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11 The Inverse and Implicit Function Theo-
rems

11.1 Local Invertibility of Differentiable Functions

Definition Let ¢: X — R" be a continuous function defined over an open
set X in R™ and mapping that open set into R”, and let p be a point of X.
A local inverse of the map ¢: X — R” around the point p is a continuous
function p: W — X defined over an open set W in R" that satisfies the
following conditions:

(i) (W) is an open set in R™ contained in X, and p € u(W);

(ii) ¢(u(y)) =y for ally € W.

If there exists a function u: W — X satisfying these conditions, then the
function ¢ is said to be locally invertible around the point p.

Lemma 11.1 Let o: X — R" be a continuous function defined over an open
set X in R™ and mapping that open set into R™, let p be a point of X. and
let p: W — X be a local inverse for the map ¢ around the point p. Then
p(x) € W and p(e(x)) =x for all x € u(W).

Proof The definition of local inverses ensures that p (W) is an open subset
of X, p € u(W) and ¢(u(y)) =y for ally € W. Let x € u(W). Then
x = p(y) for some y € W. But then ¢(x) = ¢(u(y)) =y, and therefore
p(x) € W. Moreover u(p(x)) = u(y) = x, as required. |j

Let ¢: X — R"™ be a continuous function defined over an open set X in R”
and mapping that open set into R", let p be a point of X. and let y: W — X
be a local inverse for the map ¢ around the point p. Then the function from
the open set u(W) to the open set W that sends each point x of u(W) to
©(x) is invertible, and its inverse is the continuous function from W to p(W)
that sends each point y of W to u(y). A function between sets is bijective if
it has a well-defined inverse. A continuous bijective function whose inverse
is also continuous is said to be a homeomorphism. We see therefore that the
restriction of the map ¢ to the image (W) of the local inverse u: W — X
determines a homeomorphism from the open set x(1) to the open set WW.

Example The function ¢: R* — R?\ {(0,0)} defined such that

o(u,v) = (" cosv, e" sinv)
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for all u,v € R? is locally invertible, though it is not bijective. Indeed, given
(Uo,’Uo) S R, let

W = {(r cos(vg +8),r sin(vg + 0)) :
rdeR, r>0and —7w <0 <7},

and let
p(r cos(vg + 0),r sin(vg + 0)) = (logr, vy + 0)

whenever 7 > 0 and —7 < 6 < 1. Then W is an open set in R?, the function
w: W — R? is continuous,

p(W) = {(u,v) ER*: vy — 7 < v < vy + 7},
and p(p(u,v)) = (u,v) for all (u,v) € u(W).

A continuously differentiable function may have a continuous inverse, but
that inverse is not guaranteed to be differentiable, as the following example
demonstrates.

Example Let f:R — R be defined so that f(x) = 22 for all real numbers .
The function f is continuously differentiable and has a continuous inverse
R — R, where f~!(z) = ¥z when z > 0 and f~'(x) = —/—z when
x < 0. This inverse function is not differentiable at zero.

Lemma 11.2 Let p: X — R" be a continuously differentiable function de-
fined over an open set X in R™. Suppose that ¢ is locally invertible around
some point p of X. Suppose also that a local inverse to ¢ around p is dif-
ferentiable at the point ¢(p). Then the derivative (Dy)p:R™ — R"™ of ¢ at
the point p is an invertible linear operator on R™. Thus if

90(3:171.27 s 7xn) = (y17y27 s 7yn)7

forall (z1,xq,...,2,) € X, where y1,ya, . . ., yn are differentiable functions of
X1, To, ..., Tpn, and if © has a differentiable local inverse around the point p,
then the Jacobian matrix

o o O

Ory Oxy Oz

ory Oxy Oz,

Yn Oy Yn

Ory Oxy Oz

1s invertible at the point p.
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Proof Let u: W — X be a local inverse of ¢ around p, where W is an open
set in R™, p € u(W), w(W) C X and p(p(x)) = x for all x € u(WW). Suppose
that u: W — X is differentiable at ¢(p). The identity u(p(x)) = x holds
throughout the open neighbourhood p(W) of point p. Applying the Chain
Rule (Proposition 9.8), we find that (Dpu),p)(D¢)p is the identity operator
on R™. It follows that the linear operators (D), and (Dy)p on R™ are
inverses of one another, and therefore (D), is an invertible linear operator
on R™. The result follows. |}

Definition A function u: W — X between subsets W and X of Euclidean
spaces is said to be Lipschitz continuous if there exists a positive constant C
such that

() = p(v)| < Cla—v]

for all u,v e W.
It follows from Corollary 9.11 that a continuously differentiable function is

Lipschitz continuous throughout some sufficiently small open neighbourhood
of any given point in its domain.

Lemma 11.3 Let p: X — R” be a continuously differentiable function de-
fined over an open set X in R™ that is locally invertible around some point
of X and let p: W — X be a local inverse for ¢. Suppose that p: X — R" is
continuously differentiable and that the local inverse pu: W — X is Lipschitz
continuous throughout W. Then p:W — X is continuously differentiable
throughout W'

Proof The function p: W — X is Lipschitz continuous, and therefore there
exists a positive constant C' such that

u(y) —pu(w)| < Cly —w

for all y,w € W. Let q € W, let p = pu(q), and let S be the derivative of ¢
at p. Then

Sv = lim 7 (o(p -+ 1v) = ¢(p)

for all v.€ R” (see Lemma 9.5). If |¢] is sufficiently small then p+tv € u(W).
It then follows from Lemma 11.1 that

tv = p(o(p +tv)) — ule(p)),

and therefore
t|[v] < Cle(p + tv) — p(p)).
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It follows that

1 1
= lim — — >
[5v] = lim (P +1v) — p(p)] = Flv
for all v.€ R", and therefore Sv # 0 for all non-zero vectors v. It then
follows from basic linear algebra that the linear operator S on R" is invertible.
Moreover |S~'v| < Clv]| for all v € R".

Now

) 1
lim
x—=p X — P

(%) = ¢(p) = S(x—p)| =0,

because the function ¢ is differentiable at p. Also p(y) # p when y # q,
because q = ¢(p) and y = ¢(u(y)). The continuity of u ensures that u(y)

tends to p as y tends to q. It follows that
1
lim ———— |y —q—S(u(y) —p)| =0
vy Iu(y)—p|| ) =l

(see Proposition 4.16). Now

1Sy —a) — (u(y) —p)| < Cly —a— S(u(y) — p)|

for all y € W. Also
1 C

<
ly—al = |p—uly)l
for all y € W satisfying y # q. It follows that

’yquMY) —p-STy-als Iu(y()j——pl oA sy el

It follows that

1
lim ——|u(y) —p—S 'y —q)| =0
lim () (v —a)
(see Proposition 4.9), and therefore the function p is differentiable at q with
derivative S~'. Thus (Dpu)q = (Dg)," forallq € W. It follows from this that
(Dp)q depends continuously on q, and thus the function p is continuously

differentiable on W, as required. |}

11.2 Convergence of Contractive Sequences

Proposition 11.4 Let xq,X5,X3,... be an infinite sequence of points in n-
dimensional Euclidean space R", and let X\ be a real number satisfying 0 <
A < 1. Suppose that

%541 = X5 < A%y — %54

147



for all integers j satisfying j > 1. Then the infinite sequence X1, Xo, X3, ... IS
convergent.

Proof We show that an infinite sequence of points in Euclidean space satis-
fying the stated criterion is a Cauchy sequence and is therefore convergent.
Now the infinite sequence satisfies

%41 — X;| <OV

for all positive integers j, where C' = |x2 — x;1|/A. Let j and k be positive
integers satisfying j < k. Then

k—1 k—1
e =% = ) (Xer — X )| <D Ko — X,
s=j s=j
k—1 : :
1 — Nk cN
< C A =CN < :
< 02 o Cioa
s=j
We now show that the infinite sequence xi,Xs,X3,... is a Cauchy se-

quence. Let some positive real number ¢ be given. Then a positive inte-
ger N can be chosen large enough to ensure that CAY < (1 — A)e. Then
X, — x;| < € whenever j > N and k > N. Therefore the given infinite
sequence is a Cauchy sequence. Now all Cauchy sequences in R™ are conver-
gent (see Theorem 2.8). Therefore the given infinite sequence is convergent,
as required. |}

11.3 The Inverse Function Theorem

The Inverse Function Theorem ensures that, for a continuously differentiable
function of several real variables, mapping an open set in one Euclidean
space into a Euclidean space of the same dimension, the invertibility of the
derivative of the function at a given point is sufficient to ensure the local
invertibility of that function around the given point, and moreover ensures
that the inverse function is also locally a continuously differentiable function.

The proof uses the method of successive approximations, using a conver-
gence criterion for infinite sequences of points in Euclidean space that we
established in Proposition 11.4.

Theorem 11.5 (Inverse Function Theorem) Let o: X — R™ be a con-
tinuously differentiable function defined over an open set X in n-dimensional
Fuclidean space R™ and mapping X into R™, and let p be a point of X. Sup-
pose that the derivative (Dg)y,: R™ — R™ of the map ¢ at the point p is an
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invertible linear transformation. Then there exists an open set W in R"™ and
a continuously differentiable function pu: W — X that satisfies the following
conditions: —

(i) p(W) is an open set in R™ contained in X, and p € u(W);
(i) o(u(y)) =y for ally € W.

Proof We may assume, without loss of generality, that p = 0 and ¢(p) = 0.
Indeed the result in the general case can then be deduced by applying the
result in this special case to the function that sends z to ¢(p +z) — ¢(p) for
all z € R" for which p+2z € X.

Now (Dg)o: R™ — R™ is an invertible linear transformation, by assump-
tion. Let T = (Dy)y ", and let ¢: X — R™ be defined such that

(%) =x = T(p(x))

for all x € X. Now the derivative of any linear transformation at any point
is equal to that linear transformation (see Lemma 9.2). It follows from the
Chain Rule (Proposition 9.8) that the derivative of the composition function
T o ¢ at any point x of X is equal to T'(Dy)x. It follows that (Dy)x =
I —T(Dgp)y for all x € X, where I denotes the identity operator on R™. In
particular (D)o = I —T(D¢p)o = 0. It then follows from Proposition 9.10
that there exists a positive real number ¢ such that

() = ¥(v)| < 5lu—v]|

whenever |u| < § and |v| < .

Now #(0) = 0. Tt follows from the inequality just proved that [¢(x)| <
:|x| whenever [x| < 4.

Let W be the open set in R™ defined so that

W= {y eR": [T(y)| < L},

and let pg, i1, pto, ... be the infinite sequence of functions from W to R"
defined so that po(y) =0 for all y € W and

i (y) = pia(y) + T(y — o(ij-1(y)))

for all positive integers j. Now ¢(0) = 0. It follows that if ;;_1(0) = O for
some positive integer j then 1;(0) = 0. It then follows by induction on j
that 1;(0) = O for all non-negative integers j.
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We shall prove that there is a well-defined function pu: W — R™ defined
such that u(y) = lliIle i (y) and that this function p is a local inverse for
Jj—+o0

¢ defined on the open set W that satisfies the required properties.
Let y € W and let x; = p,(y) for all non-negative integers j. Then
xo = 0 and

x; = X1+ Ty —p(xj-1))
= Y(xj-1) + Ty

for all positive integers j. Now we have already shown that |¢(x)| < 3|x|
whenever |x| < §. Also the definition of the open set W ensures that |T'y| <
0. Tt follows that if [x;_1| < & then

;] < [(x-0)| + [ Ty| < 5] + |Ty| < 36+ [Ty] < 0.

It follows by induction on j that [x;| < 16 + |T'y| for all non-negative inte-
gers j. Also

Xjr1 —X; = Xj—Xj-1— T(@(Xj) - @(Xj—l))

= (X)) = (x1)
for all positive integers j. But |x;| < § and |x,;_1| < 0 and therefore
a1 — 5] = [9(x)) = P(xj-1)] < 55 — %51

for all positive integers j. It then follows from Lemma 11.4 that the infinite
sequence X, X1, X2, X3, . . . is convergent. Now x; = f1;(y) for all non-negative
integers j, where y is an arbitrary element of the open set W. The conver-
gence result just obtained therefore guarantees that there is a well-defined
function p: W — R™ which satisfies
— I ‘
ply) = lim p;(y)

for all y € W. Moreover |u;(y)| < 36 + |Ty| for all positive integers j and
for all y € W, and therefore

lu(y)| < 36+ |Ty| <6

forally e W.
Next we prove that ¢(u(y)) =y for all y € W. Now
ply) = lim p(y) = lm (u(y) + Ty —(p-1(y))))
J—+oo J—+oo

= u(y) +T(y —(uly)))
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It follows that T'(y — ¢(u(y))) = 0. But T = (Dg),". It follows that

y —o(u(y)) = (Dp)o(T(y — ¢(u(y)))) = (Dp)o(0) = 0.

Thus y = ¢(u(y)) for all y € W. Also p;(0) = 0 for all non-negative
integers j, and therefore 1(0) = 0.

Next we show that if x € R" satisfies |x| < § and if p(z) € W then
x = (p(x)). Now x = ¢(x) + Tp(x) for all x € X. Also

[Te()] < T lop lp(x)]

for all x € X, where ||T'||op denotes the operator norm of 7" (see Lemma 8.1).
It follows that

x—z| = |(x) = (z) + T(p(x) = ¢(2))l
< (%) = 9(@)| + T (p(x) = ¢(2))]
< slx—z[+ [T lo(x) — ¢(2)]

for all x,z € R™ satisfying |x| < 6 and |z| < 6. Subtracting 3|x — z| from
both sides of the above inequality, and then multiplying by two, we find that

[x — 2| < 2[|T|op [0(x) — ¢(2)].

whenever |x| < § and |z| < 0. Substituting z = p(y), we find that

[x = ()] < 20T lop (%) — v

for all x € X satisfying |x| < ¢ and for all y € W. It follows that if x € X
satisfies |x| < ¢ and if ¢(x) = y for some y € W then x = pu(y). The
inequality also ensures that

1(y) = (W) < 2[[Tlop [y — W]

for all y,w € W. Thus the function u: W — X is Lipschitz continuous. It
then follows from Lemma 11.3 that the function p is continuously differen-
tiable.

Next we prove that p(7W) is an open subset of X. Now u(W) C o~ (W)
because y = p(u(y)) for all y € W. We have also proved that |u(y)| < ¢ for
all y € W. It follows that

p(W) C o ' W)n{x e R": x| < 6}.

But we have also shown that if x € X satisfies |x| < §, and if ¢(x) € W then
x = u(p(x)), and therefore x € p(W). It follows that

p(W) = '(W)N{x e R": x| < 6}.
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Now ¢ '(TW) is an open subset in X, because ¢: X — R" is continuous
and W is an open set in R" (see Proposition 4.18). It follows that u(W) is
an intersection of two open sets, and is thus itself an open set. Moreover
0 € u(W), because 11(0) = 0. We can now conclude that pu: W — X is a
local inverse for ¢: X — R"™.

We have shown that the function u:W — X is Lipschitz continuous.
It therefore follows from Lemma 11.3 that the function pu: W — X is con-
tinuously differentiable. This completes the proof of the Inverse Function
Theorem for continuously differentiable functions whose derivative at a given
point is an invertible linear transformation. |}

11.4 The Implicit Function Theorem

Theorem 11.6 Let X be an open set in R™, let f1, fo,..., fin be a continu-
ously differentiable real-valued functions on X, where m < n, let

M={xeX: fi(x)=0fori=1,2,...,m},

and let p be a point of M. Suppose that fi1, fo, ..., fin are zero at p and that

the matriz

onh of on

Oxy Oxy Oz

Ox, Oxe Oz

Ofm  Ofm fm
15 invertible at the point p. Then there exists an open neighbourhood U
of p and continuously differentiable functions hq, ha, ..., h,, of n —m real
variables, defined around (pyy1, ..., pn) in R"™™ such that

MNU = {(x1,$2,...,xn>EUZ

ZT; :hi($m+17---7xn) fOT'?;: 1,2,...,m}.

Proof Let ¢: X — R"™ be the continuously differentiable function defined
such that

p(x) = (fl(X),f2<X), ooy Jin(X), Tyt - - ,xn>

for all x € X. (Thus the ith Cartesian component of the function ¢ is equal
to f; for ¢ < m, but is equal to z; for m < i < n.) Let J be the Jacobian
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matrix of ¢ at the point p, and let J; ; denote the coefficient in the ith row
and jth column of J. Then
Ofi

8x]~
fori=1,2,...,mand j=1,2,...,n. Also J;; =1if ¢ > m, and J;; = 0 if
¢ > m and j # i. The matrix J can therefore be represented in block form

([ J] A
- ()

where Jj is the leading m xm minor of the matrix J, A is an m X (n—m) minor
of the matrix J and I,,_,, is the identity (n —m) x (n —m) matrix. It follows
from standard properties of determinants that det J = det J,. Moreover the
hypotheses of the theorem require that det Jy # 0. Therefore det J # 0. The
derivative (Dy)p of ¢ at the point p is represented by the Jacobian matrix J.
It follows that (Dy)p: R™ — R™ is an invertible linear transformation.

The Inverse Function Theorem (Theorem 11.5) now ensures the existence
of a local inverse p: W — X for the function ¢ around p. The range pu(W)
of this local inverse is then an open set in X containing the point p, and
p(u(y)) =y for ally € W.

Let y be a point of W, and let y = (y1,%2,...,¥n). Theny = p(u(y)),
and therefore y; = f;(u(y)) for i = 1,2,...,m, and y; is equal to the ith
component of u(y) when m < i <n.

Now p € pu(W). Therefore there exists some point q of W satisfying
u(q) = p. Now p € M, and therefore f;(p) = 0 for i = 1,2,...,m. But
¢ = fi(u(q)) = fi(p) when 1 < i < m. It follows that ¢; = 0 when
1 <i<m. Also ¢; = p; when i > m.

Let g; denote the ith Cartesian component of the continuously differ-
entiable map u: W — R” for ¢+ = 1,2,...,n. Then ¢g;: W — R is a con-
tinuously differentiable real-valued function on W for ¢+ = 1,2,... ., n. If
(Y1,Y2, -+, Yn) € W then

Jij =

(ylvy27 s ,yn> = (p(lu(yhy?a s 7yn))

It then follows from the definition of the map ¢ that y; is the ith Cartesian
component of u(y1, Yo, ..., y,) when i > m, and thus

yizgi(yhyz,-..,yn) when 7> m.

Now u(W) is an open set, and p € p(W). It follows that there exists
some positive real number § such that H(p,d) C pu(W). where

H(p,9)
= {(xy,29,...,2,) ER":p; =6 <x; <p;+dfori=1,2,... ,n}.
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Let

D = {(z1,22,. -, 20-m) ER" i ppyj — 0 < 25 < Py +0
for j=1,2,...,n—m},

and let h;: D — R be defined so that
hi(thQu s 7Zn—m) = 91(0707 s ‘aO)thQv s 7Zn—m)
fori=1,2,...,m.

Let x € H(p,0), where x = (x1,23,...,2,). Then x € u(W). It follows
from Lemma 11.1 that

(xl,x?v”'ﬂxn) = M(SO(X))
= N(fl(x)7f2(x)7'"7fm(X)7xm+1>---axn>~

On equating Cartesian components we find that

T; = gi(fl<x)7f2(x>7 .- '>fm(x>7$m+17 s 7xn>'

fori=1,2,...,n.
In particular, if x € H(p,d) N M then

[x) = fo(x) =+ = fm(x) = 0,
and therefore
T, = gi(0,0,...,O,xmﬂ,.‘.,xn)
= hi<:cm+1, . ,xn>.
fori =1,2,...,m. It follows that

MﬂH(I)v(S) - {<x1ax27-"7xn)€H(pa6):

;= hi(Tmi1, ..., z,) fori=1,2,...,m}.
Now let x be a point of H(x,d) whose Cartesian components x1, zs, . . ., T,
satisfy the equations
Xr; = hi(xm-i—l; Ce ,[L’n)

fori=1,2,...,m. Then
a:i:gi(0,0,...,O,me,...,xn)
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fori =1,2,...,m. Now it was shown earlier that

Yi = 9i(Y1, Y2. -, Yn)
for all (y1,vs,...,yn) € W when i > m. It follows from this that
i = gi(0,0,...,0, Zpi1, -y Tp)

when m < ¢ < n. The functions g1, ¢, ..., g, are the Cartesian components
of the map p: W — X. We conclude therefore that

(21,22, ..., xn) = u(0,0,...,0, i1, ..., Tn),
Applying the function ¢ to both sides of this equation we see that

o,z .. xn) = @(u(0,0,...,0,Zm11, .., Ty))
= (0,0,...,0,Zmi1,. -, Tpn).

It then follows from the definition of the map ¢ that
fi(l'l, Loy ... ,$n) = O,

fori=1,2,...,m. We have thus shown that if x is a point of H(x, d) whose

Cartesian components xq, xs, . . ., T, satisfy the equations
xTr; = hi(JZerl, . ,LEn)
fori =1,2,...,mthen x € M. The converse of this result was proved earlier.

The proof of the theorem is therefore completed on taking U = H(p,d). |}
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