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5 The Riemann Integral in One Dimension

5.1 Darboux Sums and the Riemann Integral

The approach to the theory of integration discussed below was developed
by Jean-Gaston Darboux (1842-1917). The integral defined using lower and
upper sums in the manner described below is sometimes referred to as the
Darboux integral of a function on a given interval. However the class of func-
tions that are integrable according to the definitions introduced by Darboux
is the class of Riemann-integrable functions. Thus the approach using Dar-
boux sums provides a convenient approach to define and establish the basic
properties of the Riemann integral.

Definition A partition P of an interval [a,b] is a set {xg, z1,29,...,2,} of
real numbers satisfying a = zg < 1 <29 < --- < x_1 < T, = 0.

Given any bounded real-valued function f on [a,b], the upper sum (or
upper Darbouz sum) U(P, f) of f for the partition P of [a,b] is defined so

that
Z M — Ti— 1

where M; = sup{f(z) : z;_1 <z < xz}
Similarly the lower sum (or lower Darbouz sum) L(P, f) of f for the
partition P of [a,b] is defined so that

Emzlel

where m; = inf{f(z): x;; <z < xz}
Clearly L(P, f) < (P f). Moreover Z( i —xi—1) = b—a, and therefore

1=1
for any real numbers m and M satisfying m < f(x) < M for all z € [a, b].

Definition Let f be a bounded real-valued function on the interval [a, b],
where a < b. The upper Riemann integral U fab f(z)dx (or upper Darboux

integral) and the lower Riemann integral ﬁfff(x) dx (or lower Darboux
integral) of the function f on [a,b] are defined by

b

L{/ f(x)dz = inf{U(P, f): P is a partition of [a,b]},
b

E/ f(z)dx = sup{L(P, f): P is a partition of [a,b]} .
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The definition of upper and lower integrals thus requires that U/ f; f(z)dx

be the infimum of the values of U(P, f) and that £ fab f(z) dx be the supre-
mum of the values of L(P, f) as P ranges over all possible partitions of the
interval [a, b].

Definition A bounded function f:[a,b] — R on a closed bounded interval
[a,b] is said to be Riemann-integrable (or Darbouz-integrable) on [a,b] if

M/abf(x)dxzﬁ/abf(x)dx,

in which case the Riemann integral f; f(x)dx (or Darbouz integral) of f on
[a,b] is defined to be the common value of U ff f(x)dz and L fab f(x)dx.

When a > b we define

/abf(x)dx:—/baf(x)dx

for all Riemann-integrable functions f on [b, a]. We set f; f(z)dz = 0 when
b=a.

If f and g are bounded Riemann-integrable functions on the interval
[a,b], and if f(x) < g(x) for all x € [a,b], then f:f(w) dr < fabg(:v) dx, since
L(P, f) < L(P,g) and U(P, f) < U(P,g) for all partitions P of [a,b].

Definition Let P and R be partitions of [a, b], given by P = {xg, z1,...,2,}
and R = {ug, u1,...,uy,}. We say that the partition R is a refinement of P
it P C R, so that, for each z; in P, there is some u; in R with z; = u;.

Lemma 5.1 Let R be a refinement of some partition P of [a,b]. Then
L(R,f) = L(P,f) and U(R,f) <U(P,f)

for any bounded function f:[a,b] — R.

Proof Let P = {xg,21,...,2,} and R = {ug, u1,...,un}, where a = zy <

r < - <z, =banda=u < u < - < u, =0b Now for each

integer ¢ between 0 and n there exists some integer j(i) between 0 and m

such that z; = uj(;) for each ¢, since R is a refinement of P. Moreover 0 =
j(0) < j(1) <--- < j(n) =n. For each i, let R; be the partition of [z;_1, x;]
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given by R, = {u; : j(i — 1) < j < j(i)}. Then L(R, f) = 3 L(Ri, f) and
=1

U(R, f) = > U(R;, f). Moreover

i=1
m;i(z; — x;21) < L(R;, f) S U(R;, f) < Mi(x; — xi-1),

since m; < f(x) < M; for all x € [x;_1,2;]. On summing these inequal-
ities over i, we deduce that L(P,f) < L(R,f) < U(R,f) < U(P,f), as
required. ||

Given any two partitions P and @ of [a, b] there exists a partition R of
[a,b] which is a refinement of both P and ). For example, we can take
R = P UQ. Such a partition is said to be a common refinement of the
partitions P and (.

Lemma 5.2 Let f be a bounded real-valued function on the interval [a,b].
Then

L/abf(x)deZ/I/abf(x)d:v.

Proof Let P and @ be partitions of [a, b], and let R be a common refinement
of P and Q. It follows from Lemma 5.1 that L(P, f) < L(R, f) < U(R, f) <
U(Q, f). Thus, on taking the supremum of the left hand side of the inequality
L(P, f) <U(Q, f) as P ranges over all possible partitions of the interval [a, b,
we see that Efabf(x) de < U(Q, f) for all partitions @ of [a,b]. But then,
taking the infimum of the right hand side of this inequality as () ranges over
all possible partitions of [a, b], we see that Ef:f(a:) dr < Z/{fabf(:lr) dx, as
required. ||

Example Let f(x) = cx+d, where ¢ > 0. We shall show that f is Riemann-
integrable on [0, 1] and evaluate fol f(z) dz from first principles.

For each positive integer n, let P, denote the partition of [0, 1] into n
subintervals of equal length. Thus P, = {x¢,x1,...,2,}, where z; = i/n.
Now the function f takes values between (i — 1)¢/n + d and ic/n + d on the
interval [x;_1, ;], and therefore

vd, M=25+14d
n

where m; = inf{f(z) : x;—1 <z < x;} and M; = sup{f(z) : ;-1 <z < x;}.
Thus
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It follows that

and

Now L(Py, [) < L [? f(x)dz < U [ f(z)dzx < U(P,, f) for all positive
integers n. It follows that Ef:f(a:) de = 3c+d= Z/{f: f(z)dzx. Thus f is
Riemann-integrable on the interval [0, 1], and fol f(z)dx = c+d.

Example Let f:]0,1] — R be the function defined by
1 if x is rational;
o) ={

0 if z is irrational.

Let P be a partition of the interval [0, 1] given by P = {xg,x1,xo,..., 2},
where 0 = zg < 21 <29 < --- < x, = 1. Then

inf{f(z) :2;-1 <z <z} =0, sup{f(z) :z;o1 <z <x;} =1,
fori=1,2,...,n, and thus L(P, f) = 0 and U(P, f) = 1 for all partitions P
of the interval [0, 1]. Tt follows that Efol f(x)dr = 0 and L{fol flx)dr =1,
and therefore the function f is not Riemann-integrable on the interval [0, 1].
5.2 Basic Properties of the Riemann Integral

Lemma 5.3 Let f:[a,b] — R be a bounded function on a closed bounded
interval [a,b], where a and b are real numbers satisfying a < b. Then the
lower and upper Riemann integrals of f and —f are related by the identities

u [ fayde = £ / () d.
E/ab(—f(x))da: _ —L{/abf(a:)d:):.

o1



Proof Let P = {xg, x1,%2,...,x,}, where
a=Tog< T, <Tyg<--<x,=0>,
and let

m; = inf{f(x):z;1 <x <z},
M; = sup{f(z): 21 S o < i}

Then the lower and upper sums of f for the partition P are given by the
formulae

Emzzle EM 'Izl

Now

sup{—f(x) :x; 1 < x <z}

= —inf{f(x): 2,1 <z <z} =—-my,
inf{—f(z) : ;1 <z <}

= —sup{f(z) 121 <z <3} = —M,

It follows that

UP,—f) = Z(—mi)(fﬁi —xi1) = —L(P, f),

L(P,—f) = Z(—Mi)(fci —xi1) = =U(P, f).

We have now shown that

for all partitions P of the interval [a,b]. Applying the definition of the upper
and lower integrals, we see that
b
U/ (—f(z))dz = inf{U(P,—f): P is a partition of [a,b]}

inf {—L(P, f) : P is a partition of [a, b]}
—sup{L(P, f) : P is a partition of [a, b}

= —E/abf(z)d:v
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Similarly

£/ (—f(x))dz = sup{L(P,—f): P is a partition of [a,b|}

= sup{—U(P, f) : P is a partition of [a, b]}
= —inf{U(P, f): P is a partition of [a,b]}

:—L{/f ) dz.

This completes the proof. |}

Lemma 5.4 Let f:[a,b] — R and g:[a,b] — R be bounded functions on
a closed bounded interval [a,b], where a and b are real numbers satisfying
a < b, and let P be a partition of the interval [a,b]. Then the lower sums of
the functions f, g and f + g satisfy

L(P, f+g) = L(P, f) + L(P,g),
and the upper sums of these functions satisfy

U(P.f+g) <U(Pf)+U(Pg).
Proof Let P = {xg, x1,%2,...,2,}, where

a=x)g <11 <Tp<--<xp,=0>

Then
LPj) = j;:mi(fm )
L(Py) = anmi(g)(x i)
(P f+g) = Zj;mi(erg)(xz—xz—ﬂ,
where )

mi(f) = inf{f(z): 2,01 <z <z},
mi(g) = inf{g(x):z,1 <z <},
m;(f+g) = inf{f(z)+g(x): 2,01 <x <}
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fori=1,2,...,n.
Now
f(x) =2 mi(f) and  g(x) = mi(g).
for all € [z;_1,x;]. Adding, we see that
f(@) +g(x) = mi(f) +mi(g)
for all z € [x;_1, x;], and therefore m;(f) 4+ m;(g) is a lower bound for the set

{fl)+g(z): iy <z <a}.

The greatest lower bound for this set is m;(f + ¢g). Therefore

mi(f +g) = mi(f) +mi(g).

It follows that

L(P f+g) = Zmi(erg)(xi — Ti-1)

n

D (mi(f) +mi(9)(xi — 1)

=1

= Zmz(f)(% —ri1) + Zm,(g)(ﬂc, — T 1)
= L(P, f)+ L(P,g).

v

An analogous argument applies to upper sums. Now

n

UP.f) = D) Mi(f)(wi—wi),

=1

UPyg) = ZMi(g)(xi_J7i—l)7

UP f+g) = ZMi(erg)(xi—xi—ﬂ,

where

Mi(f) = sup{f(z): @1 <o <},
Mi(g) = sup{g(z): @1 <o <13},
Mi(f+g) = sup{f(x)+g(z):zi1 <z <}
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fori=1,2,...,n.
Now
f(x) < M;(f) and g(z) < Mi(g).

for all = € [z;_1,z;]. Adding, we see that
f(x) + g(z) < Mi(f) + Mi(g)

for all € [x;_1,2;], and therefore M;(f) + M;(g) is an upper bound for the
set

{f(@) +g(x) s vim1 <z < i}
The least upper bound for this set is M;(f + ¢g). Therefore
M;i(f + g) < Mi(f) + M;i(g).

It follows that

UP f+g) = ZMz(f+9)($z — T 1)

n

S (M) + Mifa) o = 1)

= Z M;(f)(zi — zi1) + Z M;(g)(x; — x51)

= UL f)+U(Pyg).

IN

This completes the proof that
L(P, f+g) = L(P, f) + L(P, g)

and
UP,f+q9) <UWP f)+UP.g). §

Proposition 5.5 Let f:[a,b] — R and g:[a,b] — R be bounded Riemann-
integrable functions on a closed bounded interval [a,b], where a and b are
real numbers satisfying a < b. Then the functions f + g and f — g are
Riemann-integrable on |a,b], and moreover

[ @+ s@na= [ @i [gwa
and

/ab(f(x) —g(x)) dx = /ab f(x)dr — /abg(x) de.
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Proof Let some strictly positive real number ¢ be given. The definition
of Riemann-integrability and the Riemann integral ensures that there exist
partitions P and @ of [a, b] for which

L(P,f)>/ f(x)dx — ie

b
L(Q,q) > / g(x)dx — %5.

Let the partition R be a common refinement of the partitions P and ). Then

and

L(R,f) = L(P,f) and L(R,g) > L(P,g).

Applying Lemma 5.4, and the definition of the lower Riemann integral, we

see that
£ [ (@) + gl o

)+
> L(R.f+g) = LR, f) + L(R, g)
> L(Pf)+ L(Q9)

(Froe ). ([
> /af(@d“/ag(x)dx—g

We have now shown that

c/ab<f(x)+g<x))dx>/abf(x)da:+/abg(a:>dx—g

for all strictly positive real numbers e. However the quantities of

£/ab(f(x)+g(m))dx, /abf(x)dx and /abg(x)dx

have values that have no dependence whatsoever on the value of . It follows
that

V

¢ [ oz [(s@ars [ o

We can deduce a corresponding inequality involving the upper integral of
f+ g by replacing f and g by —f and —g respectively (Lemma 5.3). We find
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that

[V
@\
A@‘
|
=
8
=
s
+
m\
P
<
&
=
S

c / (—f(2) — g(x)) ds

and therefore

b b
U / (@) + g()de = —C / (—f(x) - glx)) da

< /abf(x)da:+/abg(:t)dx.

Combining the inequalities obtained above, we find that

/abf(a:)d:c—i—/abg(x)da:
< £ [+ g

< /(f( )+ g(z)) de

g/f dw+/ g(z) da.

The quantities at the left and right hand ends of this chain of inequalities
are equal to each other. It follows that

¢ [ U@ o = u [ 1w+ o)
= /abf(x)d:v+/abg(x)dx.

Thus the function f + g is Riemann-integrable on [a, b], and

/ab(f(x) +g(z)) do = /abf(a:) dr + /abg(.r) dr.

Then, replacing g by —g, we find that

/ab(f(x) —g(x))dr = /abf(:v) dw — /abg(x) A

as required. |
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Proposition 5.6 Let f:[a,b] — R be a bounded function on a closed bounded
interval [a,b], where a and b are real numbers satisfying a < b. Then the
function f is Riemann-integrable on [a,b] if and only if, given any positive
real number €, there exists a partition P of [a,b] with the property that

U(P, f) — L(P, f) < e.

Proof First suppose that f:[a,b] — R is Riemann-integrable on [a,b]. Let
some positive real number € be given. Then

/a () do

is equal to the common value of the lower and upper integrals of the func-
tion f on [a,b], and therefore there exist partitions @) and R of [a,b] for
which

b

QN> [ fa)de- ke
and ,

U(R, f) </ f(z)dz + 3e.
Let P be a common refinement of the partitions ) and R. Now

L(Q.f) < L(P.f) < U(P, f) < U(R, ).
(see Lemma 5.1). It follows that
U(Pvf) _L(Pvf) < U(R’f) _L(Qaf) <Eé&.

Now suppose that f:[a,b] — R is a bounded function on [a,b] with the
property that, given any positive real number ¢, there exists a partition P of
[a, b] for which U(P, f) — L(P, f) < e. Let € > 0 be given. Then there exists
a partition P of [a,b] for which U(P, f) — L(P, f) < e. Now it follows from
the definitions of the upper and lower integrals that

b b
LPf) < C / f@)de <U / J(x)dz < U(P, f),

and therefore

b b
Z/{/ f(a:)da:—ﬁ/ flz)de <U(P, f) — L(P, f) <e.
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Thus the difference between the values of the upper and lower integrals of f
on [a, b] must be less than every strictly positive real number ¢, and therefore

b b
Z/l/ f(x)dxzﬁ/ f(z)dx.
This completes the proof. |}

Proposition 5.7 Let f be a bounded real-valued function on the interval
[a,c]. Suppose that f is Riemann-integrable on the intervals |a,b] and [b,c],
where a < b < c¢. Then f is Riemann-integrable on |a,c|, and

/acf(a:)da::/abf(a:)d:v+/bcf($)d:v.

Proof Let some positive real number € be given. The function f is Riemann-
integrable on the interval [a, b] and therefore there exists a partition @ of [a, b]
such that the lower Darboux sum L(Q, f) of f on [a,b] with respect to the
partition @ of [a, b] satisfies

b
L(Q, f) > / f(z)dx — %6.

Similarly there exists a partition R of [b, ¢| of [a,b] such that the lower Dar-
boux sum L(Q, f) of f on [b, ] with respect to the partition R of [b, ¢] satisfies

L(R, f) > /bcf(:c) dz — e

Now the partitions ) and R combine to give a partition P of the interval
[a,c], where P = QU R. Indeed Q = {ug,u1,...,un}, where ug, uy, ..., Uy,
are real numbers satisfying

a=1uy <u < Uy < Up_1 < Uy, =0b,
and R = {vg, v1,...,0,}, where vg, vq,...,v, are real numbers satisfying
b=vg< v <V < Vp_1 <V, =C.

Then
P ={a,uy,us, ..., Up_1,b,01,09,...,0,_1,cC}.

It follows directly from the definition of Darboux lower sums that
L(P, f) = L(Q, ) + L(R, f).
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The choice of the partitions () and R then ensures that
b c
L(P, f) > / f(z) dx—i—/ flz)dx —e.
a b

The lower Riemann integral £ / f(z)dx is by definition the least upper

bound of the lower Darboux sums of f on the interval [a, ¢|. It follows that

E/acf(:c)dx>/abf(x)dx+/bcf(x)da;—5.

Moreover this inequality holds for all values of the positive real number . It
follows that

[,/acf(x)dxz/abf(x)dx+/bcf(x)dx.

Applying this result with the function f replaced by —f yields the in-
equality

E/ac(—f(x))d:r; > —/abf(x) iz — /bcf(x) da.

£ [ r@yde=-u [ j@da

(see Lemma 5.3). It follows that

Ll/acf(a:)dxﬁ/abf(x)dx—i—/bcf(x)dxSﬁ/acf(w)dx.

£/acf(:c)dx§1/{/acf(x)dx.

It follows that

/J/acf(x)dx:U/acf(x)dx:/abf(x)dac—i—/bcf(x)dx.

The result follows. |}
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5.3 Integrability of Monotonic Functions

Let a and b be real numbers satisfying a < b. A real-valued function
f:]a,b] = R defined on the closed bounded interval [a,b] is said to be non-
decreasing if f(u) < f(v) for all real numbers u and v satisfying a < u < v <
b. Similarly f:[a,b] — R is said to be non-increasing if f(u) > f(v) for all
real numbers u and v satisfying a < u < v < b. The function f:[a,b] — R is
said to be monotonic on [a,b] if either it is non-decreasing on [a, b] or else it
is non-increasing on [a, b].

Proposition 5.8 Let a and b be real numbers satisfying a < b. Then every
monotonic function on the interval [a,b] is Riemann-integrable on [a,b].

To X1 T T3 Ty T5 T T7 T

Proof Let f:[a,b] — R be a non-decreasing function on the closed bounded
interval [a,b]. Then f(a) < f(z) < f(b) for all x € [a,b], and therefore the
function f is bounded on [a,b]. Let some positive real number ¢ be given.
Let 0 be some strictly positive real number for which (f(b) — f(a))d < e, and
let P be a partition of [a,b] of the form P = {xg, 1,2z, ..., x,}, where

Aa=20<T1 < Ty < - < Tp1<T,=0>

and r; — z;_1 < 0 for i = 1,2,...,n. The maximum and minimum values
of f(x) on the interval [x;_;, z;] are attained at z; and z;_; respectively, and
therefore the upper sum U (P, f) and L(P, f) of f for the partition P satisfy

U(P, f) = Zf(xi)(xi — Ti-1)
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and
n

L(P, f) = Zf(xi—l)(xi - fEi—l)-

=1

Now f(x;) — f(z;—1) > 0 for i =1,2,...,n. It follows that

Y

=

We have thus shown that

M/abf(:c)dx—ﬁ/abf(x)da:<5

for all strictly positive numbers €. But

b b
L{/ f(x)deE/ f(z)dx.

It follows that , ,
LI/ f(x)dxzﬁ/ f(z)dx,

and thus the function f is Riemann-integrable on [a, b].

Now let f:[a,b] — R be a non-increasing function on [a,b]. Then —f is a
non-decreasing function on [a, b] and it follows from what we have just shown
that —f is Riemann-integrable on [a, b]. It follows that the function f itself
must be Riemann-integrable on [a, b], as required. |}
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Corollary 5.9 Let f:[a,b] — R be a real-valued function on the interval
[a,b], where a and b are real numbers satisfying a < b. Suppose that there
exist real numbers xg, x1,...,x,, where

a=2) <1 < Ty < < Tp_1<x,=0>,

such that the function f restricted to the interval [x;_q,x;] is monotonic on
[Ti_1, 2] fori=1,2,...,n. Then f is Riemann-integrable on [a,b].

Proof The result follows immediately on applying the results of Proposi-
tion 5.7 and Proposition 5.8. |}

Remark The result and proof-strategy of Proposition 5.8 are to be found
in their essentials in Isaac Newton, Philosophiae naturalis principia mathe-
matica (1686), Book 1, Section 1, Lemmas 2 and 3.

5.4 Integrability of Continuous functions

Theorem 5.10 Let a and b be real numbers satisfying a < b. Then any
continuous real-valued function on the interval [a,b] is Riemann-integrable.

Proof Let f be a continuous real-valued function on [a,b]. Then f is
bounded above and below on the interval [a, b], and moreover f:[a,b] — R is
uniformly continuous on [a, b]. (These results follow from Theorem 4.21 and
Theorem 4.22.) Therefore there exists some strictly positive real number o
such that | f(z) — f(y)| < € whenever z,y € [a, b] satisfy |x — y| <.

Choose a partition P of the interval [a,b] such that each subinterval in
the partition has length less than §. Write P = {zg,z1,...,2,}, where
a=x9g<x1 < -<xp=">0 Nowifz; 1 <z <z then |z —x;] <, and
hence f(z;) —e < f(x) < f(z;) +e. It follows that

where m; = inf{f(z) : ;1 <z < x;} and M; = sup{f(z) : ;1 < x < x;}.
Therefore

Z f(zi) (i — 2im1) — (b —a)
< e U@

< D f@i)@—wia) +e(b - a),
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where L(P, f) and U(P, f) denote the lower and upper sums of the function f
for the partition P.
We have now shown that

Ogu/ f(x)dx—ﬁ/ f(@)de < U(P, f) — L(P. f) < 2(b — a).

But this inequality must be satisfied for any strictly positive real number ¢.
Therefore

L{/abf(x)dxzﬁ/abf(x)dx,

and thus the function f is Riemann-integrable on [a,b]. |}

5.5 The Fundamental Theorem of Calculus

Let a and b be real numbers satisfying a < b. One can show that all con-
tinuous functions on the interval [a,b] are Riemann-integrable (see Theo-
rem 5.10). However the task of calculating the Riemann integral of a contin-
uous function directly from the definition is difficult if not impossible for all
but the simplest functions. Thus to calculate such integrals one makes use
of the Fundamental Theorem of Calculus.

Theorem 5.11 (The Fundamental Theorem of Calculus) Let f be a
continuous real-valued function on the interval [a,b], where a <b. Then

([ rwa)=rw

for all x satisfying a < x < b.

Proof Let some strictly positive real number ¢ be given, and let ¢y be a real
number chosen so that 0 < gy < . (For example, one could choose ¢y = %5)
Now the function f is continuous at x, where a < < b. It follows that there
exists some strictly positive real number 6 such that

f(x) —eo < f(t) < f2) + 9
for all t € [a,b] satisfying 2 — 6 < t < x + 8. Let F(s) = [ f(t)dt for all

s € (a,b). Then
F(x+h) = /w f(t)dt:/mf(t)dt+/x f(t)dt
‘ x+h ! ’
= F(a;)+/ f(t)dt
6
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whenever = + h € [a,b]. Also

[ = [ g

because f(x) is constant as t varies between = and = + h. It follows that

. _ " z+h
F( —i—h})L F( >_f($):%/x (f(t) — f(x))dt

whenever z + h € [a,b]. But if 0 < |h| < § and x + h € [a, b] then

—e0 < f(t) = f(z) < &

for all real numbers ¢t belonging to the closed interval with endpoints = and
x + h, and therefore

z+h
—eolh < / (F(t) — f(x))dt < eolh].

It follows that

'F(:v—i—h)—F(:v) <eg<e

L= )

whenever z + h € [a,b] and 0 < |h| < . We conclude that

d (/: £ dt) o F(x+ h})z — F(x) ~ o).

dx h—0

as required. |
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6 The Multidimensional Riemann Integral

6.1 Partitions of Closed Cells

Definition We define a closed n-cell in R™ to be a subset of R™ of the form
{(x1,29,...,2,) ER" :yy; <y <w; fori=1,2,...,n},

where uy,us, ..., u, and vy, vs,...,v, are real numbers satisfying u; < v; for
1=1,2,...,n.

Definition Let C be a closed n-cell in R™. Then there are uniquely-de-
termined real numbers uq, us, ..., u, and vy, vs,..., v, satisfying u; < v; for
1=1,2,...,n for which

C={(x1,29,...,2,) ER" :y; < z; <w; fori=1,2,...,n}.

We define the interior of the n-cell C' to be the open set int(C') defined such
that

int(C) = {(z1,22,...,2,) ER" 1wy <y <w; fori=1,2,...,n}.

Definition Let C be a closed n-cell in R”. Then there are uniquely-de-
termined real numbers uy, us, ..., u, and vy, v, ..., v, satisfying u; < v; for
1=1,2,...,n for which

C={(r1,29,...,2,) ER" 1 uy; < z; <w; fori=1,2,...,n}.

We define the content of the n-cell C' to be the positive real number u(C')
defined by the formula

p(C) = H(vi - ui),

n

where [](v; — u;) denotes the product of the quantities v; — w; for i =
i=1

1,2,...,n.

We now develop some notation and terminology for use in discussing
partitions of closed n-cells in R".

Given sets X1, Xo,..., X, the Cartesian product X; x X5 x --- x X, of
those sets is the set consisting of all ordered n-tuples (x1,xs,...,x,) with
the property that z; € X; fori =1,2,... n.

66



Thus for example let [a, b] and [c, d] be closed intervals, where a, b, ¢ and
d are real numbers satisfying a < b and ¢ < d. The Cartesian product of
these two closed intervals is a closed rectangle [a, b] X [c,d] in R?, where

[a,b] x [c,d] = {(z,y) eR* :a <2 <b and c <y < d}.

This closed rectangle is a closed 2-cell in R?, and moreover any closed 2-cell
in R? is the Cartesian product of 2 closed intervals in R2.

More generally, any n-cell in R™ is the Cartesian product of n closed
intervals of positive length. The content of the n-cell is then the product of
the lengths of those closed intervals.

Indeed let C' be a closed n-cell in R™. This closed cell is determined by
real numbers u; and v; for e = 1,2, ..., n, where u; < v; for all 7 and

C={(x1,29,...,2p) ER" 1y < x; <w; fori=1,2,...,n}.

The n-cell C' is thus the Cartesian product

[ulavl] X [u27U2] X X [Un,Un]
of the closed intervals [uy, v1], [ug, va], . . ., [tn, Vp].
Let P; be a partition of the closed interval [u;, v;] for i = 1,2, ..., n. Then

the partitions Py, Ps, ..., P, induce a partition P of the closed n-cell C, where
C= [ulavl] X ['LLQ,UQ] X X [unuvn]7

partitions this n-cell as a collection of closed subcells that meet one another
only along parts of their boundaries. Specifically let

P = {wi,(b Wiy .- - 7wi,ki}
fori=1,2,...,n, where
Uy = Wi < Wi < - < Wik, = V-

The partition P; then decomposes the closed interval [u;, v;] as a collection
of subintervals [w; ;,—1,w; j,] where the index j; ranges over the integers from
1 to kz

Let

Q(P):{(jl,jg,,jn)EZn1§]Z§k1f0r221,2,,n}
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Given a € Q(P), there exist integers ji, j2, ..., j, for which 1 < j; < k; for
i=1,2,...,nand o = (j1,J2,-.,Jn). Let Cpq, or Cijy js,...jn), denote the
closed n-cell in R™ defined so that

CP’O‘ - C(j17j2,---,jn)
= [wig -1, W15 X [Waj, 1, W] X -0 X [Whj, 1, Wn ]

= {(z1,29,...,2y) ER" 1 w; 01 <x; <w;y, fori=1,2,... ,n}.

Then the closed n-cell C' is the union of the closed subcells Cp,, as o ranges
over the set 2(P). Moreover, if two of these subcells intersect one another,
then they intersect only along parts of their boundaries, and thus the interiors
of these subcells are disjoint.

Proposition 6.1 Let C' be a closed n-cell in R™, let
[uh Ul] X [u27 7}2]7 LRI [Un7 Un]

be the closed intervals of positive length whose Cartesian product is the n-
cell C, and let P; be a partition of the closed interval [u;,v;] fori=1,2,... n.
Then the partitions Py, Ps, ..., P, induce a partition P of the closed n-cell C
as the union of closed subcells Cp,, where the index o ranges over a finite
set Q(P). Fach element o of this indexing set Q(P) is an n-tuple of inte-
gers (Ji,72, -+ Jn), where j; numbers the corresponding subinterval in the
partition P; of the interval [u;, v;], and the corresponding subcell Cp,, of C'is
the Cartesian product of those subintervals. Moreover the subcells Cp, for
a € Q(P) meet, if at all, only along parts of their boundaries, and thus the
interiors of these subcells are disjoint.

Let C' be a closed n-cell in R™. This n-cell is a product of n closed intervals

[ulu U1]7 [u27v2]7 ey [un7vn]-

Let P; be a partition of the interval [u;,v;] for ¢ = 1,2,...,n. Then the
partitions Py, P, ..., P, determine a partition P of the closed n-cell with
indexing set 2(P) in the manner described in Proposition 6.1. The elements
of this indexing set {2(P) are n-tuples of integers. These n-tuples label the
closed subcells of C' determined by the partition P. We refer to these elements
of Q(P) as multi-indices.

Let o be a multi-index in the indexing set Q(P) for the partition P of
the closed n-cell induced by partitions of the closed intervals [u;, v;] whose
Cartesian product is the n-cell C. Let k; denote the number of subintervals in
the partition of the ith interval |u;, v;] occurring as a factor in the Cartesian
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product. Then oo = (jy, ja2, - - -, jn), Wwhere j; is an integer between 1 and k; for
t=1,2,...,n. The closed subcell Cp, that corresponds to the multi-index
is then determined as follows:

Cpa = (W11, w145 ] X [Waj,1,Wa5] X -+ X [Wnj, -1, Wn j,],

where [w; j,—1,w; j,] is the j;th subinterval occuring in the partition of the
closed interval [u;,v;] for i = 1,2,...,n. The content u(Cp,) of the closed
n-cell Cp,, is then given by the formula

n

w(Cra) = [ [(wij, — wiji—).

i=1

Proposition 6.2 Let C' be a closed n-cell in R™ with content pu(C), and
let P be a partition of C' induced by partitions of the closed intervals whose
Cartesian product is the closed n-cell C'. Let Q(P) be the indexing set for the
partition P, and for all multi-indices o € Q(P), let Cp, be the corresponding
closed subcell in the partition of the closed n-cell C, and let u(Cp,) denote
the content of Cp,. Then

wC) = " puCpa)
aeQ(P)
Proof Let
C= [ulvvl] X [u27 U2]7 ) [una Un]7

where, for each ¢ between 1 and n, u; and v; are real numbers satisfying
U; < V5. Then

Let the partition P of C' be induced by partitions P; of [u;,v;] for i =
1,2,...,n. Moreover let
P, = {wi,07 Wi 1y - ,wi,ki}a
where w; o, w;1,W; 2, ..., w;, are real numbers for 7 =1,2,... k; and
U= Wi < Wi < -0 < Wik, = V.

The content p(Cj, js,....jn)) Of the closed subcell Cy;, j, ..y in the partition
of C' corresponding to the multi-index (ji, jo,...,Jjn) is then given by the

formula
n

M(C(j17j27-~7jn)) = H(wl,]z - wi,jifl)'

=1
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It follows that

kn, n—1 kn
Z (Clgargn)) = <H(wu - wi,ﬁ—l)) X (Z(wm - wi,jn—1)>

jn=1 i=1 Jn=1
n—1
= <H(wz‘,j¢ - wi,j¢1)> X (Un = Un).
=1

The proposition therefore follows from a straightforward application of the
Principle of Mathematical Induction, using induction on the dimension n of
the n-cell, and making use of the above identity in establishing the inductive
step. ||

Definition Let C be an n-cell in R" and let P and R be partitions of C,
where P is induced by partitions Py, P, ..., P, of the closed intervals whose
Cartesian product is the n-cell C' and the partition R is induced by partitions
Ry, Ry, ..., R, of those same closed intervals. We say that the partition R is
a refinement of the partition P if P, C R; fort=1,2,...,n.

The following result follows directly from the definition of refinements of
partitions of closed n-cells in R".

Lemma 6.3 Let C' be an n-cell in R™ and let P and R be partitions of
C. Then, for each multi-index [ belonging to the indexing set QU(R) for the
partition R of C, there exists a unique multi-indezx o belonging to the indexing
set Q(P) for the partition P of C' for which the subcells Cr g and Cp,, of C for
the partitions P and R determined by the multi-indices B and o respectively
satisfy the inclusion Crpg C Cpg.

Lemma 6.4 Let C' be a closed n-cell in R"*, and let P and () be partitions
of C. Then there exists a partition R of C' that is a common refinement of
the partitions P and Q).

Proof Let
C - [ulyvl] X [u2a UQ]a ceey [unv UTL]?

where, for each ¢ between 1 and n, u; and v; are real numbers satisfying
u; < v;. Then there are partitions P; and Q; of the closed interval [u;, v;] for
1 = 1,2,...,n so that the partitions P, P, ..., P, of the respective closed
intervals induce the partition P of C' and the partitions Q1,Qs,...,Q, of
those same closed intervals induce the partition @ of C. Let R; = P,UQ); for
i=1,2,...,n. Then R; is a partition of the interval [u;, v;] fori =1,2,...,n
that is a common refinement of the partitions P; and (); of the interval
[u;, v;]. Let R be the partition of the closed n-cell C'induced by the partitions
Ry, Rs, ..., R, of the respective closed intervals. Then the partition R of C'
is the required common refinement of the partitions P and @ of C. |}
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6.2 Multidimensional Darboux Sums

Let f:C' — R be a bounded real-valued function defined on an n-cell C' in
R™. A partition P of the n-cell C represents C' as the union of a collection of
closed n-cells Cp,, contained in C' indexed by a finite set Q(P). Distinct n-
cells in this collection intersect, if at all, only along parts of their boundaries,
and therefore the interiors of the subcells of C' determined by the partition P
are disjoint. Thus each point of C' belongs to the interior of at most one cell
in the collection of closed subcells into which the n-cell C'is partitioned. Also
the content p(C) of the n-cell C' is the sum of the contents of the subcells
determined by the partition, and thus

,U(C>: Z ,U(CP,a)

a€Q(P)
(see Proposition 6.2).

Definition Let f:C' — R be a bounded real-valued function defined on an
n-cell C' in R”, let P be a partition of C, and let Q(P) denote the indexing
set for the partition P, and, for each a € Q(P), let

mpq =inf{f(x) :x € Cp,} and Mp, =sup{f(x):x € Cp,},

where 11(Cp,) denotes the content of the closed subcell Cp, of C' indexed
by a. Then the Darboux lower sum L(P, f) and the Darboux upper sum
U(P, f) are defined by the formulae

L(P,f)= > mpap(Cra)

aeQ(P)

and

UP,f)= Y Mpapn(Cpa)-

aeQ(P)

Let f:C' — R be a bounded real-valued function defined on an n-cell C
in R™. Then the definition of the Darboux lower and upper sums ensures
that L(P, f) < U(P, f) for all partitions P of the n-cell C.

Let C' be a closed n-cell in R”, and let P and R be partitions of C', where
P is determined by partitions Py, P, ..., P, of the closed intervals whose
Cartesian product is the closed n-cell C' and R is determined by partitions
Ry, Ry, ..., R, of those same closed intervals. We recall that the partition R
is a refinement of P if and only if P, C R; for:=1,2,...,n.
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Lemma 6.5 Let f:C' — R be a bounded real-valued function defined on an
n-cell C' in R™, and let P and R be partitions of C. Suppose that R is a
refinement of P. Then

L(R, f) = L(P,f) and U(R,f) <U(P, [).

Proof Let the cells of the partitions P and R be indexed by indexing sets
Q(P) and w(R) respectively. Also, for each o € Q(P), let Cp, be the cell
of the partition P determined by «, and, for each § € Q(R), let Cg s be the
cell of the partition R determined by 3. Then, given a subcell Cr 3 of C,
indexed by some element /3 of the indexing set Q(R) for the partition R, there
exists a uniquely-determined subcell Cp, of C, indexed by some element o«
of the indexing set {2(P) for the partition P, for which Crp C Cp,. (see
Lemma 6.3). It follows that there is a unique well-defined function \: Q(R) —
Q(P) characterized by the requirement that, for each multi-index 5 belonging
to the indexing set (R) for the partition R, the element A\(3) of the indexing
set Q(P) for the partition P is the unique multi-index in Q(P) for which
CRﬁ C Cp,)\(g). Now

U(P, f) = Z Mpq M(CP,CM)’

a€Q(P)

L(P,f) = > mpap(Cpa),

aeQ(P)

UR,f) = > Mpgp(Crp),
BEQ(R)

LR, f) = Y mrsu(Crp),

BEQ(R)

where

Mp, = sup{f(x):x€ Cpy,},
mpo, = nf{f(x):x € Cpa},
Mpg = sup{f(x):x € Cpp},
mprp = Inf{f(x):x € Crps}

for all & € Q(P) and § € Q(R). Also
Mpps < Mprp) and mpp > mpxg)

for all 5 € Q(R), because Crp C Cpy). Now the partition R of C' de-
termines a partition of each cell Cp, of the partition P, decomposing the
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cell Cp, as a union of the sets Cr g for which A(5) = a. It follows from
Proposition 6.2 that

Cpo = Z 1(Crp)

BEQ(R;a)
where
QR; o) = {8 € QUR) : A(B) = a}
for all a € Q(P). Therefore

LR, f) = ) mrsu(Crp)

BEQ(R)

= Z Z mgs 1(Crp)

a€Q(P) BEQ(R;)

> Z mpa Z 1(Crp)
aeQ(P) BEQ(Rs;ar)

Z Z mP,a/JJ(CP,a)
aeQ(P)

= L(Pf).

Similarly
UR.f) = > Mpgp(Crp)

BEQ(R)

= Y ) Mpgu(Crp)
a€Q(P) BEQ(R;a)

< > Mea ), i(Crp)
aeQ(P) BEQ(R;a)

Z Z MP,aﬁL(CP,a)
a€eQ(P)

= U(Pf).

This completes the proof. |}

Lemma 6.6 Let f:C' — R be a bounded real-valued function defined on an
n-cell C' in R™, and let P and Q) be partitions of C. Then then the Darboux
sums of the function f for the partitions P and Q satisfy L(P, f) < U(Q, f).

Proof There exists a partition R of C' that is a common refinement of the
partitions P and @ of C. (Lemma 6.4.) Moreover L(R, f) > L(P, f) and
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UR, ) <U(Q, f) (Lemma 6.5). It follows that

L(P, f) < L(R, f) <U(R, [) < U(Q, f),

as required. Jj

6.3 The Multidimensional Riemann-Darboux Integral

Definition Let C' be an n-cell in R”, and let f: C' — R be a bounded real-
valued function on C. The lower Riemann integral and the upper Riemann
integral, denoted by

c /C fx)dp and U /C F(x) dp

respectively, are defined such that

E/ f(x)dp = sup{L(P, f): P is a partition of C'},

c

Z/{/ f(x)dp = inf{U(P, f): P is a partition of C'}.
c

Lemma 6.7 Let f be a bounded real-valued function on an n-cell C' in R™.
Then

géﬂwMSUZJQMw
c /C o) dp < U / 7x) dp

Proof The inequality L(P, f) < L(Q, f) holds for all partitions P and @ of
the closed n-cell C' (Lemma 6.6). It follows that, for a fixed partition ), the
upper sum U(Q, f) is an upper bound on all the lower sums L(P, f), and
therefore

cLﬂmM§U@J»

The lower Riemann integral is then a lower bound on all the upper sums,
and therefore

ﬁéﬂmwsulﬂwm-

as required. |}
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Definition A bounded function f: C' — R on a closed n-cell C' in R is said
to be Riemann-integrable (or Darboux-integrable) on C' if

/f ) djt = E/f ) dp,

in which case the Riemann integral [, f(x) dp (or Darboux mtegml) of f on
X is defined to be the common value of U [, f(x)dp and L [, f(x)dp.

Lemma 6.8 Let f:C' — R be a bounded function on a closed n-cell C' in
R"™. Then the lower and upper Riemann integrals of f and —f are related by

the identities
U —f(x = L X
/C( f(x))dp /cf( ) dp,

£ [ rendn = <u [ sx)dn

Proof Let P be a partition of C, let Q(P) be the indexing set for the cells
of the partition P, and let the cell of the partition indexed by a € Q(P) be
denoted by Cp,. Then the lower and upper sums of f for the partition P
satisfy the equations

Z mpa i(Cpo), U(P, f) = Z Mpo 11(Cpa),

a€Q(P) a€Q(P)
where
mpo, = nf{f(x):x € Cpa},
Mp, = sup{f(x):x € Cpy}.
Now
sup{—f(x) :x € Cpy} = —inf{f(x):x€ Cpo}t=—mpa,
inf{—f(x) :x€ Cpa} = —sup{f(x):x€Cpa}=—-Mp,

It follows that

UP—f) = > (=mpa)u(Cpa) = —L(P, f),

a€Q(P)

L(P,—f) = Y (=Mpa)u(Cpa) = —U(P,f).

a€Q(P)
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We have now shown that

U(Pa_f):_[’(P?f) and L(Pv_f):_U(Pvf)

for all partitions P of the interval C'. Applying the definition of the upper
and lower integrals, we see that

[ (1) dn

= inf{U(P,—f): P is a partition of C'}

= inf{—L(P, f) : P is a partition of C'}

= —sup{L(P, f): P is a partition of C'}

=—.c/f x) dp

£ [ (=16

= sup{L(P,—f): P is a partition of C'}
= sup{—U(P, f) : P is a partition of C'}
= —inf{U(P, f): P is a partition of C'}

:—u/f x) di.

This completes the proof. |}

Similarly

Lemma 6.9 Let f:C — R and g:C — R be bounded functions on a closed
n-cell C' in R™. Then the lower sums of the functions f, g and f + g satisfy

L(P, f+g) > L(P, f) + L(P, g),
and the upper sums of these functions satisfy
UP, f+g) <UL )+ U, g).

Proof Let P be a partition of C, let Q(P) be the indexing set for the cells
of the partition P, and let the cell of the partition indexed by a € Q(P) be
denoted by Cp,. Then

L(Pv f) = Z mP,a(f)M(OP,a)7

aeQ(P)
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aeQ(P)
LP.f+g) = Y mpalf+9uCra)
a€Q(P)
UPPf) = Y, Mpa(f)u(Cra),
aeQ(P)
U(Pa g) = Z MPa(g):u(CPa)a
aeQ(P)
UP f+9) = Y, Mpalf+9)u(Cra),
a€eQ(P)
where
mpo(f) = inf{f(x):x € Cpa},
mpao(g9) = inf{g(x):x € Cp,},
mpo(f+9) = inf{f(x)+g(x):x € Cpa}
MP,a(f) = Sup{f(x> X € CP,a}a
Mpo(9) = sup{g(x):x € Cpy},
Mpo(f+g) = sup{f(x)+g(x):x € Cpa}
for ac € Q(P).
Now

mpa(f) < f(x) < Mpo(f) and mpa(g) < g(x) < Mpa(g).
for all x € Cp,. Adding, we see that
mpa(f) +mpa(g) < f(X) +9(x) < Mpa(f) + Mpa(g)

for all x € Cp,, and therefore Mp,(f) 4+ Mpno(g) is an upper bound for the
set

{f(x) +9(x) :x € Cpa}.

and mpo(f) + mpa(g) is a lower bound for the same set. The least upper
bound and greatest lower bound for this set are Mp,(f+¢g) and mpq(f +g)
respectively. Therefore

mpa(f+9)
Mpo(f +9)
MP,a(f) + MP,a(g)'

mP,Oc(f) + mpa (g)

VAN VANRVA

~J
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It follows that

UP, f+9)
— Z Mp,a(f ‘f‘g)N(CP,a)

a€eQ(P)

Z (MP,a(f> + MP,a(g)):u(OP,a)

aeQ(P)

_ E:MM w(Cra) + D Mpa(g)p(Cra)

aEQ(P aeQ(P)

= (Rﬂ+UGW)

IN

Similarly

L(P, f+9)
— Z mpa(f + 9)u(Cpa)

aeQ(P)

Z (mpal(f) +mpalg)u(Cpa)

aeQ(P)

= Z mPa CPa Z mPa CPa)

aeQ(P a€eQ(P

= (Rﬁ+L@y)
This completes the proof that
L(P, f+g) = L(P, f) + L(P, g)

v

and
UP f+g) <UWPf)+UPLg). |1

Proposition 6.10 Let f:C — R and g:C — R be bounded Riemann-
integrable functions on a closed n-cell C. Then the functions f + g and
f — g are Riemann-integrable on C', and moreover

[ 760+ g0
/f W+Lg ) du,

and



Proof Let some strictly positive real number ¢ be given. The definition
of Riemann-integrability and the Riemann integral ensures that there exist
partitions P and ) of C' for which

LR > [ fo0du—}

L(Q,9) > /cg(X) dp — 5e.

Let the partition R be a common refinement of the partitions P and ). Then

and

L(R,f) = L(P,f) and L(R,g) > L(P,g).

Applying Lemma 6.9, and the definition of the lower Riemann integral, we

see that
L / ) du

> Rf+g)>L(R f)+L(R,g)
> L(P f)+ L(Q,9)
> (/f du——e)

+ (/CQ(X)dM—%e)
/Cf(X)dqu/Cg(X)du—e

We have now shown that

£ [ (6 + alo0)
/Cf(X)du+/Cg(X)du—€

for all strictly positive real numbers €. However the quantities of

£ [ e+ otndn [ rexdn
/Cg(X) dp
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have values that have no dependence whatsoever on the value of ¢.
It follows that

ﬁ[}ﬂm+g@»mi

Af@mM+Lg@mM

We can deduce a corresponding inequality involving the upper integral of
f+ g by replacing f and g by —f and —g respectively (Lemma 6.8). We find

that
ﬁjébiﬂX)—wKX»du
> ij:ﬂXDdu+:£}—mX»du

=—Lﬂmw—émmw

u[}ﬂw+y@»m¢
/k—f<>—9<»du

< [ so9dut [ gt

Combining the inequalities obtained above, we find that

and therefore

‘Lfﬁﬂu+£ﬁ@MMf§£[¥ﬂ@+9@»@
< /uu+m»w

S/f du+/()d

The quantities at the left and right hand ends of this chain of inequalities
are equal to each other. It follows that

c[jﬂm+g&»wtz /kﬂ>+g<»du

=‘/f w+/(>d
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Thus the function f + ¢ is Riemann-integrable on C, and

/ (F(x) + g(x)) du
C

/Cf(X) du+/cg(><) dp.

Then, replacing g by —g, we find that
760 = gtx)) d

/f x) dp — /()d-

Proposition 6.11 Let f: C — R be a bounded function on a closed n-cell C'
in R™. Then the function f is Riemann-integrable on C' if and only if, given

any positive real number €, there exists a partition P of C' with the property
that

as required. |}

UP f)—L(P f)<e

Proof First suppose that f: C' — R is Riemann-integrable on C'. Let some
positive real number € be given. Then

/Cf(X) dp

is equal to the common value of the lower and upper integrals of the func-
tion f on C', and therefore there exist partitions () and R of C' for which

1@Q.)> [ foxdu—3

U(R,f)</cf(x)du+§g.

Let P be a common refinement of the partitions () and R. Now

L(Q, ) < L(P, f) SUP, ) SU(R, f).

(see Lemma 6.5). It follows that

UP,f) = L(P, ) SU(R, [) = L(Q, f) <¢

and
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Now suppose that f: C' — R is a bounded function on C' with the property
that, given any positive real number ¢, there exists a partition P of C' for
which U(P, f) — L(P,f) < . Let ¢ > 0 be given. Then there exists a
partition P of C for which U(P, f) — L(P, f) < . Now it follows from the
definitions of the upper and lower integrals that

L(P, f) gﬁ/Cf(xMu
< u/f(x)duﬁU(Rf),
C

and therefore

uéﬂmw—zlﬂmw
< UPf)—L(P,f) <.

Thus the difference between the values of the upper and lower integrals of f
on C' must be less than every strictly positive real number ¢, and therefore

u [ 1exdu=c [ f6dn
c c
This completes the proof. |}

Lemma 6.12 Let f: X — R be a bounded real-valued function defined on a
non-empty set X, and let

Mx(f) = sup{f(z): =€ X},
mx(f) = inf{f(z):x e X}.

Then
|f(v) = fw)] < Mx(f) = mx(f)
for all u,v € X.

Proof Let u,v € X. Then either f(v) > f(u) or f(u) > f(v). In the case
where f(v) > f(u) the inequalities my(f) < f(u) < f(v) < Mx(f) ensure
that |f(v) — f(u)] < Mx(f) — mx(f). In the case where f(u) > f(v) the
inequalities mx(f) < f(v) < f(u) < Mx(f) ensure that |f(v) — f(u)| <
Mx(f) —mx(f). The result follows. |}
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Lemma 6.13 Let f: X — R be a bounded real-valued function defined on a
non-empty set X, and let

Mx(f) = sup{f(z):z € X},
Mx(|f]) = sup{|f(z)]:z e X},
mx(f) = inf{f(z):2z e X},
mx(|f]) = inf{|f(z)]: 2 e X}.

Then
Mx(|f]) = mx(f]) < Mx(f) — mx(f).

Proof Let  be a positive real number. Then there exist u,v € X such that

mx(f]) < |f(w)] <mx(f]) +0

and
Mx(|f) =6 < [f(v)] < Mx(|f])-
Then
Lf) = f(w)] > Mx(|f]) = mx(|f]) — 26.
But

[f ()] = [f ()] < [f(v) = f(u)],
(because [f(v)] < |f(u)| + |f(v) = f(u)]) and

|f(v) = fw)] < Mx(f) —mx(f)

(see Lemma 6.12). It follows that

Mx([f]) =mx(If]) =20 < [f()| = [f(u)] <[f(v) = f(u)]
< Mx(f) —mx(f).

But the values of Mx(|f|) — mx(|f|) and Mx(f) — mx(f) are independent
of §, where § > 0. It follows that

Mx (| f]) = mx(|f]) < Mx(f) —mx(f),
as required. |}

Let X be a non-empty set, and let f: X — R and g: X — R be real-valued
functions on X. We denote by f - g: XR the product function defined such
that We denote by (f - g)(x) = f(x)g(x) for all z € X.
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Lemma 6.14 Let f: X — R and g: X — R be bounded real-valued func-
tions defined on a non-empty set X, let C' be a positive real number with the
property that |f(x)| < K and |g(z)| < K for all z € X, and let

Mx(f) = sup{f(z):z € X},
Mx(g) = sup{g(z):z € X},
Mx(f-g) = sup{f(z)g(z): > € X},
mx(f) = inf{f(z): 2 € X},
mx(g) = inf{g(x): 2 € X},
mx(f-g) = inf{f(z)g(x):2 € X}

Then
Mx(f - g) = mx(f - 9) < K (Mx(f) = mx(f) + Mx(g) = mx(9)).
Proof Let u and v be elements of the set X. Then

fw)g(v) = flu)g(u) = (f(v) = f(u)g(v) + f(u)(g(v) — g(u)),

and therefore

F(0)g(v) = flu)g(u)
< 1f) = F)llg(w)] + 1 (@)l g(v) = gl
< K(1f@) = f@)] + lg(v) — gw)]).

Now |f(v) = f(u)] < Mx(f) —mx(f) and |g(v) = g(u)| < Mx(g) —mx(g)
and (see Lemma 6.12). Therefore

F@)g(v) = f)g()] < K (Mx(f) = mx(f) + Mx(g) — mx(g)).

Now, given any positive real number J, elements v and v of X can be
chosen so that

mx(f-g) < flu)g(u) <mx(f-g)+0
and
Mx(f-g) =6 < f(v)g(v) < Mx(f-g).
Then
f()g(v) = fu)g(u) > Mx(f - g) —mx(f - g) — 20.
It follows that

Mx(f - g) =mx(f - 9) =26 < K (Mx(f) = mx(f) + Mx(g) = mx(9))
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for all positive real numbers ¢, and therefore

Mx(f - g) = mx(f - 9) < K (Mx(f) = mx(F) + Mx(g) = mx(9) ).

as required. |

Proposition 6.15 Let f:C' — R be a bounded Riemann-integrable function
on a closed n-cell C in R", and let |f|:C' — R be the function defined such
that |f|(x) = |f(x)| for all x € C. Then the function |f| is Riemann-
integrable on C', and

/Of(x)du‘ S/le(x)ldu.

Proof Let P be a partition of the n-cell C. We first show that the Darboux
sums U(P, f) and L(P, f) of the function f on C' and the Darboux sums
U(P,|f|) and L(P,|f]) of the function |f| on C satisfy the inequality

Let 2(P) be the indexing set for the partition P of C, and let

Mpo(f) sup{f(x) : x € Cpa},
Mpo(|f]) = sup{|f(x)[:x € Cpa},
mpa(f) = mf{f(x):x € Cpa},
mpo(|f]) = Wf{|f(x)]:x € Cpa}

for a € Q(P). It follows from Lemma 6.13 that

Mpo(|f]) = mpa(lf]) < Mpa(f) —mpalf)

for « € Q(P). Now the Darboux sums of the functions f and |f| for the
partition P are defined by the identities

L(Pvf) = Z mP,a(f)M(CP,a)a
aeQ(P)

L(P|f]) = Z mpa(|f)(Cra),

UPf) = Y. Mpa(f)u(Cra),

UL = >, Mpa(lf)i(Cra).

aeQ(P)
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It follows that

UP|f) = LPAf) = Y (Mpa(lf) = mea(lf))u(Cra)

aeQ(P)

S Z (MP,oz(f) - mRa(f))/’J(CP,oc)

a€eQ(P)

Let some positive real number € be given. It follows from Proposition 6.11
that there exists a partition P of C such that

UP,f)— L(P, f) < «.

Then
U(P,|f]) = L(P,|f]) SU(P, f) = L(P, f) < e.

Proposition 6.11 then ensures that the function |f| is Riemann-integrable on

C.
Now —|f(x)| < f(x) < |f(x)| for all x € C. It follows that

- [1relan < [ oo
< /C G0 dp

It follows that

[ 60 du‘ < [ 1569 an,

as required. |

Proposition 6.16 Let f:C — R and ¢g:C — R be bounded Riemann-
integrable functions on a closed bounded n-cell C' in R™. Then the function
f - g is Riemann-integrable on C, where (f - g)(x) = f(x)g(x) for all x € C.

Proof The functions f and g are bounded on C, and therefore there exists
some positive real number K with the property that | f(x)| < K and |[g(x)| <
K for all x € C.

Let P be a partition of the n-cell C'. We first show that the Darboux
sums U(P, f), U(P,g), U(P,f -g), L(P, f), L(P,g) and L(P, f - g) of the
functions f, g and f - g on C satisfy the inequality

< K(U(P.f) = LIP.f)+ U(P.g) - L(P.g) ).
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Let Q(P) be the indexing set of the partition P of the n-cell C, and for
all a € Q(P), let u(Cp,) denote the content of the closed subcell of C' for
the partition P that corresponds to the multi-index «, and let

Mpo(f) sup{f(x) : x € Cp,},
Mpa(g) = sup{g(x):x € Cpa},
Mpo(f-g) = sup{f(x)g(x):x € Cpa}
mpa(f) = inf{f(x):x € Cpa},
mpa(g) = inf{g(x):x € Cpa},
mpa(f-g) = mf{f(x)g(x):x € Cpa}.

Now it follows from Lemma 6.14 that

Mpo(f - 9) —mpa(f-9)
S K<MP,a(f) - mP,a(f) + MP,a(Q) - mP,a(Q)) .
for a € Q(P). On multiplying both sides of this inequality by the content

p1(Cpa) of the subcell Cp,, of the partition indexed by « and summing over
all integers between 1 and n, we find that

< K(U(P.f)~ L(P.) + U(P.g) ~ L(P.9)),

where

aeQ(P)
U(Pvg) = Z MP&(Q)M(CPQ)v
a€eQ(P)
UP,f-g) = Z Mpo(f - 9)(Cpa),
aeQ(P)
L(P f) = Z mpa(f)(Cpa),
aeQ(P)
L(Pg) = Y mpa(g)u(Cra),
a€eQ(P)
L(P,f-g9) = Y. mpalf-9)u(Cra),
aeQ(P)
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Let some positive real number ¢ be given. It follows from Proposition 6.11
that there exist partitions ) and R of the closed n-cell C' for which

U@ )= L@, f) < 3
and

g
—L —_.
U(R,g) — L(R,g) < 5K

Let P be a common refinement of the partitions () and R. It follows from
Lemma 6.5 that

UP.f) = LIP.) SUQ.F) = L@, f) < 5
and

U(P.g) - L(P.g) < U(R,9) - L(R.g) < 5.

Combining the various inequalities obtained in the course of the proof, we
find that

UP,f-g)—L(P f-9g)
< €

We have thus shown that, given any positive real number ¢, there exists a
partition P of the closed n-cell C' with the property that

U(Pafg)_L(Pafg)<€

It follows from Proposition 6.11 that the product function f - g is Riemann-
integrable, as required. |

6.4 Integrability of Continuous Functions

Theorem 6.17 Let C' be a closed n-cell in R™. Then any continuous real-
valued function on C' is Riemann-integrable.

Proof Let f:C — R be a continuous real-valued function on C. Then
f is bounded above and below on C', and moreover f:C — R is uni-
formly continuous on C'. (These results follow from Theorem 4.21 and The-
orem 4.22.) Therefore there exists some strictly positive real number ¢ such
that |f(u) — f(w)| < € whenever u,w € C satisfy |[u — w| < 0.

Choose a partition P of the n-cell C' such that each cell in the partition
has diameter less than 6. Let Q(P) be an index set which indexes the cells of
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the partition P and, for each a € Q(P) let Cp, be the corresponding cell of
the partition P of C. Also let p, be a point of Cp,, for all a € Q(P). Then
|X — pa| < ¢ for all x € Cp,. Thus if

=inf{f(x) :x € Cpy}

and
Mp, =sup{f(x) :x € Cpy}
then
f(Pa) —€ <mpa < Mpo < f(Pa) +¢
for all a € Q(P). It follows that

Zf pa CPa _5N(C)
S (Pf)<U(Pf)

< Zf Pa)(Cpa) + £u(C),

where L(P, f) and U(P, f) denote the lower and upper sums of the function f

for the partition P.
We have now shown that
/f )dyi — E/f ) dy
< L(P, f) < 2ep(C).

0

IN

But this inequality must be satisfied for any strictly positive real number c.

Therefore
u [ f@ydu=£ [ se)dn

and thus the function f is Riemann-integrable on C. |}

6.5 Repeated Integration
Let C' be an n-cell in R™, given by

n

C = []la: b

i=1
= {xeR":q; <z;<bfori=1,2,...,n},
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where aq,as,...,a, and by, bs, ..., b, are real numbers which satisfy a; < b;
for each i. Given any continuous real-valued function f on C', let us denote
by Zo(f) the repeated integral of f over the n-cell C' whose value is

A B e

(Thus Zo(f) is obtained by integrating the function f first over the coordinate
x1, then over the coordinate xo, and so on).
Note that if m < f(x) < M on C for some constants m and M then

m u(C) < Ze(f) < M p(C).

We shall use this fact to show that if f is a continuous function on some
n-cell C' in R™ then

Zo() = [ S6x)d
(i.e., Zo(f) is equal to the Riemann integral of f over C').

Theorem 6.18 Let f be a continuous real-valued function defined on some
n-cell C' in R™, where

C:{XER”algxlgbz}
Then the Riemann integral

/Cf(X) dp

of f over C is equal to the repeated integral
b, b2 b1
/ (/ (/ f(l’l,ZL'Q,,I’n)d.Tl) d:):2> dl’n
Tp=an To=aso Tr1=a1
Proof Given a partition P of the n-cell C, we denote by L(P, f) and U(P, f)
the quantities so that

L(P,f)= > mpa(f) n(Cpa)

a€Q(P)

and

U, f)= > Mpa(f)(Cpa)

aeQ(P)
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where (P) is an indexing set that indexes the cells of the partition P,
and where, for all o € Q(P), u(Cp,) is the content of the cell Cp, of the
partition P indexed by «,

mpa(f) =inf{f(x):x € Cpa},

and
Mpo(f) =sup{f(x):x € Cpy}.
Now

mpa(f) < f(x) < Mpa(f)
for all @ € Q(P) and x € Cp,, and therefore

mP,a(f) IU(CP,a) < IC,a(f) < MP,Q(f) IU(CP,a)

for all @ € Q(P). Summing these inequalities as « ranges over the indexing
set Q(P), we find that

L(P f) = Z mpa(f) #(Cra)

a€Q(P)

A
]
)
Q

=

IA
5
LI
>
=
-
&

But

Z IC,a(f) - IC(f)'
)

aeQ(P
It follows that

The Riemann integral of f is equal to the supremum of the quantities L(P, f)
as P ranges over all partitions of the n-cell C, hence

/ﬂ@@s%m.
C

Similarly the Riemann integral of f is equal to the infimum of the quanti-
ties U(P, f) as P ranges over all partitions of the n-cell C, hence

Idﬂé%j&ﬂw
91



Hence
To) = [ Fx)dn,
as required. |}

Note that the order in which the integrations are performed in the re-
peated integral plays no role in the above proof. We may therefore deduce
the following important corollary.

Corollary 6.19 Let f be a continuous real-valued function defined over some
closed rectangle C' in R?, where

C={(r,y) eR*:a<ax<b c<y<d}

/ab</cdf(:c,y)dy) dx:/cd</a”f(xjy>dx) 0

Proof It follows directly from Theorem 6.18 that the repeated integrals

/ab (/Cdf(x,y)dy) dzr and /cd (/abf(:p,y)dx> dy

are both equal to the Riemann integral of the function f over the rectangle C.
Therefore these repeated integrals must be equal. |}

Example Let f:R? — R be defined such that

Then

M if (z .
flx,y) = (22 + 42)3 f (z,y) # (0,0);

0 if (z,y) = (0,0).
Set u = x? + 3%, Then

22(22% — u) Ou

f(x,y) = 3 T

and therefore, when x # 0,

1 241 3
4z 2
dy = — —— ] d
/;0 f(x’ y) Y /u:c2 < u? u? ) !

u=x2
B 223 2x
(2412 2241
B 2x
(224 1)2



It follows that

/;0</ylof(:c,y)dy> dr = /xlo@%wdfﬁ
- {_ﬂil}::%'

Now f(y,z) = —f(x,y) for all z and y. Interchanging = and y in the above
evaluation, we find that

/yio ( /;Of(x7y)dfﬂ> dy = /:0( y;f@,x)dy) dr
_ /; (/yiof(x,y)dy) dz

B 1
= 3
Thus . . . )
/. ( / Ja) dy) dz # / B ( JREY dx) ay.
when sy ) 2)
day(a® —y
f(xay) - ($2+y2)3

for all (x,y) € R? distinct from (0, 0). Note that, in this case f(2t,t) — +o0
as t — 0%, and f(¢,2t) - —oo as t — 0. Thus the function f is not
continuous at (0,0) and does not remain bounded as (z,y) — (0,0).
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