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7 Mobius Transformations of the Riemann
Sphere

7.1 The Riemann Sphere

The Riemann sphere P! may be defined as the set C U {oo} obtained by
augmenting the system C of complex numbers with an additional element,
denoted by oo, where oo is not itself a complex number, but is an additional
element added to the set, with the additional conventions that

z 00
z+o00=00, cOX00=00 —=0 and — =00
00 z

for all complex numbers z, and

Z X 00 = 00, and 0= 00

for all non-zero complex numbers z. The symbol co cannot be added to, or
subtracted from, itself. Also 0 and oo cannot be divided by themselves.

Note that, because the sum of two elements of P! is not defined for every
single pair of elements of P!, this set cannot be regarded as constituting a
group under the operation of addition. Similarly its non-zero elements cannot
be regarded as constituting a group under multiplication. In particular, the
Riemann sphere cannot be regarded as constituting a field.

The following proposition follows directly from Proposition 6.1.

Proposition 7.1 Let o: P! — R? be the mapping from the Riemann sphere
P! to R3 defined such that o(c0) = (0,0, —1) and

U(x+y\/—_1):< 2 2 1—:132—y2)

T+a2+y2 1422 +y2" 1422+ 42

for all real numbers x and y. Then o maps P! injectively and surjectively
onto the unit sphere S% in R3. Moreover if (u,v,w) is a point of S? distinct
from (0,0, —1) then (u,v,w) = o(x +y+/—1), where

U p v
an = .
w—+1 y w+1

xr =

7.2 Mobius Transformations

Definition Let a, b, ¢ and d be complex numbers satisfying ad — bc # 0.
The Mobius transformation fiqp.c 4 P! — P! with coefficients a, b, ¢ and d is
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defined to be the function from the Riemann sphere P! to itself determined
by the following properties:

az+b
cz+d

,ua,b,c,d(z) =

for all complex numbers z for which cz +d # 0; papca(—d/c) = oo and
Paped(0o) =afcif ¢ # 0; papea(oo) = oo if ¢ = 0.

Note that the requirement in the above definition of a Mobius transfor-
mation that its coefficients a, b, ¢ and d satisfy the condition ad — bc # 0
ensures that there is no complex number for which az +b and ¢z +d are both
Zero.

Let A be a non-singular 2 x 2 matrix whose coefficients are complex

numbers, and let
a b
A= ( o b ) |

We denote by p4 the Mobius transformation fiqp,.q With coefficients a, b, c,
d, defined so that

az+b
if d # 0;
ha(s) = o d if cz+d #0;
00 if c#0and z = —d/c;
a
Y :
jia(co) = {c ?07&0,
oo ifc=0.

The following result exemplifies the reason for representing the coefficients
of a Mobius transformation in the form of a matrix.

Proposition 7.2 The composition of two Mobius transformations is a Mobius
transformation. Specifically let A and B be non-singular 2 X 2 matrices with

complex coefficients, and let pa and pup be the corresponding Mobius trans-

formations of the Riemann sphere. Then the composition pa o up of these

Mobius transformations is the Mdbius transformation pap of the Riemann

sphere determined by the product AB of the matrices A and B.

. ay b1 o a2 b2
A_<cl d1> and B_(02 dg)’

. as bg
(5
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Then
a3 = a1as + b1027 bg = CL1b2 + bldg,

C3 = C109 + d102 and d3 = Clbg + dldg.

The definitions of Mobius transformations determined by non-singular
2 x 2 matrices ensure that

( a1z + bl

Z) = ———

Ha c1z + d1
whenever ¢;z + d; # 0 and

( asz + bQ

Z) = —=

#iB Ccoz + dg

whenever coz + doy # 0.
First suppose that z is a complex number for which c3z 4+ dy # 0. Then

(al,uB(z) + b]_)(CQZ + dQ) = al((IzZ + bz) + bl(CQZ + dg)

azz + bz,

(CLU,B(Z> + dl)(CQZ + dz) = Cl<a22 + bg) + dl(CQZ + dg)
= 32 +ds.

It follows that if coz + dy # 0 and ¢y up(2) + di # 0 then

CL1,U,B(Z> + b1 . asz + b3
CLLLB(Z) +d1 CgZ+d3

pa(ps(2)) =
If cyz +dy # 0 but c1up(z) +dy = 0 then ¢z + d3 = 0 and

pa(ps(z)) = 00 = pap(2).

We conclude that pa(pup(z)) = pap(z) for all complex numbers z satisfying
Coz 4 doy # 0.

Next suppose that z is a complex number for which cyz 4+ dy = 0. Now
the definition of Mdbius transformations requires that asds — bocy # 0. It
follows that ¢y and dy cannot both be equal to zero. Thus if coz+dy = 0 then
either z = dy = 0 and ¢y # 0 or else z, ¢ and dy are all non-zero. Thus, in all
cases where cyz + dy = 0, the coefficient ¢y of the Mobius transformation is
non-zero and z = —ds/cy. Also the equations asz 4+ by = 0 and coz + dy = 0
cannot both be satisfied, because asds — bycy # 0, and therefore asz + by # 0.
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Now the equations determining as, b3, c3 and d3 ensure that if coz + dy = 0
then
ca(azz +b3) = —dsaz + cobs
= cy(arby + bidy) — do(ayas + bics)
= al(b202 - a2d2)
= ajce(agz + by)
co(csz +ds) = —dacs + cads
= ca(c1by + didy) — da(crag + dicy)
= 01(5202 - Cl2d2)
= cieo(azz + by),
and therefore
azz + by = aj(asz + by) and c3z+ dz = c1(asz + by),
Thus if coz + dy = 0 and ¢; # 0 then c3z + d3 # 0 and
asz +bs

pap(z) = et ds o fa(00) = pa(pp(z)).

And if coz + dy = 0 and ¢; = 0 then c3z + d3 = 0 and

pap(z) = 00 = pa(00) = pa(ps(z2)).
Thus pap(z) = pa(ps(2)) in all cases for which coz + dy = 0.
It remains to show that pap(oo) = pa(pup(00)). If co # 0 (so that
pp(00) = ay/ce) and ¢ pp(00) + dy # 0 then
~a1pp(00) +bi apag +bicy  as

_ — = = = 00).
cipp(oo) +dy  clas +dica ¢ tap (o)

pa(pp(00))

If ¢a # 0 and ¢y up(00) + ds = 0 then ¢35 = cras + dyca = 0, because pp(o0o0) =
as/ce, and therefore
pa(pp(00)) = 00 = pap(00).

If ¢; = ¢; = 0 then pp(co) = oo and therefore

1a(pp(00)) = pa(00) = 00 = piap(c0).
If g = 0 and ¢; # 0 then a3 = ajas, cg = ciay and ay # 0 (because
asdy — byce # 0), and therefore
a;  a
pa(up(00)) = pra(c0) = — = = = puap(c0).
€1 ]
We conclude that pa(pp(00)) = pap(oo) in all cases. This completes the
proof. |
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Corollary 7.3 Let a, b, ¢ and d be complex numbers satisfying ad — bc # 0,

and let ua,b,c,d:IP’l — P! denote the Mébius transformation of the Riemann
az+b

sphere P! defined such that pgpeq(z) = +d if z € C and cz +d # 0,
cz

Paped(—d/c) = 00 and piapea(00) = a/c if ¢ # 0, and pigpca(00) = oo if

¢ = 0. Then the mapping ,ua,b,c,d:IP’l — P! is invertible, and its inverse is

dz—0

the Mobius transformation pig_p —cq: Pt — P, where pg_p —ca(z) =

a—cz
if z€ Canda—cz #0, ptg—p—cala/c) = 00 and pig_p—cq(00) = —d/c if
c#0, and jg_p—cqa(00) =00 if ¢ = 0.

Proof If the coefficients a, b, ¢ and d of a Mdbius transformation are all
multiplied by a non-zero complex number then this does not change the
Mobius transformation represented by those coefficients. It follows that we
may assume, without loss of generality, that ad — bc = 1. Let

a b
a=(eu)
1 d —b
A _(_C )

The result therefore follows directly on applying Proposition 7.2. |}

where ad — bc = 1. Then

7.3 Inversions of the Riemann Sphere

Let S? denote the unit sphere in R3, defined so that
S? = {(u,v,w) € R® : v? + v* + w? =1},

and let us refer to the points (0,0,1) and (0,0, —1) as the North Pole and
South Pole respectively. Let E denote the Equatorial Plane in R3, consisting
of those points whose Cartesian coordinates are of the form (z,y,0), where
x and y are real numbers.

Stereographic projection from the South Pole maps each point (u, v, w)
of the unit sphere S? distinct from the South Pole to the point (z,v,0) of
the equatorial plane E for which

U v
and = )
Y w+ 1

Tr =
w—+ 1
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Moreover a point (z,y,0) of the Equatorial Plane E is the image under
stereographic projection from the South Pole of the point (u,v,w) of the
unit sphere S? for which

2 2y 1— a2 —q?
v=— v=— w=——
1422 + ¢ 1422 + 42 1422+

We can also stereographically project from the North Pole. Note that,
given a point in the Equatorial Plane, reflection in that Equatorial Plane will
interchange the points of the sphere corresponding to it under stereographic
projection from the North and South Poles. Thus a point (u,v,w) of the
unit sphere S? distinct from the North Pole corresponds under stereographic
projection to the point (z,y,0) of the Equatorial Plane F for which

(%

u
r=-—— and y=

1—w 1—w’

In the other direction, a point (x,y, 0) of the Equatorial Plane E corresponds
under stereographic projection from the North Pole to the point (u,v,w) of
the unit sphere S? for which

2 2y 22 +y?—1

U=———, v="———8,  w=-—"——,

1+ 224 y? 1+ 22 4 y?’ 1+ 22 4 o2
Proposition 7.4 Let O denote the origin (0,0,0) of the Equatorial Plane E,

where

E={(r,y,2) €eR*: 2 =0},
and let A be a point (x,y,0) of E distinct from the origin O. Let C be the
point on the unit sphere S? that corresponds to A under stereographic pro-
jection from the North Pole (0,0,1), and let B be the point of the Equatorial

Plane E that corresponds to C' under stereographic projection from the South
Pole. Then B = (p,q,0), where

o )

=——— and = .
p x2+y2 q x2+y2

Thus the points O, A and B are collinear, and the points A and B lie on the
same side of the origin O. Also the distances |OA| and |OB| of the points A
and B from the origin satisfy |OA| x |OB| = 1.

Proof Let (z,y,0) be a point of the Equatorial plane E distinct from the
origin. This point is the image, under stereographic projection from the
North Pole (0,0,1) of the point (u,v,w) of the unit sphere S? for which

2 2y 2 +y?—1
v=——-, v=——- Ww=-——"-7.
L+ 22+ 92 L+ 22+ 92 1+ 22 492
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This point then gets mapped under stereographic projection from the South
Pole to the point (p, ¢,0) of the Equatorial Plane E for which

U d v
= —— an = .
b w+1 1 w+1
Now ) )
w1 = 2(z* +y°)
1+ 22 +92
It follows that
T d Y
= an =—= .
.’172+ 2 q x2_|_y2

Finally we note that O, A and B are collinear, where 0 = (0,0,0), A =
(x,y,0) and B = (p, ¢,0), and the points A and B lie on the same side of the
origin O. Also

1
|OA| = /22 4+y?, and |OB| = ——,

x? + y?

and therefore |OA| x |OB| = 1, as required. |}

7.4 Mobius Transformations representing Rotations

Let a and b be complex numbers satisfying the equation |a|* + |b]> = 1, and
let p: P* — P! be the Mdbius Transformation of the Riemann sphere defined
such that
az+b
u(z) = 20

—bz+a
when z # @/b, u(@/b) = oo and p(occ) = —a/b. (Here @ and b denote the
complex conjugates of the complex numbers a and b respectively.) We denote
the complex number +/—1 by i, as is customary.

Let ugp, vo and wy are real numbers satisfying u2 + v + w3 = 1 and
wy # —1. Then the point (ug, vy, wp) of the unit sphere in R?® corresponds,

under stereographic projection from (0,0, —1), to the complex number z, for
which

Ug + 109
w0+1 '

zZ0 —

Let 21 = pu(zp). Then

a(ug + ivg) + b(wy + 1)
—b

1 =
! (o + ivo) + @(wo + 1)
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Now there exists a point (uy, vy, w;) of the unit sphere in R3 which corre-
sponds under stereographic projection from the point (0,0, —1) to the com-
plex number z;. The Cartesian coordinates u;, vy and w; of this point satisfy
the equation u? +v?+w? = 1 and their relationship to the complex number z;
is expressed by the following equations:

Uy + 1
21 = s
w1 —f- ]_
2Re[z] 2Im|[z] 2
m=r—0 - U=7Tpg , W= ———L
|21|2+1 |21’2—|—1 |21’2—|—1
We seek to express the values of u;, v and w; in terms of ug, vg and wy.

Now

la(ug + dvg) + b(wy + 1)]? .
= (a(ug + ivg) + b(wy + 1))(a(ug — ivo)_—i- b(wy + 1))
= la|*(ud +v3) + |b]*(wo + 1)* + 2Relab(ug + ivp)] (wo + 1).

But ud +v2 =1 —wi = (wo + 1)(1 — wp). It follows that

|a(uo + ivo) + b(wo + 1)|? )
= (|a]*(1 — wo) + |b|*(wp + l)j— 2Re[ab(ug + 1vg)]) (wo + 1)
= (1 —(la]* = [b]*)wo + 2Re[ab(ug + ivg)]) (wo + 1).

Similarly

| — b(ug + ivg) + a(wy + 1)|? )
= (14 (|a]* — |b]*)wo — 2Re[ab(ug + iv0)]) (wo + 1).

It follows from these identities that

al? = 1 — (|a]® = |b]*)wo + 2Re[a§(u0 + Z:UO)]7
1+ (|a|]? = [b]?)wo — 2Re[ab(ug + iv)]
and thus
2P+ 1= 2 = —.
1+ (|a]?> = |b]?)wy — 2Re[ab(ug + ivg)]
Also
I a(ug + tvg) + b(wy + 1)

—b(ug + ivo) + a(wo + 1)
(a(ug + ivg) + b_(wo + 1)) (—=b(ug — ivg) + a(wy + 1))
| — b(uo + vo) + @(wo + 1)[2
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Moreover

(a(ug + 1v9) + b(wo + 1)) (=b(up — ivg) + a(wg + 1))
= (a®(ug + ivg) — b*(up — ivg)) (wp + 1)
+ ab((wo + 1)* — ug — vg)
= ((a® = bH)ug + i(a® + b*)vy + 2abwy) (wo + 1)
It follows that
(a® — b*)ug + i(a® + b*)vg + 2abwy

2] = — ,
P14 (Jaf? — [b2)wo — 2Relab(ug + ivo)]
and thus
. 22
Uy + vy m
_ 2 12 9 12
= (a® —b")up + i(a” + b*)vy + 2abwy
and
2 1
w = =
! 212+ 1

= (la]* — |b]))wo — 2Re[ab(ug + ivo)]

Now |a]*+[b|* = 1 and b # 0. It follows that |a| < 1, and thus Rela] = cos 360
for some real number 6 satisfying 0 < 0 < 2x. Let £, m and n be real numbers
determined so that

a=cos3f+insinif and b= (m—il)sini6.

Then
1= |a|* + [b]* = cos® 10 + (¢* + m* + n?)sin® 16,

and therefore
C+m?+n®=1.

Then
la|* = [b]* = cos® 10+ (n® — (2 —m?) sin” 16
= cosf +n*(1 — cosf),
a’® — b = cos® %6’ + (12 —m? — n? + 2ilm) sin’ %9 + 2in sin %9 cos %9
= cosf+ ((* +ilm) (1 — cos @) +in sinf
a’*+0b° = cos’ 10+ (m®— % —n® — 2ilm) sin® 16 + 2in sin 16 cos 16
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= cosf+ (m? —ilm)(1 — cos ) +in sinf
2ab = 2(m+il)sini6 cos 10 — 2(¢ —im)nsin® 16
= (m+)sinf — (£ —im)n(1 — cosb)
2ab = 2(m — il)sin 10 cos 10 + 2({ + im)nsin® 36
= (m—il)sinf + (¢ + im)n(1 — cosf)

It follows that

u; = Re[a® — b*|ug — Im[a® + b*]vy + 2Re[ablwy

= (mwy — nvy) sin b + ug cos d + (Lug + mug + nwe)l(1 — cos )
v; = Im[a® — b*ug + Re[a® + b*|vg + 2Im[ablwy

= (nuy — lwp) sin @ + vy cos O + (Cug + mug + nwy)m(1l — cos )
w; = (Ja* — |b]*)we — 2Relab(ug + ivy)]

(Lvg — muyg) sinf + wy cos O + (Cug + muy + nwg)n (1 — cosh).
Let
ro = (up, v, wp), Tr1 = (u,vy,wy) and L= ({,m,n).
Then the vectors rg, r; and L are of unit length, and

r; = cosfrg+ (ro.L)(1 —cosf)L +sinfL x ry
= (rg.L)L+ cosf(ro— (ro. L)L +sinfL X r.

Interpreting this formula geometrically, we see that the point (uy, vy, w;) of
the unit sphere in R? is the image of the point (ug, vo, wp) under a rotation
through an angle 6 about the axis passing through the origin in the direction
of the vector L.

Proposition 7.5 Leta, b, ¢ and d be complex numbers satisfying ad—bc = 1,
and let u:Pt — P! be the Mobius transformation of the Riemann sphere
defined such that

_az—i—b
ez +4d

w(2) when cz +d # 0,.

u(—d/c) = oo and p(oo) = a/c in the case ¢ # 0 and p(occ) = oo in the
case ¢ = 0. Then the Mobius transformation represents a rotation of the unit
sphere in R? if and only if d =a and ¢ = —b.
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Proof The calculations undertaken in this subsection show that if b # 0,

d = @ and ¢ = —b then the Mébius transformation p:P* — P! corresponds
to a rotation of the unit sphere in R®. The same is true in the case when b = 0.
Indeed in that case the conditions d = @ and ¢ = —b ensure that b = ¢ = 0,

la| = 1, and these conditions ensure that the Mdbius p implements a rotation
of the unit sphere about the direction (0,0, 1) through an angle 6, where

a = cos %9 + 4/ —1sin %0.

Thus, in all cases where d = @, ¢ = —b and |a|> + |b|> = 1, the Mébius
transformation p of the Riemann sphere corresponds to a rotation of the
unit sphere in R3.

Now every rotation about the origin in R? is a rotation about a fixed axis
through a given angle. It follows that, given any rotation of the sphere, there
are values of the complex numbers a and b for which the Mobius transfor-
mation x implements the given rotation with d = @ and ¢ = —b. Moreover
a Mobius transformation with coefficients a’, ¥, ¢/, d’ implements the same
transformation of the sphere as the Mobius transformation p if and only if
either o', t/, ¢ and d’ are respectively equal to a, b, ¢ and d or else o', U/, ¢
and d’ are respectively equal to —a, —b, —c and —d. The result follows. |}

Let
a b 9 9
SU(2) = e ) a,b€ Cand |a|*+|b*=1;.

Then the 2 X 2 matrices belonging to the set SU(2) constitute a group with
respect to the operation of matrix multiplication. Morever a 2 X 2 matrix
with complex coefficients belongs to the group SU(2) if and only if it is a
unitary matrix whose determinant is equal to one. Proposition 7.5 ensures
that every 2 x 2 unitary matrix with determinant equal to one determines
a corresponding rotation of three-dimensional space R?. We obtain in this
way a two-to-one homomorphism from the group SU(2) to the rotation group
SO(3) of 3-dimensional space.

Remark The homomorphism from SU(2) to SO(3) whose existence is guar-
anteed by Proposition 7.5 can also be described using properties of quater-
nions. Independently of one another, Arthur Cayley and Sir William Rowan
Hamilton discovered how to represent rotations of three-dimensional space
using quaternions. (Cayley’s account appeared in print in 1845 before Hamil-
ton’s account, read at a meeting of the Royal Irish Academy in 1844 but
published in 1847.)

The homomorphism between these matrix groups gives rise to the fun-
damental properties of spin in quantum mechanics, where the traditional
account is expressed in terms of Pauli matrices.
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7.5 The Action of Mobius Transformations on the Rie-
mann Sphere

Proposition 7.6 Let (i, (s, (3 be distinct points of the Riemann sphere P!,
and let wy,ws,ws also be distinct points of P'. Then there exists a Mobius
transformation p:P* — P of the Riemann sphere with the property that

() =w; for j =1,2,3.

Proof The composition of two Mobius transformations of the Riemann sphere
is itself a Mobius transformation of the Riemann sphere (Proposition 7.2).

Also the inverse of any Mobius transformation of the Riemann sphere is itself

a Mobius transformation (Corollary 7.3). It follows that the Mébius trans-

formations of the Riemann sphere constitute a group under the operation of

composition of transformations.

Next we note that permution of the elements 0, 1 and co of the Riemann
sphere can be effected by a suitable Mobius transformation. Indeed the
Mobius transformation z — 1 — z transposes 0 and 1 whilst fixing oo, and
the Mobius transformation z — —1/(z — 1) cyclicly permutes 0, 1 and oco. It
follows that any permutation of 0, 1 and oo may be effected by the action of
some Mobius transformation.

Next we show that there exists a Mobius transformation p;: P! — Py with
the property that p1(¢1) =0, p1(¢2) = 1 and p;1((3) = oo. Suppose first that
at least one of the distinct points (i, (s, (3 of P! is the point co. Because we
have shown that there exist Mobius transformations permuting 0, 1 and oo
amongst themselves, we may assume in this case, without loss of generality,
that (3 = 0o. Let (y = zp and (; = 21, where 2y and z; are complex numbers,

and let
zZ— 20

pm(z) = 7 — 20
Then p1(Co) = p(20) = 0, p1(G) = pa(z1) = 1 and pi(c0) = co. The
existence of the Mobius transformation p; has thus been verified in the case
where at least one of (i, (5, (3 is the point co of the Riemann sphere.

Next we consider the case where (; = z; for j = 1,2, 3, where 21, 29, 23 are
complex numbers. In this case let p; be the Mdbius transformation defined
so that
(z —21)(22 — 23)

(z — 2z3)(22 — 21)

for all complex numbers z. Then p;(¢1) = p1(z1) = 0, pi(¢) = pi(z2) =1
and u1(C3) = pi1(z3) = oco. We conclude therefore that, given any distinct
points (3, (5, (3 of the Riemann sphere, there exists a Mobius transformation
1 of the Riemann sphere for which p1(¢1) = 0, u1() = 1 and p1((3) = 0.

p(z) =
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Let w1, ws,ws also be distinct points of the Riemann sphere. Then there
exists a Mo6bius transformation s with the property that pg(wy) = 0, pe(ws) =
1 and pp(w3) = oo. Let p: P! — P! be the Mobius transformation of the Rie-
mann sphere that is the composition ji; ' o iy of p; followed by the inverse
of po. Then pu(¢;) = w; for j =1,2,3, as required. |

Proposition 7.7 Let p: P — P! denote the Mdbius transformation defined
so that p(z) = 1/z for all non-zero complex numbers z. Then the mapping p
preserves the angles between circles and straight lines. contained in the set

C\ {o}.

Proof Let z be a non-zero complex number, and let A be a non-zero complex
number satisfying |h| < |z|, and let ¢ be a real number satisfying —1 <t < 1.
Then z +th # 0, and

21,2
(1) (1)
z z z

1 th 1 t*h?

= 22 z4th  2(z+th)

It follows that

and thus
1 1 th t2h?

+th 2 2 22(z +th)
Let 6 be a real number, let k = h(cosf + isinf). Then the directions

represented by the complex numbers h and k are at an angle 6 to each other.
Let a: (—1,1) — C and B:(—1,1) — C be the curves defined such that

a(t) = p(z +th) = i

and
1

t) = tk) = ——

5(1) = o=+ th) = ——
for all real numbers ¢ satisfying —1 < ¢ < 1. Then the tangent directions to
the curve t — «(t) and t — [(t) at ¢t = 0 are in the directions determined

by the complex numbers
h

—— and — —.
22 22

Moreover

—% = —%(COS@ +isin@)
2 2

and therefore the tangent directions to the curves ¢ — «(t) and t — S(t) at
t =0 are also at an angle 0 to each other. The result follows. |}
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Proposition 7.8 Any Mobius transformation of the Riemann sphere maps
straight lines and circles to straight lines and circles, and also preserves angles
between lines and circles.

Proof Proposition 7.7 ensures that the Mobius transformation that sends z
to 1/z for all non-zero complex numbers z is angle-preserving.

The equation of a line or circle in the complex plane can be expressed in
the form

glz|* + 2Re[bz] + h = 0,

where g and h are real numbers, and b is a complex number. Moreover a
locus of points in the complex plane satisfying an equation of this form is a
circle if g # 0 and is a line if g = 0.

Let g and h be real constants, let b be a complex constant, and let z =
1/w, where w # 0 and w satisfies the equation

glw|* + 2Re[bw] + h = 0,
Then B

glw]* + bw + bw + h = 0,
Then

g+ 2Re[bz] + hlz|* = g+ bz +bz+h|z)?

1 9 T
= —— (g|lw|"+bw+bw+ h) = 0.
E (9 |wl )
We deduce from this that the M&bius transformation that sends z to 1/z for
all non-zero complex numbers z maps lines and circles to lines and circles.
Let p: P* — P! be a Mobius transformation of the Riemann sphere. Then
there exist complex numbers a, b, ¢ and d satisfying ad — bc # 0 such that

()

for all complex numbers z for which ¢z + d # 0. The result is immediate
when ¢ = 0. We therefore suppose that ¢ # 0. Then

pn(z) =

when cz + d # 0. The Md6bius transformation p is thus the composition of
three maps that each send circles and straight lines to circles and straight
lines and preserve angles between lines and circles, namely the maps

a (ad—bc)z

1
z—=cz+d, z+—— and z+— ——
z c c

_az—i—b
ez +4d

az+b_a ad — be 1

= — X
cz+d ¢ c cz+d
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Thus the Md&bius transformation p must itself map circles and straight line
to circles and straight lines and also preserve angles between lines and circles,
as required. |}
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