures the
existence of a continuous function 7: [a,b] — C defined so that 7(t) = 1 (¢)
whenever ¢ € [a,t;], and

50 = 3400 — 21 3k

whenever t € [t;_1,t;] for some integer j between 2 and m. Moreover
exp(3(t)) = ~(t) for all ¢t € [a,b]. We have thus proved the existence of
a path 4 in the complex plane with the required properties. |

2.4 Winding Numbers

Let 7: [a,b] — C be a closed path in the complex plane, and let w be a
complex number that does not lie on . Then there exists a path 7, [a, b] —
C in the complex plane such that exp(7,(t)) = v(t) — w for all t € [a, b
(Theorem 2.5). Now the definition of closed paths ensures that v(b) = v(a).
Also two complex numbers z; and zy satisfy exp z; = exp zo if and only if
(271) (29 — z1) is an integer (Lemma 2.3). It follows that there exists some
integer n(y,w) such that 3,,(b) = A, (a) + 2win(y, w).

Now let ¢: [a,b] — C be any path with the property that exp(¢(t)) =
v(t)—w for all t € [a, b]. Then the function sending t € [a, b] to (2mi) " (p(t)—
Fw(t)) is a continuous integer-valued function on the interval [a,b], and is
therefore constant on this interval (Corollary 1.58). It follows that

p(b) = pla) = Yw(b) = Fu(a) = 2min(y, w).

It follows from this that the value of the integer n(vy,w) depends only on the
choice of v and w, and is independent of the choice of path 7, satisfying
exp(Yu(t)) = y(t) — w for all t € [a, b].

Definition Let 7: [a,b] — C be a closed path in the complex plane, and let
w be a complex number that does not lie on 7. The winding number of
about w is defined to be the unique integer n(vy,w) with the property that
o(b) — p(a) = 2min(y,w) for all paths ¢: [a,b] — C in the complex plane
that satisfy exp(¢(t)) = v(t) — w for all t € [a, b].

Example Let n be an integer, and let 7, : [0, 1] — C be the closed path in
the complex plane defined by 7, (t) = exp(2mint). Then ~,(t) = exp(pn(t))
for all ¢t € [0,1] where ¢,: [0,1] — C is the path in the complex plane
defined such that ¢, (t) = 2mint for all ¢t € [0,1]. It follows that n(y,,0) =

(2m8) " (n (1) = n(0)) = n.
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Given a closed path v, and given a complex number w that does not lie
on 7, the winding number n(v,w) measures the number of times that the
path v winds around the point w of the complex plane in the anticlockwise
direction.

Lemma 2.6 (Dog-Walking Lemma) Let v;: [a,b] — C and ~,: [a,b] —
C be closed paths in the complex plane, and let w be a complex number that
does not lie on v;. Suppose that |y2(t) —y1(t)| < |71(t) —w| for all t € [a,b].
Then n(yz, w) = n(y1, w).

Proof Note that the inequality satisfied by the functions v; and 5 ensures
that w does not lie on the path 9. Let 4;: [0,1] — C be a path in the
complex plane such that exp(%;(t)) = v1(t) — w for all ¢ € [a, b], and let

Y2(t) —w
t = —
() 7(t) —w
for all ¢ € [a,b] Then

na(t) = ()

’p(t)_H: ’Yl(t)—w

<1

for all ¢t € [a, b].

Now it follows from Lemma 2.4 that there exists a continuous function
F:{ze€C:|z—1| <1} — C with the property that exp(F(z)) = z for all
complex numbers z satisfying |z — 1| < 1. Let 42: [0,1] — C be the path in
the complex plane defined such that Y(t) = F(p(t)) + 41(¢) for all ¢ € [a, b].
Then

exp(F2(t)) = exp(F(p(t))) exp(1(t)) = p(t)(n () — w)
= () —w.

Now p(b) = p(a). It follows that

2min(yg,w) = A2(b) — A2(a)

as required. |
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Remark Imagine that you are exercising a dog in a park. You walk along a
path close to the perimeter of the park that remains at all times at at least
200 metres from an oak tree in the centre of the park. Your dog runs around
in your vicinity, but remains at all times within 100 metres of you. In order
to leave the park you and your dog return to the point at which you entered
the park. The Dog-Walking Lemma then ensures that the number of times
that your dog went around the oak tree in the centre of the park is equal to
the number of times that you yourself went around that tree.

Example Let 7: [0,1] — C be the closed curve in the complex plane defined
such that

v(t) = 3 cos 6t + 4i sin 67t + (sin 167t) (sin 87t) — 2ie°*™ 1 cos 8t
for all ¢ € [0,1], where i* = —1. Let
71(t) = 3 cos 67t + 4i sin 67t

(
for all ¢t € [0,1]. Then |v,(¢)] > 3 for all ¢ € [0,1]. Also |sin167t| < 1 and
0 < ews8m=1 < 1 for all £ € [0,1], and therefore

|(sin 167¢) (sin 8t) — 2ie¥™ ! cos 87rt}2 < sin® 87t + 4 cos® 87t < 4
for all t € [0,1]. It follows that

y(t) = (t)] = |(sin167t)(sin8rt) — 2ie>*™ " cos 8t
<2< ()
for all ¢ € [0,1]. The Dog-Walking Lemma (Lemma 2.6) then ensures that

n(v,0) = n(y1,0). Another application of the Dog-Walking Lemma then
ensures that n(vy1,0) = n(ys,0), where

Y2(t) = 3(cos 67t + i sin 67t)

for all t € [0, 1]. Moreover 5 = exp o, where 45: [0, 1] — C is the path in C
defined so that 4,(t) = log 3 + 67t for all ¢ € [0, 1]. The definition of winding
number ensures that

n(72,0) = (2m1) 7 (F2(1) — 32(0)) = 3.
Therefore n(y,0) = 3.

Lemma 2.7 Let 7y: [a,b] — C be a closed path in the complex plane and let
W be the set C\ [y] of all points of the complex plane that do not lie on the
curve y. Then the function that sends w € W to the winding number n(vy,w)
of v about w is a continuous function on W.
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Proof Let w € W. It then follows from Lemma 2.1 that there exists some
positive real number g( such that |y(t) —w| > ¢ > 0 for all ¢ € [a, b]. Let w;
be a complex number satisfying |w; — w| < &g, and let 71 : [a,b] — C be the
closed path in the complex plane defined such that v, (t) = v(t)+w—w, for all
t € [a,b]. Then v(t)—w; = y1(t)—w for all t € [a, b], and therefore n(y,w;) =
n(y,w). Also |y (t) —~v(t)| < |v(t) — w| for all ¢ € [a, b]. Tt follows from the
Dog-Walking Lemma (Lemma 2.6) that n(y, w;) = n(y,w) = n(y,w). This
shows that the function sending w € W to n(y,w) is continuous on W, as
required. ||

Lemma 2.8 Letvy: [a,b] — C be a closed path in the complex plane, and let
R be a positive real number with the property that |y(t)| < R for allt € |a,b).
Then n(y,w) =0 for all complex numbers w satisfying |w| > R.

Proof Let vy: [a,b] — C be the constant path defined by 7o(t) = 0 for all
[a,b]. If |lw| > R then |y(t) — ()| = |v(t)| < |w| = |70(t) — w|. It follows
from the Dog-Walking Lemma (Lemma 2.6) that n(v,w) = n(yy,w) = 0, as
required. ||

Proposition 2.9 Let [a,b] and [c,d] be closed bounded intervals, and, for
each s € [c,d], let vs: [a,b] — C be a closed path in the complex plane. Let w
be a complex number that does not lie on any of the paths 5. Suppose that
the function H: [a,b] x [¢,d] — C is continuous, where H(t,s) = ~4(t) for
all t € [a,b] and s € [c,d]. Then n(ye, w) = n(vyq, w).

Proof The rectangle [a,b] X [c,d] is a closed bounded subset of R?, and
is therefore compact. It follows that the continuous function on the closed
rectangle [a, b] X [c, d] that sends a point (¢, s) of the rectangle to |H (t,s) —
w|™! is a bounded function on [a,b] x [c,d] (see, for example, Lemma 1.40).
Therefore there exists some positive number ¢y such that |[H(t,s) — w| >
g0 > 0 for all t € [a,b] and s € [c, d].

Now any continuous complex-valued function on a closed bounded subset
of a Euclidean space is uniformly continuous. (This follows, for example, on
combining the results of Theorem 1.50 and Theorem 1.48.) Therefore there
exists some positive real number ¢ such that |H(t,s) — H(t,u)| < g for all
t € la,b] and for all s,u € [c,d] satisfying |s — u| < d. Let so,s1,...,Sm be
real numbers chosen such that c = sy < 51 < ... <s,, =dand |s;—s;_1| <9
for j=1,2,...,m. Then

s, (1) = s, (O] = [H(E,s5) — H(t,s5-1)]
< & < |H(tv ijl) - w‘ = ’78171(75) - ’LU|
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for all ¢ € [a, b], and for each integer j between 1 and m. It therefore follows
from the Dog-Walking Lemma (Lemma 2.6) that n(vy,,_,,w) = n(ys,,w)
for each integer j between 1 and m. But then n(vy.,w) = n(v4, w), as re-
quired. |

Definition Let D be a subset of the complex plane, and let v: [a,b] — D
be a closed path in D. The closed path ~ is said to be contractible in D if
and only if there exists a continuous function H: [a,b] x [0,1] — D and an
element zy of D such that H(t,0) = v(t) and H(t,1) = z, for all ¢t € [a, ],
and H(a,s) = H(b,s) for all s € [0, 1].

Corollary 2.10 Let D be a subset of the complex plane, and let~: |a,b] — D
be a closed path in D. Suppose that v is contractible in D. Then n(y,w) =0
for allw € C\ D, where n(~y,w) denotes the winding number of v about w.

Proof The closed curve v is contractible, and therefore there exists an el-
ement zo of D and a continuous function H: [a,b] x [0,1] — D such that
H(t,0) = v(t) and H(t,1) = z, for all ¢t € [a,b], and H(a,s) = H(b,s) for
all s € [0,1]. For each s € [0,1] let vs: [a,b] — D be the closed path in D
defined such that v4(t) = H(t, s) for all ¢ € [a,b]. Then ~, is a constant path,
and therefore n(y;,w) = 0 for all points w that do not liec on ;. Let w be an
element of w € C\ D. Then w does not lie on any of the paths ~,. It follows
from Proposition 2.9 that

n(y,w) = n(y,w) = n(y,w) =0,

as required. |}

2.5 Simply-Connected Subsets of the Complex Plane

Definition A subset D of the complex plane is said to be path-connected if,
given any elements z; and zs, there exists a path in D from z; and zs.

Definition A path-connected subset D of the complex plane is said to be
simply-connected if every closed loop in D is contractible.

Definition An subset D of the complex plane is said to be a star-shaped if
there exists some complex number zy in D with the property that

{1=t)z+tz:tel0,1]} C D

for all z € D. (Thus an open set in the complex plane is a star-shaped if and
only if the line segment joining any point of D to zg is contained in D.)
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Lemma 2.11 Star-shaped subsets of the complex plane are simply-connected.

Proof Let D be a star-shaped subset of the complex plane. Then there exists
some element zg of D such that the line segment joining z, to z is contained
in D for all z € D. The star-shaped set D is obviously path-connected. Let
7v: [a,b] — D be a closed path in D, and let H(t,s) = (1 — s)y(t) + sz for
all t € [a,b] and s € [0,1]. Then H(t,s) € D for all t € [a,b] and s € [0, 1],
H(t,0) = ~(t) and H(t,1) = z for all t € [a,b]. Also v(a) = ~(b), and
therefore H(a,s) = H(b,s) for all s € [0,1]. It follows that the closed path v
is contractible. Thus D is simply-connected. |}

The following result is an immediate consequence of Corollary 2.10

Proposition 2.12 Let D be a simply-connected subset of the complex plane,
and let v be a closed path in D. Then n(y,w) =0 for allw € C\ D.

2.6 The Fundamental Theorem of Algebra

Theorem 2.13 (The Fundamental Theorem of Algebra) Let P: C — C be
a non-constant polynomial with complex coefficients. Then there exists some
complex number zy such that P(zy) = 0.

Proof We shall prove that any polynomial that is everywhere non-zero must
be a constant polynomial.

Let P(z) = ap + a1z + -+ + a,, 2™, where ay, a9, ...,a, are complex
numbers and a,, # 0. We write P(2) = P,,(z) + Q(z), where P,(z) = a;,2™
and Q(z) = ag+ a1z + -+ a,_12" 1. Let

ool 4 Jar] + -+ o+ Jand

R
||
If |z| > R then |z| > 1, and therefore
Q(2) 1 Qo ax
P, (2) |ay, 2| 1 2m=1 LT R
1 Qg aq
< o Uz ]+ o)
S JanlTA Az | Tz | e el
R
= (laol + lar| + -+ lam) < = < 1.

||

It follows that |P(z) — Pn(2)| < |Pn(z)] for all complex numbers z satisfying
|z| > R.

|am| 2|
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For each non-negative real number r, let v,.: [0,1] = C and ¢,.: [0,1] = C
be the closed paths defined such that ~,.(t) = P(rexp(2mit)) and ¢,(t) =
P, (rexp(2mit)) = a,r™ exp(2mimt) for all ¢ € [0,1]. If r > R then |v,(t) —
or(t)] < |pr(t)| for all t € [0,1]. It then follows from the Dog-Walking
Lemma (Lemma 2.6) that n(v,,0) = n(y,,0) = m whenever r > R.

Now if the polynomial P is everywhere non-zero then it follows on apply-
ing Proposition 2.9 that the function sending each non-negative real num-
ber r to the winding number n(~,,0) of the closed path =, about zero is a
continuous function on the set of non-negative real numbers. But any contin-
uous integer-valued function on an interval is necessarily constant (see Corol-
lary 1.58). It follows that n(~.,0) = n(~,0) for all positive real-numbers 7.
But 7 is the constant path defined by ~o(t) = P(0) for all ¢t € [0,1], and
therefore n(vy,0) = 0. It follows that is the polynomial P is everywhere
non-zero then n(y,,0) = 0 for all non-negative real numbers r. But we have
shown that n(~,,0) = m for sufficiently large values of r, where m is the de-
gree of the polynomial P. It follows that if the polynomial P is everywhere
non-zero, then it must be a constant polynomial. The result follows. |}

2.7 The Kronecker Principle

The proof of the Fundamental Theorem of Algebra given above depends on
the continuity of the polynomial P, together with the fact that the winding
number n(P o g,,0) is non-zero for sufficiently large r, where o, denotes the
circle of radius r about zero, described once in the anticlockwise direction. We
can therefore generalize the proof of the Fundamental Theorem of Algebra in
order to obtain the following result (sometimes referred to as the Kronecker
Principle).

Proposition 2.14 Let f: D — C be a continuous map defined on the closed
unit disk D in C, and let w € C\ f(D). Then n(f o o,w) = 0, where
o:[0,1] — C is the parameterization of unit circle defined by o(t) = exp(2mit),
and n(f o o,w) is the winding number of f o o about w.

Proof Define 74(t) = f(sexp(2mit)) for all t € [0,1] and s € [0,1]. Then
none of the closed curves 5 passes through w, and 7, is the constant curve
with value f(0). It follows from Proposition 2.9 that

n(f o o,w) =n(yn,w) =n(yp,w) =0,

as required. |}
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2.8 The Brouwer Fixed Point Theorem

We now use Proposition 2.14 to show that there is no continuous ‘retraction’
mapping the closed unit disk onto its boundary circle.

Corollary 2.15 There does not exist a continuous map r: D — 0D with
the property that r(z) = z for all z € 0D, where 0D denotes the boundary
circle of the closed unit disk D.

Proof Let o: [0,1] — C be defined by o(t) = exp(2mit). If a continuous
map r: D — 0D with the required property were to exist, then r(z) # 0
for all z € D (since r(D) C dD), and therefore n(o,0) = n(r o g,0) = 0, by
Proposition 2.14. But o = expod, where &(t) = 2mit for all t € [0, 1], and
thus

n(o,0) =

This shows that there cannot exist any continuous map r with the required
property. |

Theorem 2.16 (The Brouwer Fixed Point Theorem in Two Dimensions)
Let f: D — D be a continuous map which maps the closed unit disk D into
itself. Then there exists some zo € D such that f(z9) = 2.

Proof Suppose that there did not exist any fixed point zy of f: D — D.
Then one could define a continuous map r: D — 0D as follows: for each
z € D, let r(z) be the point on the boundary 0D of D obtained by continuing
the line segment joining f(z) to z beyond z until it intersects 0D at the
point 7(z). Then r: D — 0D would be a continuous map, and moreover
r(z) = z for all z € dD. But Corollary 2.15 shows that there does not
exist any continuous map r: D — 0D with this property. We conclude that
f: D — D must have at least one fixed point. |

Remark The Brouwer Fixed Point Theorem is also valid in higher dimen-
sions. This theorem states that any continuous map from the closed n-
dimensional ball into itself must have at least one fixed point. The proof of
the theorem for n > 2 is analogous to the proof for n = 2, once one has
shown that there is no continuous map from the closed n-dimensional ball
to its boundary which is the identity map on the boundary. However wind-
ing numbers cannot be used to prove this result, and thus more powerful
topological techniques need to be employed.
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2.9 The Borsuk-Ulam Theorem

Lemma 2.17 Let f: S* — C\ {0} be a continuous function defined on S?,
where S = {z € C: |z| = 1}. Suppose that f(—z) = —f(2) for all z € S*.
Then the winding number n(foo,0) of foo about 0 is odd, where o: [0,1] —
St is given by o(t) = exp(2mit).

Proof It follows from the Path Lifting Theorem (Theorem 2.5) that there
exists a continuous path 4: [0,1] — C in C such that exp(3(t)) = f(o(t)) for
all t € [0,1]. Now f(o(t+3)) = —f(o(t)) for all t € [0, 3], since o(t + 1) =
—o(t) and f(—z) = —f(z) for all z € C. Thus exp(J(t+3)) = exp(F(¢) + i)
for all ¢t € [0,3]. It follows that %(¢t + ) = F(¢) + (2m + 1)mi for some
integer m. (The value of m for which this identity is valid does not depend
on t, since every continuous function from [0, %] to the set of integers is
necessarily constant.) Hence
- 7 =50) 1) =56)
2m 2m 2me

n(foo,0
Thus n(f o 0,0) is an odd integer, as required. |}

We shall identify the space R? with C, identifying (x,y) € R? with the
complex number = + iy € C for all x,y € R. This is permissible, since we
are interested in purely topological results concerning continuous functions
defined on appropriate subsets of these spaces. Under this identification the
closed unit disk D is given by

D ={(r,y) e R*: 2* +y* < 1}.
As usual, we define
S?={(z,y,2) e R®: 2? + > + 22 = 1}.

Lemma 2.18 Let f: S? — R? be a continuous map with the property that
f(—m) = —f(n) for alln € S?. Then there exists some point ng of S? with
the property that f(ng) = 0.

Proof Let p: D — S? be the map defined by
90<x7y) = (I,y,‘i‘ 1—:1}2—3/2).

(Thus the map ¢ maps the closed disk D homeomorphically onto the upper
hemisphere in R3.) Let o: [0, 1] — 52 be the parameterization of the equator
in S? defined by

o(t) = (cos 2mt, sin 27t, 0)
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for all t € [0,1]. Let f: S? — R? be a continuous map with the property
that f(—n) = —f(n) for all n € S% If f(o(ty)) = 0 for some t, € [0,1]
then the function f has a zero at o(ty). It remains to consider the case
in which f(o(t)) # 0 for all t € [0,1]. In that case the winding number
n(foo,0) is an odd integer, by Lemma 2.17, and is thus non-zero. It follows
from Proposition 2.14, applied to f o p: D — R? that 0 € f(p(D)), (since
otherwise the winding number n(f o 0,0) would be zero). Thus f(ng) = 0
for some ng = (D), as required. |}

Theorem 2.19 (Borsuk-Ulam) Let f: S* — R? be a continuous map. Then
there exists some point n of S? with the property that f(—m) = f(n).

Proof This result follows immediately on applying Lemma 2.18 to the con-
tinuous function g: S? — R? defined by g(n) = f(n) — f(-n). |

Remark It is possible to generalize the Borsuk-Ulam Theorem to n di-
mensions. Let S™ be the unit n-sphere centered on the origin in R™. The
Borsuk-Ulam Theorem in n-dimensions states that if f: S™ — R™ is a con-
tinuous map then there exists some point x of S™ with the property that

f(x) = f(=x).
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3 The Fundamental Group of a Topological
Space

3.1 Homotopies between Continuous Maps

Definition Let f: X — Y and ¢g: X — Y be continuous maps between
topological spaces X and Y. The maps f and g are said to be homotopic if
there exists a continuous map H: X x [0,1] — Y such that H(z,0) = f(z)
and H(x,1) = g(x) for all z € X. If the maps f and g are homotopic then
we denote this fact by writing f ~ g. The map H with the properties stated
above is referred to as a homotopy between f and g.

Continuous maps f and g from X to Y are homotopic if and only if it is
possible to ‘continuously deform’ the map f into the map g.

Definition Let X and Y be topological spaces, and let A be a subset of X.
Let f: X - Y and g: X — Y be continuous maps from X to some topo-
logical space Y, where f|A = g|A (i.e., f(a) = g(a) for all a € A). We say
that f and g are homotopic relative to A (denoted by f ~ g rel A) if and
only if there exists a (continuous) homotopy H: X x [0,1] — Y such that
H(z,0) = f(x) and H(z,1) = g(x) for all x € X and H(a,t) = f(a) = g(a)
for all a € A.

Proposition 3.1 Let X and Y be topological spaces, and let A be a subset
of X. The relation of being homotopic relative to the subset A is then an
equivalence relation on the set of all continuous maps from X to Y.

Proof Given f: X — Y, let Hy: X x[0,1] — Y be defined so that Hy(x,t) =
f(z) for all x € X and ¢ € [0,1]. Then Hy(x,0) = Hy(z,1) = f(x) for all
r € X and Ho(a,t) = f(a) for all @ € A and t € [0,1], and therefore
f =~ frel A. Thus the relation of homotopy relative to A is reflexive.

Let f and g be continuous maps from X to Y that satisfy f(a) = g(a)
for all a € A. Suppose that f ~ g rel A. Then there exists a homotopy
H: X x[0,1] — Y with the properties that H(z,0) = f(x) and H(z,1) =
g(x) for all x € X and H(a,t) = f(a) = g(a) for all a € A and ¢ € [0,1]. Let
K: X x[0,1] = Y be defined so that K(x,t) = H(xz,1—t) for all t € [0, 1].
Then K is a homotopy between g and f, and K(a,t) = g(a) = f(a) for all
a € Aandt € [0,1]. It follows that ¢ ~ f rel A. Thus the relation of
homotopy relative to A is symmetric. Finally let f, ¢ and h be continuous
maps from X to Y with the property that f(a) = g(a) = h(a) for all a € A.
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Suppose that f ~ g rel A and g ~ h rel A. Then there exist homotopies
Hy: Xx[0,1] = Y and Hy: X x[0,1] — Y satisfying the following properties:

Hl(l‘,()) = f(x),
Hy(z,1) = g(x) = Hy(x,0),
Hy(z,1) = h(x)

for all z € X;

Hy(a,t) = Hy(a,t) = f(a) = g(a) = h(a)

for all a € A and t € [0,1]. Define H: X x [0,1] = Y by
[ Hi(z,2t) if0<t<i;
H(z,1) {Hg(x,Zt—l) ifi<t<l.

Now H|X x [0,3] and H|X x [, 1] are continuous. It follows from the
Pasting Lemma (Lemma 1.24) that H is continuous on X x [0, 1]. Moreover
H(z,0) = f(z) and H(z,1) = h(z) for all z € X. Thus f ~ h rel A. Thus
the relation of homotopy relative to the subset A of X is transitive. This
relation has now been shown to be reflexive, symmetric and transitive. It is

therefore an equivalence relation. |

Remark Let X and Y be topological spaces, and let H: X x [0,1] — Y be
a function whose restriction to the sets X x [0, 3] and X x [3,1] is continu-
ous. Then the function H is continuous on X x [0,1]. The Pasting Lemma
(Lemma 1.24) was applied in the proof of Proposition 3.1 to justify this as-
sertion. We consider in more detail how the Pasting Lemma guarantees the
continuity of this function. Let 2 € X. If t € [0,1] and ¢ # 3 then the point
(x,t) is contained in an open subset of X X [0, 1] over which the function H is
continuous, and therefore the function H is continuous at (z,t). In order to
complete the proof that the function H is continuous everywhere on X x [0, 1]
it suffices to verify continuity of H at (z, %), where x € X.

Let V be an open set in Y for which f(z,3) € V. Then the continuity of
the restrictions of H to X x [0, 1] and X x [1, 1] ensures the existence of open
sets W and W in X x [0, 1] such that (z, 3) € WinWs, H(WiN(X %[0, 3])) C
Vand H(W>N(X x[$,1])) C V. Let W = WyNW,. Then H(W) C V. This
completes the verification that the function H is continuous at (z, %) The
Pasting Lemma is a basic tool for establishing the continuity of functions
occurring in algebraic topology that are similar in nature to the function
H: X x[0,1] — Y considered in this discussion. The continuity of such
functions can typically be established directly using arguments analogous to
that employed here.
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Corollary 3.2 Let X and Y be topological spaces. The homotopy relation ~
15 an equivalence relation on the set of all continuous maps from X to'Y.

Proof This result follows on applying Proposition 3.1 in the case where
homotopies are relative to the empty set. |

3.2 The Fundamental Group of a Topological Space

Definition Let X be a topological space, and let xy and z; be points of X.
A path in X from xy to x; is defined to be a continuous map v: [0,1] — X
for which (0) = x¢ and (1) = z1. A loop in X based at x, is defined to be
a continuous map 7: [0, 1] — X for which v(0) = v(1) = x.

We can concatenate paths. Let ~;: [0,1] — X and ~,: [0,1] — X be
paths in some topological space X. Suppose that 7;(1) = 72(0). We define
the product path 1 .7,: [0,1] = X by

~(2t) if0<t

<1
— 29
Y2t —1) if3<t<1

(71 72)(t) = {

,1] — X isapath in X then we define the inverse path v~ [0,1] —

Ify: [0

1( ) =~(1—1t). (Thus if v is a path from the point zq to the point z;
i
)

X by vy
then ~~
direction.

Let X be a topological space, and let x5 € X be some chosen point of X.
We define an equivalence relation on the set of all (continuous) loops based
at the basepoint xy of X, where two such loops 7y and 7, are equivalent if
and only if 79 ~ = rel {0,1}. We denote the equivalence class of a loop
v:[0,1] — X based at x by [y]. This equivalence class is referred to as the
based homotopy class of the loop . The set of equivalence classes of loops
based at xq is denoted by 71 (X, zg). Thus two loops vy and 7 represent the
same element of 7 (X, z¢) if and only if 79 ~ 7 rel {0,1} (i.e., there exists
a homotopy F': [0, 1] x [0,1] — X between - and ~; which maps (0,7) and
(1,7) to zo for all 7 € [0,1]).

s the path from x; to zy obtained by traversing ~ in the reverse

Theorem 3.3 Let X be a topological space, let xy be some chosen point of X,
and let m (X, xg) be the set of all based homotopy classes of loops based at the
point xg. Then m (X, x0) is a group, the group multiplication on m (X, xg)
being defined according to the rule [y1][va2] = [y1 - 2] for all loops v1 and 2
based at xg.
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Proof First we show that the group operation on (X, ) is well-defined.
Let 1, 71, 72 and 74 be loops in X based at the point xy. Suppose that
[v1] = [v1] and [y2] = [74]. Let the map F': [0,1] x [0,1] — X be defined by

Flt.m) Fy(2t,7) ifo<t<i,
T) =
’ B2t —1,7) if $ <t <1,

where F: [0,1] x [0,1] — X is a homotopy between 7, and i, Fy: [0,1] x
[0,1] — X is a homotopy between 7, and ~5, and where the homotopies
Fy and F, map (0,7) and (1,7) to o for all 7 € [0,1]. Then F is itself
a homotopy from ~; . y2 to ] . 7%, and maps (0,7) and (1,7) to xq for all
7 € [0,1]. Thus [y . 72| = [V} - 74], showing that the group operation on
1 (X, xg) is well-defined.
Next we show that the group operation on m (X, z¢) is associative. Let 7,
72 and 73 be loops based at g, and let a = (771.72).73. Then v1.(72.73) = o,
where
st if0<t<
O(t) =4 t—1 ifi<t<3;
20—1 if3 <t <1
Thus the map G: [0,1] x[0,1] — X defined by G(¢,7) = a((1—7)t+760(t)) is
a homotopy between (7y1.72).73 and 71.(72.73), and moreover this homotopy
maps (0,7) and (1,7) to zo for all 7 € [0,1]. It follows that (y; .72) .73 ~
Y1 - (72.73) rel {0, 1} and hence ([y1][12])[vs] = [71]([12][75]). This shows that
the group operation on 71 (X, xg) is associative.
Let €: [0,1] — X denote the constant loop at xy, defined by £(t) = z for
allt € [0,1]. Thene.y =706, and 7.c = yo#; for any loop 7 based at x,

1.
27
3.

where .
0 if 0<t<31
() {%—1ﬁ§§t§L

2t if0<t<y,

9*”‘{1 if <t <1,

for all t € [0,1]. But the continuous map (t,7) — v((1 — 7)t + 76,(¢)) is
a homotopy between 7 and v o 6; for j = 0,1 which sends (0,7) and (1, 7)
to xo for all 7 € [0,1]. Therefore £ .y ~ v ~ ~v.¢ rel {0,1}, and hence
el[v] = [v] = [7][e]- We conclude that [¢] represents the identity element of
m (X, xo).

It only remains to verify the existence of inverses. Now the map K : [0, 1]x
[0,1] — X defined by

K1) = v(27t) if0<t<i;
T A —t) ifl<i<l
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is a homotopy between the loops € and 7 .~~!, and moreover this homotopy
sends (0,7) and (1,7) to xq for all 7 € [0,1]. Therefore € ~ .~y 'rel{0, 1},
and thus [y][y™'] = [y.~v7'] = [e]. On replacing v by 7!, we see also that
[v![y] = [¢], and thus [y~!] = [y]7!, as required. |

Let zo be a point of some topological space X. The group (X, xg) is
referred to as the fundamental group of X based at the point x.

Let f: X — Y be a continuous map between topological spaces X and Y,
and let z be a point of X. Then f induces a homomorphism fy: m (X, zo) —
m (Y, f(xo)), where fu([y]) = [f o~] for all loops 7: [0,1] — X based at z.
If 2o, yo and zy are points belonging to topological spaces X, Y and Z, and
if f: X Y and ¢g: Y — Z are continuous maps satisfying f(xy) = yo and
9(yo) = 2o, then the induced homomorphisms fu: m (X, o) — 71 (Y, yo) and
gy ™ (Y,y0) = m(Z, 20) satisfy gg o fu = (go f)y. It follows easily from
this that any homeomorphism of topological spaces induces a corresponding
isomorphism of fundamental groups, and thus the fundamental group is a
topological invariant.

3.3 Simply-Connected Topological Spaces

Definition A topological space X is said to be simply-connected if it is path-
connected, and any continuous map f: 9D — X mapping the boundary
circle 9D of a closed disc D into X can be extended continuously over the
whole of the disk.

Example R” is simply-connected for all n. Indeed any continuous map
f: 0D — R™ defined over the boundary 0D of the closed unit disk D can
be extended to a continuous map F': D — R" over the whole disk by setting
F(rx) =rf(x) for all x € 9D and r € [0, 1].

Let E be a topological space that is homeomorphic to the closed disk D,
and let O0F = h(9D), where 0D is the boundary circle of the disk D and
h: D — E is a homeomorphism from D to E. Then any continuous map
g: OF — X mapping OF into a simply-connected space X extends continu-
ously to the whole of E. Indeed there exists a continuous map F: D — X
which extends g o h: 9D — X, and the map F oh™': E — X then extends
the map g.

Theorem 3.4 A path-connected topological space X is simply-connected if
and only if m (X, x) is trivial for all z € X.
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Proof Suppose that the space X is simply-connected. Let v: [0,1] — X be
a loop based at some point x of X. Now the unit square is homeomorphic to
the unit disk, and therefore any continuous map defined over the boundary
of the square can be continuously extended over the whole of the square. It
follows that there exists a continuous map F': [0,1] x [0,1] — X such that
F(t,0) =~(t) and F(t,1) =z for all t € [0,1], and F(0,7) = F(1,7) = « for
all 7 € [0,1]. Thus v ~ &, rel{0, 1}, where ¢, is the constant loop at x, and
hence [v] = [e,] in 71 (X, x). This shows that 7 (X, ) is trivial.

Conversely suppose that X is path-connected and 71 (X, z) is trivial for
allz € X. Let f: 0D — X be a continuous function defined on the boundary
circle D of the closed unit disk D in R%2. We must show that f can be ex-
tended continuously over the whole of D. Let x = f(1,0). There exists a con-
tinuous map G: [0,1] x [0,1] — X such that G(¢,0) = f(cos(27t), sin(27t))
and G(t,1) = x for all t € [0,1] and G(0,7) = G(1,7) = « for all T € [0, 1],
since 7 (X, z) is trivial. Moreover G(t1,7) = G(t2, 72) whenever ¢(t1,7) =
q(t2, 72), where

q(t,7) = ((1 = 7) cos(2nt) + 7, (1 — 7) sin(2t))

for all t,7 € [0, 1]. It follows that there is a well-defined function F': D — X
such that Floq=G.

However ¢: [0,1] x [0,1] — D is a continuous surjection from a compact
space to a Hausdorff space and is therefore an identification map. It follows
that F': D — X is continuous (since a basic property of identification maps
ensures that a function F': D — X is continuous if and only if F'ogq: [0, 1] x
[0,1] — X is continuous). Moreover F': D — X extends the map f. We
conclude that the space X is simply-connected, as required. |

One can show that, if two points x; and z5 in a topological space X
can be joined by a path in X then m (X, z1) and m (X, z3) are isomorphic.
On combining this result with Theorem 3.4, we see that a path-connected
topological space X is simply-connected if and only if (X, x) is trivial for
some r € X.

Theorem 3.5 Let X be a topological space, and let U and V' be open subsets
of X, with UUV = X. Suppose that U and V' are simply-connected, and that
U NV is non-empty and path-connected. Then X is itself simply-connected.

Proof We must show that any continuous function f: 9D — X defined on
the unit circle 9D can be extended continuously over the closed unit disk D.
Now the preimages f~!(U) and f~!(V) of U and V are open in 9D (since
f is continuous), and 9D = f~YU) U f~1(V). It follows from the Lebesgue
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Lemma that there exists some ¢ > 0 such that any arc in 0D whose length
is less than 0 is entirely contained in one or other of the sets f~!(U) and

V).
Choose points z1, 29, . .., 2z, around 0D such that the distance from z; to
Ziv1 is less than 6 for ¢ = 1,2, ..., n— 1 and the distance from z, to z; is also

less than 6. Then, for each ¢, the short arc joining z;_; to z; is mapped by f
into one or other of the open sets U and V.

Let xy be some point of UNV. Now the sets U, V and UNV are all path-
connected. Therefore we can choose paths a;: [0,1] = X fori=1,2,....n
such that a;(0) = zo, a;(1) = f(2:), a;([0,1]) C U whenever f(z;) € U, and
a;([0,1]) C V whenever f(z;) € V. For convenience let ag = a,.

Now, for each 7, consider the sector T; of the closed unit disk bounded by
the line segments joining the centre of the disk to the points z;_; and z; and by
the short arc joining z;_; to z;. Now this sector is homeomorphic to the closed
unit disk, and therefore any continuous function mapping the boundary 97;
of T} into a simply-connected space can be extended continuously over the
whole of T;. In particular, let F; be the function on 07; defined by

f(2) it ze T, NoD,
Fi(2) = ¢ a;1(t) if z =tz for some t € [0, 1],
a;(t)  if 2 = tz; for some ¢ € [0, 1],

Note that F;(9T;) C U whenever the short arc joining z;_; to z; is mapped
by f into U, and F;(0T;) C V whenever this short arc is mapped into V.

Now U and V are both simply-connected. It follows that each of the
functions F; can be extended continuously over the whole of the sector T;.
Moreover the functions defined in this fashion on each of the sectors T; agree
with one another wherever the sectors intersect, and can therefore be pieced
together to yield a continuous map defined over the the whole of the closed
disk D which extends the map f, as required. |}

Example The n-dimensional sphere S™ is simply-connected for all n > 1,
where 5" = {x € R"™ : |x| = 1}. Indeed let U = {x € S" : 2,41 > —3
and V = {x € 8" : 51 < i}. Then U and V are homeomorphic to an
n-dimensional ball, and are therefore simply-connected. Moreover U NV is
path-connected, provided that n > 1. It follows that S™ is simply-connected
for all n > 1.

3.4 The Fundamental Group of the Circle

Proposition 3.6 Let St be the unit circle in the Euclidean plane, defined so
that
S = {(n,y) €RZ:a? + 47 = 1},
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and lety: [a,b] — S* be a continuous map into S* defined on a closed bounded
interval [a,b]. Then there ezists a continuous real-valued function 7: |a,b] —
R on the interval [a,b] with the property that

(cos2mA(t), sin2m5(t)) = ~v(t)

for all t € [a,b].

Proof Let (1) = (71(15),72(75)) for all t € [a,b] and let 7: [a,b] — C be the

continuous map into the complex plane defined such that n(t) = v (t) +iv2(¢)
for all t € [a,b], where i* = —1. Now |n(t)] = 1 for all t € [a,b]. Tt
follows from the path-lifting property of the exponential map (Theorem 2.5)
that there exists a continuous map 7: [a,b] — C with the property that
exp(n(t)) = n(t) for all t € [a,b]. Moreover Re[f(t)] = 0 for all ¢ € [a, b
(where Re[7j(t)] denotes the real part of 7(t)), because |n(t)] = 1 for all
t € [a,b]. Therefore there exists a continuous map 7: [a,b] — R such that
n(t) = 2wiy(t) for all ¢ € [a,b]. Then

cos2my(t) + i sin2wy(t) = exp(2miy(t)) = exp(7(t))
= n(t) =m(t) +ir()

for all ¢ € [a,b]. The result follows. |

Let
St ={(z,y) e R* : 2® + 3> = 1}.

and let p: R — S! be defined so that p(t) = (cos 27t, sin 2nt) for all ¢ € R.
This function p has the following periodicity property:

real numbers s and ¢ satisfy p(s) = p(t) if and only if s — ¢ is an
integer.

It follows from Proposition 3.6 that, given any loop v: [0,1] — S in the
circle S', there exists a continuous real-valued function 7: [0,1] — R with
the property that p o4 = 7. Then p(3(1)) = p(7(0)). It follows from the
periodicity property of the function p that (1) — 4(0) is an integer. We
now that the value of this integer is determined by the loop v, and does not
depend on the choice of function 7, provided that po 4 = ~.

If n: [0,1] — R is a continuous function with the property that pon =~
then pon = po ¥ and therefore



for all t € [0,1]. But n(t) — 4(t) is a continuous function of ¢ on [0, 1],
and the connectedness of [0, 1] ensures that every continuous integer-valued
function on [0, 1] is constant (Corollary 1.58). It follows that there exists some
integer m with the property that n(t) = 4(t) + m for all t € [0, 1], where the
value of m is independent of . But then n(1) —n(0) = 4(1) —5(0). It follows
that the loop v determines a well-defined integer n() characterized by the
property that n(y) = 4(1) — 4(0) for all continuous real-valued functions
7:10,1] — R on [0, 1] that satisfy po ¥ = ~.

Definition Let v: [0,1] — S be a loop in the circle S, where
St ={(z,y) e R* : 2® + 4> = 1}.

The winding number n(~y) of v is defined to be unique integer characterized
by the property that

() =3(1) =30
for all continuous functions 7: [0, 1] — R that satisfy
(cos 2m(t), sin 2m3(t)) = ~(¢)
for all ¢t € [0, 1].
Proposition 3.7 Let
St={(z,y) eR*: 2% +¢* = 1},

let H: [0,1]x[0,1] — S* be a continuous map that satisfies H(0,7) = H(1,7)
for all T € [0,1]. Also, for each T € [0,1], let n(v,) be the winding number
of the loop v, in S' defined such that v,(t) = H(t,7) for all t € [0,1]. Then

n(v0) = n(n).

Proof Let G =T o H, where T: R? — C is defined so that T'(z,y) = z + iy
for all real numbers = and y. Then G(t,7) = T o ,(t) for all ¢t € [0,1] and
7 € [0,1]. Moreover n(v,) = n(T o~,,0) for all 7 € [0,1], where n(T o ~,,0)
denotes the winding number of the closed curve T o 7, around zero. It
therefore follows from Proposition 2.9 that

n(v0) = n(T 07,0) = n(T 0 71,0) = n(m),

as required. |
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Corollary 3.8 Let S* be the unit circle in the Euclidean plane, defined so
that
§' = {(z,y) € R2: 2?4y =1},

and let b be a point of S*. Let ac and B be loops in S* based at b. Suppose
that o ~ [ rel {0,1}. Then n(a) = n(f), where n(a) and n(f5) denote the

winding numbers of the loops v and B respectively.

Proof The loops « and 3 satisfy o ~ 3 rel {0, 1} if and only if there exists a
homotopy H: [0,1]x[0,1] — S with the following properties: H(t,0) = a(t)
and H(t,1) = B(t) for all t € [0,1]; H(0,7) = H(1,7) = b for all 7 € [0, 1].
The result therefore follows directly from Proposition 3.7. |}

Theorem 3.9 Let S' be the unit circle in the Euclidean plane, defined so
that
St ={(z,y) e R*:a? +y* =1},

and let b be a point of S'. Then the function sending each loop v in S*
based at b to its winding number n(vy) induces an isomorphism from the
fundamental group 71 (S, b) of the circle S* to the group Z of integers.

Proof Let p: R — S' denote the function from R to S! defined so that
p(t) = (cos2mt, sin 27t)

for all real numbers ¢. Also, for each loop 7v: [0,1] — S' in S! based at b let
[v] denote the element of the fundamental group 7 (S*, b) determined by ~,
and let n(7) denote the winding number of . Every element of m;(S*, b) is
the based homotopy class [] of some loop 7 in S* based at b. If 7: [0,1] — R
is a real-valued function for which p o4 = v then n(y) = 3(1) — 5(0).

Let a and 3 be loops in S! based at b. Suppose that [a] = [5]. Then
a ~ (3 rel {0,1}. It then follows from Corollary 3.8 that n(a) = n(p).
It follows from this that there is a well-defined function X\: m(S',b) — Z
characterized by the property that A([y]) = n(y) for all loops 7 in S* based
at b.

Next we show that the function A: 7;(S*,b) — Z is a homomorphism.
Let a: [0,1] — S and 3: [0,1] — S! be loops in S! based at b. Then there
exists a continuous real-valued function 7: [0,1] — R with the property that

o a20) if0<t<i
PW@V‘{mm—l)ﬁégtSi

where p(t) = (cos2nt,sin2nt) for all t € R (see Proposition 3.6). Then
a(t) = p(n(5t)) for all t € [0,1]. It follows from the definition of winding
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numbers that n(«) = n(3) —n(0). Also 8(t) = p(n(5(t+1))) for all ¢ € [0, 1],
and therefore n(f) = 7](1) —n(3). It follows that

n(a) +n(f) =n1) —n(0) = n(pon) = n(a. f),

where « . (8 is the concatenation of the loops a and . It follows that

A[ad) + A([8]) = n(e) +n(B) = n(e. ) = Al[a - 5]) = A([e][5])-

We conclude that A: 7 (S*, b) — Z is a homomorphism.

Next we show that A: 7 (S, b) — Z is injective. Let a and 3 be loops in
St for which n(a) = n(f). Then there exist real-valued functions a: [0, 1] —
R and 3: [0,1] = R for which « = poa and 5 = p o3 (Proposition 3.6).
Moreover

(1) — &(0) = n(a) = n(8) = B(1) — B(0).

Also p(a(0)) = b = p(B(0)), and therefore there exists some integer m for
which 5(0) = @(0) + m. Then

B(1) = B(1) — B(0) + @(0) +m = a(1) + m.
Let

F(t,m) = (1= 7)a(t) + r(3(t) — m).

Then F(t,0) = a(t) and F(t,1) = (t) —m for all t € [0,1]. Also F(0,7) =
@(0) and F(1,7) = &(1) for all 7 € [0,1]. Let H: [0,1] x [0,1] — S* be
defined so that H(t,7) = p(F(t,7)) for all t € [0,1] and 7 € [0,1]. Then
H(t,0) = a(t) and H(t,1) = 5(t) for all t € [0,1]. Also H(0,7) = H(1,7) =
b for all 7 € [0,1]. It follows that o ~ 3 rel {0, 1} and therefore [o] = [8] in
71 (X, b). We conclude therefore that \: 71(S!, b) — Z is injective.

Let m be an integer, let ty be a real number for which p(ty) = b, and
let v(t) = p(to + mt) for all t € [0,1]. Then v: [0,1] — S' is a loop in S*
based at b, and A([7]) = n(y) = m. We conclude that \: m(S',b) — Z
is surjective. We have now shown that the function A is a homomorphism
that is both injective and surjective. It follows that \: 7(S',b) — Z is an
isomorphism. This completes the proof. |}

Proposition 3.10 Let X =R?\ {(0,0)}. Then m (X, (1,0)) £ Z.

Proof Let

St={(z,y) eR?:2* + > =1,
let i: S' — X be the inclusion map, and let r: X — S! be the radial
projection map, defined such that

7“(1‘7?;):( T )
Vi +y? a2+ P
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for all (z,y) € X. Now the composition map r o is the identity map of S*.
Let 1
-7

u($7 y7 T) \/m
for all (z,y) € X and 7 € [0,1]. Then the function F': X x [0,1] — X
that sends ((z,y),7) € X x [0,1] to (u(z,y, 7)z,u(z,y,7)y) is a homotopy
between the composition map ¢ o r and the identity map of the punctured
plane X. Moreover F((z,y),7) = (z,y) for all (z,y) € S* and 7 € [0, 1].

Let v: [0,1] — X be aloop in X based at (1,0) and let H: [0,1]x[0,1] —
X be defined so that H(t,7) = F(y(t),7) for allt € [0,1] and 7 € [0,1]. Then
H(t,0) =r(v(t)) and H(t,1) = ~(t) forallt € [0,1], and H(0,7) = H(1,7) =
(1,0) for all 7 € [0, 1], and therefore i o r oy ~ vy rel {0, 1}.

Now the continuous maps i: S* — X and r: X — S! induce well-defined
homomorphisms iy: 71(S?, (1,0)) — (X, (1,0)) and ry: m (X, (1,0)) —
m1(SY, (1,0)), where iy[n] = [i on] for all loops 1 in S! based at (1,0) and
r4[y] = [r o] for all loops 7 in X based at (1,0). Moreover

+ 7

ip(ra(V]) = ig(fron]) = lioroq] =[]
for all loops v in X based at (1,0), and
r (g ([n))ryli o] = [roion] = 1]

for all loops n in S* based at (1,0). It follows that the homomorphism
iy: m (S (1,0)) = m (X, (1,0)) is an isomorphism whose inverse is the ho-
momorphism ry: 71 (X, (1,0)) — 7(S*, (1,0)), and therefore

m(X,(1,0)) = m(S',(1,0) = Z,
as required. |

Example Let D be the closed unit disk in R? and let 9D be its boundary
circle, where

D* = {(z,y) e R?: 2" + 7 <1},
oD* =S' = {(z,y) eR*: 2 +¢* =1},

let i: 9D — D be the inclusion map, and let b = (1,0). Suppose there were
to exist a continuous map r: D — 9D with the property that r(x) = x for all
x € dD. Then roi: 9D — 0D would be the identity map of the unit circle
0D. It would then follow that ry o iy would be the identity isomorphism
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of m (0D, b), where iy: m(0D,b) — m(D,) and r4: 7 (D,b) — m(9D,)
denote the homomorphisms of fundamental groups induced by i: 0D — D
and r: D — 0D respectively.

But 71(D,b) is the trivial group, because D is a convex set in R?, and
m(0D,b) = Z (Theorem 3.9). It follows that the identity homomorphism
of m(D,b) cannot be expressed as a composition of two homomorphisms
6 o ¢ where 6 is a homomorphism from 7 (0D, b) to m(D,b) and ¢ is a
homomorphism from (D, b) to w1 (0D, b). Therefore there cannot exist any
continous map 7: D — 9D with the property that r(x) = x for all x € 9D.
This result has already been established (see Corollary 2.15). Moreover the
result is used to establish the Brouwer Fixed Point Theorem in the two-
dimensional case (Theorem 2.16) which ensures that every continuous map
from the two-dimensional closed disk D? to itself has a fixed point.
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4 Covering Maps

4.1 Evenly-Covered Open Sets and Covering Maps

Definition Let X and X be topological spaces and let p: X — X be a
continuous map. An open subset U of X is said to be evenly covered by the
map p if and only if p~*(U) is a disjoint union of open sets of X each of which
is mapped homeomorphically onto U by p. The map p: X — X is said to be
a covering map if p: X — X is surjective and in addition every point of X
is contained in some open set that is evenly covered by the map p.

If p: X 5 Xisa covering map, then we say that X isa covering space
of X.

Example Let S* be the unit circle in R%. Then the map p: R — S* defined
by
p(t) = (cos 27t sin 27t)

is a covering map. Indeed let n be a point of S'. Consider the open set U
in S! containing n defined by U = S\ {—n}. Now n = (cos 27ty sin 27ty)
for some ty € R. Then p~!(U) is the union of the disjoint open sets J, for
all integers n, where

Jo={teR:tg+n—35<t<ty+n+3}

Each of the open sets J,, is mapped homeomorphically onto U by the map p.
This shows that p: R — S! is a covering map.

Example Let peyp: C — C\ {0} be the map from the complex plane C
to the open subset C \ {0} of C defined such that pey,(z) = exp(z) for all
complex numbers z. We show that pey,(z) is a covering map.

Given any real number s, let

Ly={-re* :r€Randr >0}

Then L, is a ray in the complex plane starting at zero and passing through
—cos s —isins. Moreover every complex number belonging to the comple-
ment C\ L, of the ray L, in C can be expressed uniquely in the form re®,
where r and ¢ are real numbers satisfying r > 0 and s — 7 <t < s+ 7.
Let
Wy={weC:s—7m<Imw| <s+m},

where Im[w] denotes the imaginary part of w for all complex numbers w,
and let Fy: C\ Ly — W be the complex-valued function on the open subset
C\ L; of the complex plane defined such that

Fy(re") =logr +it
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for all real numbers r and ¢ satisfying r > 0 and s — 7™ <t < s+ w. Then
F,: C\ Ly, — W, is a continuous map, exp(Fy(z)) = z for all z € C\ L,
and Fs(exp(w)) = w for all w € W;. It follows that Fy: C\ Ly — Wi is a
homeomorphism between C \ L, and W;.

Let w be a complex number for which exp(w) € C\ L;. Then there
exists a unique integer m such that s + 2mm — 7 < Im[w] < s + 2mm + .
Then w € Fyyp(expw). It follows from this that, for each real number s,
the preimage p,(C \ L) is the disjoint union of the sets Wijomm as m
ranges over the set Z of integers. Also Wi omm N Weiom = 0 when m and
n are integers and m # n, and peyp,: C\ C\ {0} maps the open set Wy omm
homeomorphically onto C\ L; for all integers m, where pex,(w) = exp(w) for
all w € C. Thus peyp: C — C\ {0} is a covering map.

Example Let

X = {(z,y) eR*: (z,y) # (0,0)},

X = {(z,y,2) €R®: (x,y) # (0,0), = =+/a2+y? cos2rz and y = \/22 + y2 sin 272},

and let p: X — X be defined so that p(z,y, 2) = (z,y) for all (z,y,2) € X.
Now exp(w) = T(p(h(w))) for all w € C, where

v
0= e )
(u+1v) e* cosv, e"sinv, o
for all real numbers u and v and T'(z,y) = x + iy for all (z,y) € X.
Moreover h: C — X is a homeomorphism whose inverse h~! satisfies
h ' (z2) = log(z® + °) + 2miz
for all (z,y,z) € f(
The map p: X — X is a covering map. Indeed let

Wem ={(z,y,2) € X :s+m—-L<z<s+m+1}

and let V,, = p(Wj) for all real numbers s and integers m. Then V; is an
open set in X, p~1(V;0) = U,pez Wem and p maps W, homeomorphically
onto Vi for all s € R and m € Z.

The surface X is a helicoid in R>.

Example Consider the map a: (—2,2) — S, where a(t) = (cos 2t, sin 27t)

for all t € (—2,2). It can easily be shown that there is no open set U con-
taining the point (1,0) that is evenly covered by the map «. Indeed suppose
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that there were to exist such an open set U. Then there would exist some ¢
satisfying 0 < 6 < % such that Us C U, where

Us = {(cos 2mt,sin27t) : =0 <t < d}.

The open set Us would then be evenly covered by the map a. However the
connected components of a~!(Us) are (=2, —2+4), (=1 —4§,—1+4), (—4,9),
(1—-0,149) and (2 —4,2), and neither (—2, —2 4 J) nor (2 — 4, 2) is mapped
homeomorphically onto Us by a.

Example Let Z =C\ {1, -1}, let
Z ={(z,w) € C*:w #0 and w? = 2> — 1},

and let p: ~Z — Z be defined such that p(z,w) = z for all (z,w) € Z. Let
(z0,wo) € Z, and let z = 29 + . Then

=1 = 20— 14220+ =wi +22( +
2 2
= wg(l—l——zog—i_g).

wg
Now the continuity at zero of the function sending each complex number
¢ to (220¢ + ¢?)/w} ensures that there exists some positive real number §

such that
220¢ + ¢

2
Wy
whenever |(| < §. Let D(zp,d) be the open disk of radius § about zy in the
complex plane, and let

<1

F(z) = %log (1 + 220(2 = 20) + (2 = zO)Q)

2
Wy

for all 2 € D(z,d), where log(re®®) = logr + i6 for all real numbers r and
satisfying » > 0 and —7 < # < w. Then F(z) is a continuous function of z
on D(zp,d), and

exp(F(2)) = 1+ 2 _

for all z € D(zo,9).
Let (z,w) € p~Y(D(20,0)). Then z € D(2,6) and

PR ——
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and therefore w = Fwg exp(F(z)). It follows that p~'(D(2,8)) = W, UW_
where

W, = {(z,w) € C*: 2 € D(2,9) and w = wy exp(F(z))},

W_ = {(z,w) €C*: 2 € D(2,5) and w = —wgexp(F(2))},

220(z — 2z0) + (2 — 20)?
wg

for all z € D(z,9). It follows from the definition of F(z) that

>0

Re |1+

—ir <Im[F(z)] < im
for all z € D(z,0), and therefore
Relexp(F'(2))] = exp(Re[F(2)]) cos(Im[F(z)]) > 0

for all z € D(z,6). It follows that

W, = {zw €Z:z¢€ D(z,0) andRe{ﬂ} >O},
Wo
- { D(z,0)) : Re {wﬂo} >0},
w_ = {zw )e Z:ze D(z,0) andRe[wﬂ} <0},
0

_ {(z,w) € p~ (D(20,0)) : Re {wﬂol < 0}.

Now p~1(D(z, ) is open in Z, because the it is the preimage of the open
subset D(zg, d) of Z under the continuous map p: Z — Z. Moreover the func-
tion mapping (z,w) to the real part of w/wjy is continuous on p~(D(zy, 9).
It follows that W, and W_ are open in Z. Also W, NW_ = @, and the
map p: Z — Z maps each of the sets W, and W_ homeomorphically onto
Z, where Z = C\ {1,—1}. It follows that the open disk D(zp,d) is evenly
covered by the map p: Z — Z. We have therefore shown that this map is a
covering map.

Let f(z,w) = w for all (z,w) € Z. Then

f)P =p(2)’ -1

for all Z € Z. It follows that the function f: Z — C represents in some
sense the many-valued ‘function’ v/z? — 1. However this function Z is not
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defined on the open subset Z of the complex plane, but is instead defined
over a covering space Z of this open set. This covering space is the Riemann
surface for the ‘function’ /22 — 1. This method of representing many-valued
‘functions’ of a complex variable using single-valued functions defined over a
covering space was initiated and extensively developed by Bernhard Riemann
(1826-1866) in his doctoral thesis.

Proposition 4.1 Let p: X~—> X be a covering map. Then p(V') is open in
X for every open set V in X.

Proof Let V be open in X, and let = € p(V). Then = p(v) for some
v € V. Now there exists an open set U containing the point x which is
evenly covered by the covering map p. Then p~!(U) is a disjoint union of
open sets, each of which is mapped homeomorphically onto U by the covering
map p. One of these open sets contains v; let U be this open set, and let
N, (VﬂU) Now N, is open in X, since VU is open in U and p|U is a
homeomorphism from U to U. Also z € N, and N, C p(V). It follows that
p(V) is the union of the open sets N, as x ranges over all points of p(V'), and
thus p(V) is itself an open set, as required.  |j

Corollary 4.2 A bijective covering map is a homeomophism.

Proof This result follows directly from Proposition 4.1 the fact that a con-
tinuous bijection is a homeomorphism if and only if it maps open sets to
open sets. |}

4.2 Uniqueness of Lifts into Covering Spaces

Definition Let p: X — X be a covering map, let Z be a topological space,
and let f: Z — X be a continuous map from Z to X. A continuous map
f:Z — X is said to be a lift of f: Z — X to the covering space X if

pof=rf.

Much of the general theory of covering maps is concerned with the devel-
opment of necessary and sufficient conditions to determine whether or not
maps into the base space of a covering map can be lifted to the covering
space.

We prove that any lift of a given map from a connected topological topo-
logical space into the base space of a covering map is determined by its value
at a single point of its domain.
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Proposition 4.3 Let p: X — X be a covering map, let Z be a connected
topological space, and let g: Z — X and h: Z — X be continuous maps.
Suppose that po g = poh and that g(z) = h(z) for at least one point z of Z.
Then g = h.

Proof Let Zy = {z € Z : g(z) = h(z)}. Note that Z; is non-empty, by
hypothesis. We show that Z; is both open and closed in Z.

Let z be a point of Z. There exists an open set U in X containing the
point p(g(z)) which is evenly covered by the covering map p. Then p~!(U)
is a disjoint union of open sets, each of which is mapped homeomorphically
onto U by the covering map p. One of these open sets contains g(z); let this
set be denoted by U. Also one of these open sets contains /(z); let this open
set be denoted by V. Let N, = g~(U) N h~'(V). Then N, is an open set
in Z containing z.

Consider the case when z € Zy. Then g(z) = h(z), and therefore V = U.
It follows from this that both g and h map the open set N, into U. But
pog=poh,and p|U: U — U is a homeomorphism. Therefore g|N, = h|N,,
and thus N, C Z;. We have thus shown that, for each z € Z,, there exists
an open set N, such that z € N, and N, C Z;. We conclude that Z; is open.

Next consider the case when z € Z \ Zy. In this case UNV =, since
g(z) # h(z). But g(N,) € U and h(N,) C V. Therefore g(2') # h(Z') for all
2 € N, and thus N, C Z\ Zy. We have thus shown that, for each z € Z\ Zy,
there exists an open set N, such that z € N, and N, C Z\ Z;. We conclude
that Z \ Zy is open.

The subset Z; of Z is therefore both open and closed. Also Z; is non-
empty by hypothesis. We deduce that Zy = Z, since Z is connected. Thus
g = h, as required. |}

Corollary 4.4 Let p: X — X be a covering map over a topological space X .
Let Z be a connected topological space, and let f: 7 — X be a continuous
map. Suppose that p(f(z)) = xo for all z € Z, where xq is some point of X.
Then f(z) = o for all z € Z, where &y is some point of X which satisfies

p(To) = x0.

Proof Let z, be some point of Z. Let Zy = f(2), and let ¢: Z — X be the
constant map defined by c(z) = %o for all z € Z. Then c¢(z9) = f(29) and
poc=po f. It follows from Theorem 4.3 that f = ¢, as required. |}

4.3 The Path-Lifting Theorem

Theorem 4.5 (Path-Lifting Theorem) Letp: X = X be a covering map
over a topological space X. Let v: [a,b] — X be a continuous map from the
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closed interval [a,b] to X, and let w be a point of X for which p(w) = ~(a
Then there exists a unique continuous map 7: [a,b] — X for which ¥(a) =
and poy =-y.

).

Proof Let S be the subset of [a,b] defined as follows: an element ¢ of [a, b]
belongs to S if and only if there exists a continuous map 7.: [a,c] — X such
that n.(a) = w and p(n.(t)) = y(t) for all t € [a, c|. Note that S is non-empty,
since a belongs to S. Let s =sup S.

There exists an open neighbourhood U of 7(s) which is evenly covered
by the map p, since p: X — X is a covering map. It then follows from the
continuity of the path « that there exists some 6 > 0 such that v(.J(s,9)) C U,
where

J(s,0) ={t €[a,b] : |t —s| < d}.

Now S N J(s,d) is non-empty, because s is the supremum of the set S.
Choose some element ¢ of SN J(s,0). Then there exists a continuous map
Ne: la,¢] = X such that n.(a) = w and p(n.(t)) = ~(t) for all t € [a,c]. Now
the open set U is evenly covered by the map p. Therefore p~'(U) is a disjoint
union of open sets in X, each of which is mapped homeomorphically onto U
by the covering map p. One of these open sets contains the point 7.(c); let
this open set be denoted by U. There then exists a unique continuous map
o: U — U defined such that, for all 2 € U, o(x) is the unique element of U
for which p(o(x)) = z. Then o(v(c)) = n.(c).

Then, given any d € .J(s,6), let n4: [a,d] — X be the function from [a, d]
to X defined so that

() ifa<t<cg
na(t) = { r(o(t) fe<t<d

Then ng(a) = w and p(ny(t)) = y(t) for all t € [a,d]. The restrictions of
the function ny: [a,d] — X to the intervals [a, ] and [, d] are continuous.
It follows from the Pasting Lemma (Lemma 1.24) that 7, is continuous on
[a,d]. Thus d € S. We conclude from this that J(s,0) C S. However s is
defined to be the supremum of the set S. Therefore s = b, and b belongs
to S. Tt follows that that there exists a continuous map 7: [a,b] — X for

which ¥(a) = w and p o4 =+, as required. ||

4.4 The Homotopy-Lifting Theorem

Theorem 4.6 (Homotopy-Lifting Theorem) Let p: X — X be a cov-
ering map over a topological space X. Let Z be a topological space, and let
F:7Zx[0,1] = X and g: Z — X be continuous maps with the property that
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p(9(2)) = F(2,0) for all z € Z. Then there exists a unique continuous map
G: Z x [0,1] = X such that G(z,0) = g(2) for all z € Z and po G = F.

Proof For each z € Z, consider the path ~,: [0,1] — Z defined by 7.(t) =
F(z,t) for all t € [0, 1]. Note that p(g(z)) = 7.(0). It follows from the Path-
Lifting Theorem (Theorem 4.5) that there exists a unique continuous path
4.:[0,1] — X such that 4,(0) = g(z) for all z € Z and po 4, = 7.. Let the
function G': Z x [0,1] — X be defined by G(z,t) = 7.(t) for all z € Z and
t € [0,1]. Then G(2,0) = g(z) for all z € Z and

p(G(z,1) = p(3:(1)) = =(t) = F(z,1)

for all z € Z and t € [0,1]. It remains to show that the function G: Z x
[0,1] — X is continuous and that it is unique.

Given any z € Z, let S, denote the set of all real numbers ¢ belonging to
the closed interval [0, 1] which have the following property:

there exists an open set N in Z such that z € N and the func-
tion G is continuous on N x [0, ¢].

Let s, be the supremum sup S, (i.e., the least upper bound) of the set S,.
We prove that s, belongs to the set S, and that s, = 1.

Choose some z € Z, and let w € X be given by w = G(z,s,). There
exists an open neighbourhood U of p(w) in X which is evenly covered by
the map p. Thus p~!(U) is a disjoint union of open sets, each of which is
mapped homeomorphically onto U by the covering map p. One of these open
sets contains the point w; let this open set be denoted by U. Then there exists
a unique continuous map o: U — U defined such that, for all z € U, o(x)
is the unique element of U for which p(o(z)) = z. Then o(F(z,s.)) = w.
Now F'(z,s,) = p(w). It follows from the continuity of the map F' that there
exists some positive real number § and some open set M; in Z such that
z € My and F(M; x J(s,,d)) C U, where

J(s,,0)={te€[0,1]:s,—0<t<s,+0}.

Now we can choose some ¢ belonging to S, which satisfies s, — 0 < ¢ < s,
because s, is the least upper bound of the set S,. It then follows from the
definition of the set S, that there exists an open set Ms in Z such that z € M,
and the function G is continuous on Mj x [0, ¢|. Let

N={2eMnM:G(, c) eU}.

Then z € N, and the continuity of the function G on M x [0, ¢] ensures that
N is open in Z. Moreover the function G is continuous on N x [0, ¢| and

F(N x J(s,,0)) C U.
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Let 2/ € N. Then G(2,¢) € U and p(G(2',c)) = F(#',c). It follows from
the definition of the map o: U — X that G(2',¢) = o(F(2',¢)). Also the
interval J(s,,d) is connected, and

p(G(2' 1)) = F(Z,t) = p(a(F (<, 1))

for all t € J(s,,d). It follows from Theorem 4.3 that G(z',t) = o(F(Z,t)
for all ¢t € J(s,,0). We have thus shown that the function G is equal to
the continuous function o o F on N x J(s,,d). The function G is therefore
continuous on both N x [0, ¢| and N X [c,t] for all t € J(s,, ) satisfying t > c.
It then follows from the Pasting Lemma (Lemma 1.24) that the function G
is continuous on N x [0,¢] for all ¢t € J(s,,d), and thus J(s,,0) C S,. This
however contradicts the definition of S, unless s, € S, and s, = 1. We
conclude therefore that 1 € S,, and thus there exists an open set N in Z
such that z € N and G|N x [0, 1] is continuous.

We conclude from this that every point of Z x [0, 1] is contained in some
open subset of Z x [0, 1] on which that function G is continuous. It follows
that G: Z x [0,1] — X is continuous (see Proposition 1.23).

The uniqueness of the map G: Z x [0,1] — X follows directly from the
fact that for any z € Z there is a unique continuous path 4,: [0, 1] — X such
that 4,(0) = g(z) and p(3.(t)) = F(z,t) for all t € [0,1]. |}

4.5 Path-Lifting and the Fundamental Group

Let p: X — X be a covering map and let a: [0,1] — X and 8: [0,1] = X
be paths in the base space X which both start at some point zy of X and
finish at some point x; of X, so that

a(0) =p(0) =29 and «a(l) =p(1) = z;.

Let zg be some point of the covering space X that projects down to g, so that
p(Zo) = mo. It follows from the Path-Lifting Theorem (Theorem 4.5) that
there exist paths &: [0,1] — X and j3: [0,1] — X in the covering space X
that both start at 7o and that are lifts of the paths a and [ respectively.
Thus

(0) = B(0) = 7o,

pla(t)) = at) and p(B(t)) = B(t) for all t € [0,1].
These lifts @ and 3 of the paths « and 3 are uniquely determined by their
starting point Ty (see Proposition 4.3).
Now, though the lifts & and  of the paths « and § have been chosen
such that they start at the same point Z of the covering space X, they need
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not in general end at the same point of X. However we shall prove that if
a ~ [ rel {0,1}, then the lifts & and B of a and 8 respectively that both
start at some point #, of X will both finish at some point z; of T, so that
&(1) = B(1) = #;. This result is established in Proposition 4.7 below.

Proposition 4.7 Let p: X3 Xbea covering map over a topological space
X, leta: [0,1] = X and B: [0,1] — X be paths in X, where a(0) = 5(0) and
a(1) = B(1), and let @: [0,1] — X and B: [0,1] — X be paths in X such that
pod =a and po 3 = . Suppose that a(0) = B(O) and that o ~ B rel {0, 1}.
Then &(1) = B(1) and & ~ f rel {0,1}.

Proof Let xy and x; be the points of X given by
zo = a(0) = B(0), 1 =a(l)=p(1).

Now a ~ f rel {0,1}, and therefore there exists a homotopy F': [0, 1] x
[0,1] — X such that

F(t,0) =«(t) and F(t,1)=p(t) forallte[0,1],

and
F(0,7) =29 and F(1,7) =27 forall T e]0,1].

It then follows from the Homotopy-Lifting Theorem (Theorem 4.6) that there
exists a continuous map G': [0,1] x [0,1] — X such that po G = F and
G(0,0) = &(0). Then p(G(0,7)) = zo and p(G(1,7)) = x; for all 7 € [0, 1].
A straightforward application of Proposition 4.3 shows that any continuous
lift of a constant path must itself be a constant path. Therefore G(0,7) = Z
and G(1,7) = & for all 7 € [0, 1], where

Zo = G(0,0) = a(0), 71 = G(1,0).
However 3

G(0,0) = G(0,1) = & = a(0) = 5(0),

p(G(t,0)) = F(t,0) = a(t) = p(a(t))

and
p(G(t, 1)) = F(t,1) = B(t) = p(B(1))

for all ¢ € [0,1]. It follows that the map that sends ¢ € [0,1] to G(¢,0) is
a lift of the path « that starts at Zp, and the map that sends ¢ € [0, 1] to
G(t,1) is a lift of the path § that also starts at Zo.
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However Proposition 4.3 ensures that the lifts @ and B of the paths o and
3 are uniquely determined by their starting points. It follows that G(t,0) =
a(t) and G(t,1) = p(t) for all t € [0,1]. In particular,

a(l) = G(1,0) = 7 = G(1,1) = B(1).

Moreover the map G: [0,1] x [0,1] — X is a homotopy between the paths
@ and (3 which satisfies G(0,7) = 7o and G(1,7) = &, for all 7 € [0,1]. It
follows that & ~ g rel {0,1}, as required. |}

Proposition 4.8 Let p: X = X be a covering map, and let To be a point of
the covering space X. Then the homomorphism

D#: 7T1()~(>3~Uo) — m (X, p(Z0))
of fundamental groups induced by the covering map p is injective.

Proof Let o¢ and o7 be loops in X based at the point z, representing ele-
ments [o] and [oy] of 1 (X, Z). Suppose that py[oo] = p4[o1]. Then pooy ~
pooyrel {0,1}. Also 0¢(0) = o = 01(0). Therefore oy ~ oy rel {0,1}, by
Proposition 4.7, and thus [oy] = [o1]. We conclude that the homomorphism
py: (X, o) = (X, p(Zo)) is injective. |

Proposition 4.9 Let p: X — X be a covering map, let &y be a point of
the covering space X, and let vy be a loop in X based at p(iy). Then [v] €
Dy (7?1 (f(, iﬁo)) if and only if there exists a loop 7 in X, based at the point Zo,
such that poy = .

Proof If 4 = p o 4 for some loop 74 in X based at &, then [y] = px[3], and
therefore [] € py (mi(X, 70)).

Conversely suppose that [] € py (7T1 (X, io)). We must show that there
exists some loop 4 in X based at &, such that v = p o 4. Now there exists
a loop o in X based at the point Z, such that [y] = px([o]) in 7 (X, p(io)).
Then 7 ~ poo rel {0,1}. It follows from the Path-Lifting Theorem for
covering maps (Theorem 4.5) that there exists a unique path 7: [0,1] — X
in X for which 5(0) = # and po# = 4. It then follows from Proposition 4.7
that 4(1) = o(1) and 4 ~ o rel {0,1}. But (1) = Zy. Therefore the path ¥
is the required loop in X based the point %, which satisfies p o =~ |

Corollary 4.10 Letp: X — X bea covering map over a topological space X ,
let wo and wy be points of X satisfying p(wo) = p(w:), and let oz [0,1] — X
be a path in X from wy to wy. Suppose that [po a] € Dy (7r1()~(,w0)). Then
the path a is a loop in X, and thus wy = w.
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Proof It follows from Proposition 4.9 that there exists a loop 3 based at wq
satisfying po 5 = poa. Then a(0) = 5(0). Now Proposition 4.3 ensures
that the lift to X of any path in X is uniquely determined by its starting
point. It follows that o = 8. But then the path o must be a loop in X, and
therefore wy = wy, as required. |}

Theorem 4.11 Let p: X — X be a covering map over a topological space X .
Suppose that X is path-connected and that X is simply-connected. Then the
covering map p: X — X s a homeomorphism.

Proof We show that the map p: X — X is a bijection. This map is sur-
jective (since covering maps are by definition surjective). We must show
that it is injective. Let wg and w; be points of X with the property that
p(wo) = p(wy). Then there exists a path a: [0,1] — X with a(0) = w, and
a(1) = wy, since X is path-connected. Then p o o is a loop in X based at
the point xg, where xg = p(wy). However m (X, p(wy)) is the trivial group,
since X is simply-connected. It follows from Corollary 4.10 that the path «
is a loop in X based at wy, and therefore wg = w;. This shows that the the
covering map p: X — X is injective. Thus the map p: X — X is a bijection,
and thus has a well-defined inverse p~': X — X. But any bijective covering
map is a homeomorphism (Corollary 4.2). The result follows. ||
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5 Discontinuous Group Actions and Orbit Spaces

5.1 Discontinuous Group Actions

Definition Let G be a group, and let X be a set. The group G is said to act
on the set X (on the left) if each element g of G determines a corresponding
function 0,: X — X from the set X to itself, where

(i) g = 6,080 for all g, h € G,

(i) the function 6, determined by the identity element e of G is the identity
function of X.

Let G be a group acting on a set X. Given any element z of X, the orbit
[z]¢ of x (under the group action) is defined to be the subset {0,(x) : g € G}
of X, and the stabilizer of x is defined to the the subgroup {g € G : §,(x) =
x} of the group G. Thus the orbit of an element x of X is the set consisting
of all points of X to which x gets mapped under the action of elements of the
group G. The stabilizer of z is the subgroup of GG consisting of all elements
of this group that fix the point . The group G is said to act freely on X if
,(x) # x for all z € X and g € G satisfying g # e. Thus the group G acts
freely on X if and only if the stabilizer of every element of X is the trivial
subgroup of G.

Let e be the identity element of G. Then x = 0,.(z) for all x € X, and
therefore z € [z]¢ for all x € X, where [z|¢ = {0,(x) : g € G}.

Let = and y be elements of G for which [z]g N [y|g is non-empty, and
let z € [z]¢ N [yleg. Then there exist elements h and k of G such that
2z = Op(z) = Ok(y). Then by(2) = Ogn(x) = Og(y), 04(x) = 0,,-1(2) and
0,(y) = O-1(2) for all g € G, and therefore [z]¢ = [2]¢ = [yle. It follows
from this that the group action partitions the set X into orbits, so that each
element of X determines an orbit which is the unique orbit for the action of
G on X to which it belongs. We denote by X/G the set of orbits for the
action of G on X.

Now suppose that the group G acts on a topological space X. Then
there is a surjective function ¢: X — X/G, where ¢(z) = [z]s for all z € X.
This surjective function induces a quotient topology on the set of orbits: a
subset U of X/G is open in this quotient topology if and only if ¢=*(U) is
an open set in X (see Lemma 1.34). We define the orbit space X/G for the
action of G on X to be the topological space whose underlying set is the set
of orbits for the action of G on X, the topology on X/G being the quotient
topology induced by the function ¢: X — X/G. This function ¢: X — X/G
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is then an identification map: we shall refer to it as the quotient map from
X to X/G.

We shall be concerned here with situations in which a group action on a
topological space gives rise to a covering map. The relevant group actions
are those where the group acts freely and properly discontinuously on the
topological space.

Definition Let GG be a group with identity element e, and let X be a topo-
logical space. The group G is said to act freely and properly discontinuously
on X if each element g of G determines a corresponding continuous map
0,: X — X, where the following conditions are satisfied:

(i) g =6,080) for all g, h € G,

(ii) the continuous map 6. determined by the identity element e of G is the
identity map of X;

(iii) given any point x of X, there exists an open set U in X such that
z €U and 0,(U)NU =0 for all g € G satisfying g # e.

Let G be a group which acts freely and properly discontinuously on a
topological space X. Given any element g of GG, the corresponding continuous
function 6,: X — X determined by X is a homeomorphism. Indeed it follows
from conditions (i) and (ii) in the above definition that 6,-1 06, and 6,06,
are both equal to the identity map of X, and therefore 6,: X — X is a
homeomorphism with inverse 6,-1: X — X.

Remark The terminology ‘freely and properly discontinuously’ is tradi-
tional, but is hardly ideal. The adverb ‘freely’ refers to the requirement
that 0,(z) # « for all z € X and for all g € G satisfying g # e. The adverb
‘discontinuously’ refers to the fact that, given any point = of GG, the elements
of the orbit {#,(z) : ¢ € G} of = are separated; it does not signify that the
functions defining the action are in any way discontinuous or badly-behaved.
The adverb ‘properly’ refers to the fact that, given any compact subset K
of X, the number of elements of g for which K Né,(K) # 0 is finite. More-
over the definitions of properly discontinuous actions in textbooks and in
sources of reference are not always in agreement: some say that an action of
a group G on a topological space X (where each group element determines a
corresponding homeomorphism of the topological space) is properly discon-
tinuous if, given any x € X, there exists an open set U in X such that the
number of elements g of the group for which g(U)NU # () is finite; others say
that the action is properly discontinuous if it satisfies the conditions given in
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the definition above for a group acting freely and properly discontinuously
on the set. William Fulton, in his textbook Algebraic topology: a first course
(Springer, 1995), introduced the term ‘evenly’ in place of ‘freely and prop-
erly discontinuously’, but this change in terminology does not appear to have
been generally adopted.

5.2 Orbit Spaces

Example The cyclic group Cy of order 2 consists of a set {e,a} with two
elements e and a, together with a group multiplication operation defined so
that e = a® = e and ea = ae = a. The identity element of Cy is thus e.

Let us represent the n-dimensional sphere S™ as the unit sphere in R**!
centred on the origin. Let 6.: S™ — S™ be the identity map of S™ and let
6,: S™ — S™ be the antipodal map of S”, defined such that 6,(x) = —x for
all x € S™. Then the group C5 acts on S™ (on the left) so that elements a
and e of S™ correspond under this action to the homeomorphisms 6, and 6,
respectively. Points x and y are said to be antipodal to one another if and
only if y = —x. Each orbit for the action of C; on S™ thus consists of a pair
of antipodal points on S™.

Let p be an element of S™, and let

U={xeS":x.p>0}.
Then U is open in S™ and p € U. Also
0,U)={xe€ 5" :x.p <0},

and therefore U N 6,(U) = (. It follows that the group Cy acts freely and
properly discontinuously on S™.

Distinct points of S™ belong to the same orbit under the action of Cy5 on
S™ if and only if the line in R™*! passing through those points also passes
through the origin. It follows that lines in R"*! that pass through the origin
are in one-to-one correspondence with orbits for the action of C5 on S™. The
orbit space S™/C, thus represents the set of lines through the origin in R™*1,
We define n-dimensional real projective space RP™ to be the topological space
whose elements are the lines in R"™! passing through the origin, with the
topology obtained on identifying RP™ with the orbit space S"/Cy. The
quotient map ¢: S — RP"™ then sends each point x of S™ to the orbit
consisting of the two points x and —x. Thus each pair of antipodal points on
the n-dimenionsional sphere S™ determines a single point of n-dimensional
real projective space RP".
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Proposition 5.1 Let G be a group acting freely and properly discontinuously
on a topological space X, let X/G denote the resulting orbit space, and let
q: X = X/G be the quotient map that sends each element of X to its orbit
under the action of the group G. Let p: X — Y be a continuous surjective
map from X to a topological space Y. Suppose that elements x and x’' of X
satisfy p(x) = p(a') if and only if q(x) = q(2’). Suppose also p(V') is open in
Y for every open set V in X. Then the surjective continuous map p: X —Y
induces a homeomorphism h: X/G —'Y between the topological spaces X/G
and Y, where h(q(x)) = p(x) for allx € X.

Proof The function h: X/G — Y is continuous because p: X — Y is con-
tinuous and ¢: X — Y is a quotient map (see Lemma 1.35). Moreover it
is surjective because p: X — Y is a surjection, and it is injective because
elements = and 2’ satisfy p(x) = p(2’) if and only if ¢(z) = ¢(2’). It follows
that h: X/G — Y is a bijection.

Let W be an open set in X/G. It follows from the definition of the quo-
tient topology that ¢~'(W) is open in X. The map p maps open sets to
open sets. Therefore p(¢~'(W)) is open in Y. But p(¢~'(W)) = h(W). Thus
h(W) is open in Y for every open set W in X, and therefore h™': Y — X/W
is continuous. Thus the continuous bijection h: X/G — Y is a homeomor-
phism, as required. |

Corollary 5.2 Let the group Z act on the real line R by translation, where
the action sends each integer n to the translation 6,: R — R defined such
that 0,,(t) =t +n for all real numbers t. Let R/Z denote the orbit space for
this action, and let ¢: R — R/Z be the quotient map that sends each real
number to its orbit under the action of the group Z. Let S' denote the unit
circle centred on the origin in R?, let p: R — S be defined such that

p(t) = (cos 27t sin 27t)

for all real numbers t, and let h: R/Z — S be the map defined such that
h(q(t)) = p(t) for all real numbers t. Then h: R/Z — S' is a homeomor-
phism.

Proof The map p: R — S! maps open sets to open sets. The result therefore
follows directly on applying Proposition 5.1. |}

Corollary 5.3 Let the group Z act by translation on the complex plane C,
where the action sends each integer n to the translation 6,: C — C defined
such that 0,,(z) = z +n for all complex numbers z, where i* = —1. Let C/Z
denote the orbit space for this action, and let ¢: C — C/Z be the quotient
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map that sends each complex number to its orbit under the action of the
group Z. Let p: C — C\ {0} be defined such that p(z) = exp(2miz) for all
complex numbers z, and let h: C/Z — C\ {0} be the map defined such that
h(q(2)) = p(z) for all complex numbers z. Then h: C/Z — C\ {0} is a
homeomorphism.

Proof We show that the map p: C — C\ {0} maps open sets to open
sets. Let V be an open set in C, and let u and v be real numbers for which
u + 1v € V. Then there exist real numbers 6;, 5 and positive real numbers
r1 and 19 satisfying the inequalities

0, < 2mu < 0y and logry < —27v < logrs

where 0, and 6, are close enough to 27u and log r; and log 5 are close enough
to —2mv to ensure that s + ¢t € V for all real numbers s and t that satisfy
the inequalities

0, < 2mws < 0y and logr; < —2wt < logrs.
It then follows that u +iv € N and N C p(V'), where
N ={re? :ri <r<ryand 0 <0 < 6,}.

Now N is an open set in C\{0}. It follows that p(V') is a neighbourhood of
p(u+iv). We have now shown that the set p(V') is a neighbourhood of each of
its points. It follows that p(V') is open in C\ {0}. We conclude therefore that
the map p: C\ C\ {0} maps open sets to open sets. It then follows directly
from Proposition 5.1 that h: C/Z — C\ {0} is a homeomorphism. |

Proposition 5.4 Let G be a group acting freely and properly discontinuously
on a topological space X, let X/G denote the resulting orbit space, and let
q: X = X/G be the quotient map that sends each element of X to its orbit
under the action of the group G. Let p: X — Y be a continuous surjective
map from X to a Hausdorff topological space Y. Suppose that elements x
and x' of X satisfy p(x) = p(a') if and only if q¢(x) = q(a'). Suppose also
that there exists a compact subset K of X that intersects every orbit for the
action of G on X. Then the surjective continuous map p: X — Y induces
a homeomorphism h: X/G —'Y between the topological spaces X/G and Y,
where h(q(z)) = p(x) for all x € X.

Proof The function h: X/G — Y is continuous because X is continuous
and ¢: X — Y is a quotient map (see Lemma 1.35). Moreover it is surjective
because p: X — Y is a surjection, and it is injective because elements x and
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' satisfy p(x) = p(2’) if and only if g(x) = ¢(2’). It follows that h: X/G — Y
is a bijection.

The orbit space X/G is compact, because it is the image ¢(K) of the
compact set K under the continuous map ¢: X — X/G. (see Lemma 1.39).
Thus h: X/G — Y is a continuous bijection from a compact topological

space to a Hausdorff space. This map is therefore a homeomorphism (see
Theorem 1.45). |}

Example Let the group Z of integers under addition act by translation
on the real line R by translation so that, under this action, an integer n
corresponds to the homeomorphism 6,,: R — R defined such that 6,,(t) = t+n
for all real numbers ¢. Let ¢: R — R/Z be the quotient map onto the orbit
space, and let p: R — S! be defined such that

p(t) = (cos 27t sin 27t)

for all real numbers ¢, and let h: R/Z — S' be the map defined such that
h(q(t)) = p(t) for all real numbers ¢.

Now S? is a Hausdorff space, as it is a subset of the metric space R2. Also
the map p: R — S! is surjective. Real numbers ¢; and ¢, satisfy p(t;) = p(t2)
if and only if ¢; = t5 + n for some integer n. It follows that p(t1) = p(t2)
if and only if q(t;) = ¢(t2). The compact subset [0, 1] of R intersects every
orbit for the action of Z on R. It therefore follows from Proposition 5.4 that
h: R/Z — S is a homeomorphism. (This result was also shown to follow
from the fact that p: R — S maps open sets to open sets: see Corollary 5.2.)

Example Let f: R?2 — R? be defined so that
f(s,t) = ((2 4 cos 2mt) cos2mws, (2+ cos2mt) sin2ws, sin27t)

for all (s,t) € R?, and let Y = f(R?). Then Y is a torus in R? that bounds
the ‘solid doughnut’ consisting of those points of R whose distance from the
circle in the plane z = 0 of radius 2 centred on the origin is less than one.
Points (sq, 1) and (s, t2) of R? satisfy f(s1,t1) = f(sa,t2) if and only if s; —#;
and sy — ty are integers. Let the group Z? act on R? by translation, so that,
under this action, an element (m,n) of Z? corresponds to the homeomorphism
Oy : R? — R? from R? to itself defined so that 0, .)(s,t) = (s +m,t +n)
for all (s,t) € R?.

Let 6 be a real number satisfying 0 < ¢ < %, and, for all (s,t) € R?, let
B((s,t),d) denote the open disk in R? of radius ¢ centred on the point (s, ).
Then

B((s+m,t+n),5) N B((s,t),5) =0
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for all integers m and n for which (m,n) # (0,0). It follows that the group Z?
acts freely and properly discontinuously on R? by translation. Let R?/Z? be
the orbit space determined by this action, let ¢: R — R?/Z? be the quotient
map sending each point of R? to its orbit under the action of Z?, and let
h: R*/Z* — Y be the function from R?/Z? to the surface Y defined so that
hiq(s,t)) = f(s,t)) for all (s,t) € R2

Now the unit square [0, 1] x [0, 1] is a compact subset of R? that intersects
every orbit for the action of Z* on R2. It follows directly from Proposition 5.4
that h: R?/Z? — Y is a homeomorphism. Thus the quotient space R?/Z?
represents a 2-dimensional torus.

Proposition 5.5 Let G be a group acting freely and properly discontinuously
on a topological space X. Then the quotient map q: X — X/G from X to
the corresponding orbit space X/G is a covering map.

Proof The quotient map ¢: X — X/G is surjective. Let V' be an open set
in X. Then ¢~'(¢q(V)) is the union |J,cs 04(V) of the open sets 0,(V) as g
ranges over the group G, since ¢~ '(q(V)) is the subset of X consisting of all
elements of X that belong to the orbit of some element of V. But any union
of open sets in a topological space is an open set. We conclude therefore that
if V' is an open set in X then ¢(V') is an open set in X/G.

Let x be a point of X. Then there exists an open set U in X such that
z €U and 0,(U)NU = 0 for all g € G satisfying g # e. Now ¢ *(¢(U)) =
U,eq 0s(U). We claim that the sets 0,(U) are disjoint. Let g and h be
elements of G. Suppose that 0,(U) N6, (U) # 0. Then 0,-1(0,(U) N0 (U)) #
(). But 0,-1: X — X is a bijection, and therefore

O (0, (U) N 0n(U)) = 01 (0, (U)) O Oy1 (0(U)) = 01, (U) N T,

and therefore 0),-1,(U) NU # (0. It follows that h~'g = e, where e denotes
the identity element of GG, and therefore ¢ = h. Thus if g and h are elements
of g, and if g # h, then 0,(U) N 0,(U) = 0. We conclude therefore that the
preimage ¢~ (q(U)) of ¢(U) is the disjoint union of the sets 6,(U) as g ranges
over the group G. Moreover each these sets ,(U) is an open set in X.

Now U N [u]¢ = {u} for all u € U, since [u]¢ = {0,(v) : ¢ € G} and
UNg,(U) =10 when g # e. Thus if u and v are elements of U, and if ¢(u) =
q(v) then [u]lg = [v]¢ and therefore u = v. It follows that the restriction
qlU: U — X/G of the quotient map ¢ to U is injective, and therefore ¢
maps U bijectively onto ¢(U). But ¢ maps open sets onto open sets, and any
continuous bijection that maps open sets onto open sets is a homeomorphism.
We conclude therefore that the restriction of ¢: X — X/G to the open set U
maps U homeomorphically onto ¢(U). Moreover, given any element g of G,
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the quotient map ¢ satisfies ¢ = go0,-1, and the homeomorphism 6,1 maps
6,(U) homeomorphically onto U. It follows that the quotient map ¢ maps
6,(U) homeomorphically onto ¢(U) for all g € U. We conclude therefore that
q(U) is an evenly covered open set in X/G whose preimage ¢~ 1(q(U)) is the
disjoint union of the open sets 6,(U) as g ranges over the group G. It follows
that the quotient map ¢: X — X/G is a covering map, as required. |}

5.3 Fundamental Groups of Orbit Spaces

Theorem 5.6 Let G be a group acting freely and properly discontinuously
on a path-connected topological space X, let q: X — X/G be the quotient
map from X to the orbit space X/G, and let xy be a point of X. Then there
exists a surjective homomorphism A: m(X/G, q(xo)) — G with the property
that ¥(1) = Oxy)) (o) for any loop v in X/G based at q(xo), where i denotes
the unique path in X for which 4(0) = xy and q o4 = ~. The kernel of this
homomorphism is the subgroup qu (7?1 (X, xg)) of m(X/G,q(xp)).

Proof Let v: [0,1] — X/G be a loop in the orbit space with v(0) = (1) =
q(zo). Tt follows from the Path Lifting Theorem for covering maps (Theo-
rem 4.5) that there exists a unique path 4: [0,1] — X for which 5(0) = z,
and g o4 = 7. Now 4(0) and (1) must belong to the same orbit, since
q(7(0)) = ~v(0) = (1) = ¢(7(1)). Therefore there exists some element g of
G such that (1) = 6,(zo). This element ¢ is uniquely determined, since
the group G acts freely on X. Moreover the value of g is determined by
the based homotopy class [y] of v in 71 (X/G, q(x)). Indeed it follows from
Proposition 4.7 that if ¢ is a loop in X/G based at ¢(xo), if & is the lift
of o starting at xy (so that o 6 = o and 6(0) = xy), and if [y] = [o] in
m(X/G, q(xo)) (so that v ~ o rel {0,1}), then (1) = 6(1). We conclude
therefore that there exists a well-defined function

A m(X/G,q(z0)) — G,

which is characterized by the property that ¥(1) = ) (zo) for any loop v
in X/G based at ¢(xp), where 4 denotes the unique path in X for which
3(0) = zo and g0 5 = 1.

Now let a: [0,1] — X/G and $: [0,1] — X/G be loops in X/G based
at q(zo), and let &: [0,1] — X and 3: [0,1] — X be the lifts of o and 3
respectively starting at z¢, so that goa = «, go 8 = 8 and &(0) = 3(0) = .
Then &(1) = QA([(X])(JZO) and 6(1) = 9>\([5D(1’0). Then the path 9/\([04]) o ﬁ is
also a lift of the loop f, and is the unique lift of § starting at &(1). Let a.f
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be the concatenation of the loops o and 3, where

o2t if
@%ﬂ)@)::{ B&R{—l) if

Then the unique lift of .5 to X starting at xq is the path o: [0,1] — X,
where

t
t

e

0
1
2

IAIN

<
<

(1) = a(2t) if0<t<g;
TWT p(B2t—1)) ifl<t<l.

It follows that

Orarisn (o) = Orgap (o) = o(1
= (1)) (i) (20))
and therefore A([o][5]) = A([a])A([5]). Therefore the function

) ) (B(1))

A ([m)( 0)

A m(X/Gq(zg)) = G

is a homomorphism.

Let g € G. Then there exists a path o in X from z to 6,(xo), since the
space X is path-connected. Then g o « is a loop in X/G based at ¢(z¢), and
g = Mg o a]). This shows that the homomorphism A is surjective.

Let v: [0,1] — X/G be a loop in X/G based at g(xg). Suppose that
[v] € ker \. Then 5(1) = 6.(x¢) = o, and therefore 7 is a loop in X based at
zo. Moreover [7] = gg[7], and therefore [y] € gu(m1(X, z)). On the other
hand, if [y] € ¢4 (m(X, xo)) then v = ¢ o 4 for some loop 4 in X based at
Ty (see Proposition 4.9). But then zq = (1) = 0y (20), and therefore
M[7]) = e, where e is the identity element of G. Thus ker A = g4 (m1 (X, z9)),
as required. |}

Corollary 5.7 Let G be a group acting freely and properly discontinuously
on a path-connected topological space X, let q: X — X/G be the quotient
map from X to the orbit space X/G, and let xq be a point of X. Then
g4 (m1(X, 20)) is a normal subgroup of the fundamental group 7 (X /G, q(zo))
of the orbit space, and

™ (X/G, q(20))

q# (Wl(X; %))

I

G.

Proof The subgroup gy (m1 (X, x)) is the kernel of the homomorphism

A m(X/G,q(xo)) = G

87



described in the statement of Theorem 5.6. It is therefore a normal sub-
group of m(X/G,q(xy)), since the kernel of any homomorphism is a normal
subgroup. The homomorphism A is surjective, and the image of any group
homomorphism is isomorphism of the quotient of its domain by its kernel.
The result follows. |}

Corollary 5.8 Let G be a group acting freely and properly discontinuously
on a simply-connected topological space X, let q: X — X /G be the quotient
map from X to the orbit space X/G, and let xq be a point of X. Then
m(X/G, q(x0)) =2 G.

Proof This is a special case of Corollary 5.7. |}

Example The group Z of integers under addition acts freely and properly
discontinuously on the real line R. Indeed each integer n determines a cor-
responding homeomorphism 6,,: R — R, where 6, (z) = x + n for all z € R.
Moreover 6,, 0 8,, = 0,,.,, for all m,n € Z, and 6 is the identity map of R.
If U = (—3,3) then 6,(U) NU = 0 for all non-zero integers n.

The real line R is simply-connected. It therefore follows from Corollary 5.8

that m (R/Z,b) = Z for any point b of R/Z.

Let ¢: R — R/Z be the quotient map from the real line R to the orbit
space R/Z that sends each real number to its orbit under the action of the
group of integers, let p: R — S be defined such that

p(t) = (cos 27t sin 27t)

for all t € R. Then p(t;) = p(ty) for all real numbers ¢, and ¢, satisfying
q(t1) = q(t2). Thus there is a well-defined function h: R/Z — S* character-
ized by the property that h(q(t)) = p(t) for all real numbers ¢.

The continuous map h: R/Z — S' is a homeomorphism (see Corol-
lary 5.2). It follows that

m1(SY,R(b)) 2 m (R/Z,b) = Z

for all b € R/Z. This shows that Theorem 3.9 concerning the fundamental
group of the circle can be obtained as a special case of the more general
result Corollary 5.8 concerning fundamental groups of orbit spaces obtained
via discontinuous group actions on simply-connected topological spaces.

Example The group Z" of ordered n-tuples of integers under addition acts
freely and properly discontinuously on R", where

Ot ma,.omn) (X1, T2, .o, ) = (L1 + M, T2 + Mo, ..., Ty + M)
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for all (my,ms,...,m,) € Z" and (x1,z,...,x,) € R". The orbit space
R™/Z"™ is an n-dimensional torus, homeomorphic to the product of n cir-
cles. It follows from Corollary 5.8 that the fundamental group of this n-
dimensional torus is isomorphic to the group Z".

Example Let S™ be the unit sphere in R**! centred on the origin, and let
(5 denote the cyclic group of order 2. Then Cy = {e,a}, where €? = a®> = ¢
and ea = ae = a. The group Cs acts freely and discontinuously on S”,
where e acts as the identity map of S™ and a acts as the antipodal map
sending x to —x for all x € R™. The orbit space S"/C? is homeomorphic to
real projective n-dimensional space RP". Now the n-dimensional sphere is
simply-connected if n > 1. It follows from Corollary 5.8 that the fundamental
group of RP™ is isomorphic to the cyclic group Cy when n > 1.

Note that S° is a pair of points, and RP? is a single point. Also S! is a
circle (which is not simply-connected) and RP! is homeomorphic to a circle.
Moreover, for any b € S*, the homomorphism gy : m (S, b) — m (RP', ¢(b))
corresponds to the homomorphism from Z to Z that sends each integer n to
2n. This is consistent with the conclusions of Corollary 5.7 in this example.

Example Given a pair (m,n) of integers, let 6,,,,: R? — R? be the homeo-
morphism of the plane R? defined such that

Omn(z,y) = (x+m,(—1)"y +n)

for all (x,y) € R% Let (my,n;) and (mg,ny) be ordered pairs of integers.
Then

9m17n1 © 9m2,n2 = 9m1+m2,n1+(*1)m1”2'

Let T" be the group whose elements are represented as ordered pairs of inte-
gers, where the group operation # on I is defined such that

(ma,nq)#(me, ne) = (Mmy + mg,ny + (—1)"ng)

for all (mq,n1), (mg,ne) € I'. The group I' is non-Abelian, and its identity
element is (0,0). This group acts on the plane R*: given (m,n) € T the
corresponding symmetry 0,,, is a translation if m is even, and is a glide
reflection if m is odd.

Given a pair (m,n) of integers, the corresponding homeomorphism 6, ,,
maps an open disk about the point (x, y) onto an open disk of the same radius
about the point 8, ) (x,y). It follows that if D is the open disk of radius %
about the point (z,y), and if DN, , (D) is non-empty, then (m,n) = (0,0).
Thus the group I maps freely and properly discontinuously on the plane R2.
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Now each orbit intersects the closed unit square S, where S = [0, 1] x 0, 1].
If 0 <2 <1and 0 <y <1 then the orbit of (z,y) intersects the square S
in one point, namely the point (z,y). If 0 < x < 1, then the orbit of
(x,0) intersects the square in two points (z,0) and (x,1). If 0 < y < 1
then the orbit of (0,y) intersects the square S in the two points (0,y) and
(1,1 —y). (Note that (1,1 —y) = 611(0,y).) And the orbit of any corner
of the square S intersects the square in the four corners of the square. The
restriction ¢|S of the quotient map ¢: R*> — R?/T to the square S is a
continuous surjection defined on the square: one can readily verify that it is
an identification map. It follows that the orbit space R?/T" is homeomorphic
to the identification space obtained from the closed square S by identifying
together the points (z,0) and (z,1) where the real number z satisfies 0 <
x < 1, identifying together the points (0,y) and (1,1 — y) where the real
number y satisfies 0 < y < 1, and identifying together the four corners of
the square. The identification space obtained in this fashion is a closed non-
orientable surface, first described by Felix Klein in 1882, and now known
as the Klein bottle. Apparently the surface was initially referred to as the
Kleinsche Fliche (Klein’s Surface), but this name was incorrectly translated
into English, and, as a result the surface is now referred to as the Klein Bottle
(Kleinsche Flasche).

The plane R? is simply-connected. It follows from Corollary 5.8 that the
fundamental group of the Klein bottle is isomorphic to the group I' defined
above.
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