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8 Differentiation of Functions of Several Real
Variables

8.1 Review of Differentiability for Functions of One
Real Variable

Let f: D — R be a real-valued function defined on a subset D of the set R
of real numbers. Let s be an element in the interior of D. the function f is
differentiable at s if and only if

) = 1)

Tr—S Tr — S

exists, and the value of this limit (if it exists) is known as the derivative of
f at s, and may be denoted by f'(s).

We wish to define the notion of differentiability for functions of more than
one variable. However we cannot immediately generalize the above definition
as it stands (because this would require us to divide one element in R™ by
another, which we cannot do since the operation of division is not defined on
R™). We shall therefore reformulate the above definition of differentiability
for functions of one real variable, exhibiting a criterion which is equivalent
to the definition of differentiability given above and which can be easily
generalized to functions of more than one real variable. This criterion is
provided by the following lemma.

Lemma 8.1 Let f: D — R be a real-valued function defined on some sub-
set D of the set of real numbers. Let s be a real number in the interior of
D. The function f is differentiable at s with derivative f'(s) (where f'(s) is
some real number) if and only if

lim —— (f(z) - f(s) - f'(s)(x — 5)) = 0.

T—S |,Q7 — S|

Proof It follows directly from the definition of the limit of a function that

fx) = f(s)

lim === = f(s)
if and only if
tim |2 i
But
f(w:i : 5(5) . f’(s)' — ﬁ |f(x) _ f(s) o f’(s)(m o S)|
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It follows immediately from this that the function f is differentiable at s with
derivative f’(s) if and only if

lim - (7(2) = () = F() e —5) = 0.
25 |7 — 8|
Now let us observe that, for any real number ¢, the map h — ch defines a
linear transformation from R to R. Conversely, every linear transformation
from R to R is of the form A + ch for some ¢ € R. Because of this, we may
regard the derivative f’(s) of f at s as representing a linear transformation
h +— f'(s)h, characterized by the property that the map

x> f(s) + f1(s)(x — s)

provides a ‘good’ approximation to f around s in the sense that

C)) — 0,

T—S8 ’:L‘—S| N

where
e(z) = f(z) — f(s) = f'(s)(z — s)

(i.e., e(z) measures the difference between f(z) and the value f(s)+ f'(s)(x—
s) of the approximation at x, and thus provides a measure of the error of
this approximation).

We shall generalize the notion of differentiability to functions ¢ from R™
to R™ by defining the derivative (Dy)p of ¢ at p to be a linear transformation
from R™ to R™ characterized by the property that the map

x = p(p) + (Dg)p (x — p)

provides a ‘good’ approximation to f around p.

8.2 Derivatives of Functions of Several Variables

Definition Let X be an open subset of R™ and let ¢: X — R™ be a map
from X into R™. Let p be a point of X. The function ¢ is said to be
differentiable at p, with derivative (Dp)p: R™ — R", where (Dy),, is a linear
transformation from R™ to R”, if and only if

lim —— (p(x) - 0(p) — (Dp)p(x — p)) = O.

x—p |x — p|
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The derivative of a map ¢: X — R"™ defined on a open subset X of R™
at a point p of X is usually denoted either by (D¢)p or else by ¢/(p).

The derivative (Dy)p of ¢ at p is sometimes referred to as the total
derivative of ¢ at p. If ¢ is differentiable at every point of X then we say
that ¢ is differentiable on X.

Lemma 8.2 Let T:R™ — R"™ be a linear transformation from R™ into R™.
Then T is differentiable at each point p of R™, and (DT)p, =T

Proof This follows immediately from the identity Tx—Tp—T (x—p) = 0. |}

Lemma 8.3 Let o: X — R" be a function, let T:R™ — R" be a linear
transformation, and let Q2: X — R™ be defined so that

1
X)—¢p) - T(x—p)) ifx#p;
Q) = m_pﬁﬂ) e(p) — T ) #
0 ifx=p
Then ¢: X — R" is differentiable at p with derivative T:R™ — R™ if and
only if im Q(x) = 0 = Q(p). Thus the function ¢: X — R" is differentiable
xX—Pp

at p, with derivative T, if and only if the associated function Q2: X — R" is
continuous at p

Proof It follows from the definition of differentiability that the function ¢ is
differentiable, with derivative T:R™ — R”, if and only if limy_,, Q(x) = 0.
But Q(p) = 0. It follows that limy_,, 2(x) = 0 if and only if the function €2
is continuous at p (see Proposition 4.20). The result follows. |

Example Let ¢: R? — R? be defined so that
x % —y?
A((G)- (")
Y Ty

for all real numbers z and y. Let p and ¢ be fixed real numbers. Then

(G-

IQ;yy >_(p2;qq )
(z+p)z—p) —(y+a(y )

ﬁx—m+2My—®+2@—

p(z—p) —2q(y — q) + (z — ) (y ®2>
2q(x —p) +2p(y — q) +2(z —p)(y — q)

w ) (o) (ed")
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Now

- 1 G

@9)=00) /(z —p2+ (y—q)2 \ 2z —p)y—1q)

It follows that the function p:R?* — R? is differentiable at (p,q), and the
derivative of this function at (p,q) is the linear transformation represented

by the matrix
2p —2q
2 2p )

8.3 Differentiation of Square Matrices

Let M,,(R) denote the real vector space consisting of all n x n matrices with
real coefficients. M, (R) may be regarded as a Euclidean space, where the
Euclidean distance between two n x nm matrices A and B is the Hilbert-
Schmidt norm of ||A — Bl|us of A — B, defined such that

IA = Bllus = | > > (Aij — Bij)

i=1 j=1

We now review the relationship between the Hilbert-Schmidt norm || Al|us
and the operator norm || A||,, of an n xn matrix A. The operator norm || A||op
is by definition the smallest non-negative real number with the property that
|Ax| < ||A||op|x| for all x € R™. Its properties are set out in the statement
of Lemma 7.5.

Proposition 8.4 The Hilbert-Schmidt norm ||Allus and the operator norm
|Allop of an n x n matriz satisfy the inequalities

[Allop < [|Allns < v/nl Allop.

Proof The inequality |Ax| < ||Allns|x| is satisfied for all x € R"™ (see
Lemma 7.6). It follows that ||A|op < ||Alus-

Now let A, ; denote the coefficient of the matrix A in the ¢th row and jth
column, and let e; denote the vector whose ith component is equal to 7 and
whose other components are equal to zero. Then

n
Ae]’: E Ai,jei
i=1
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fori =1,2,...,n. It follows from the orthogonality of e;,e,, ..., e, that

n
> AL < A,
=1

Adding these inequalities for j = 1,2,...,n, we find that

n n
IAllfs =D > A% < nllAl,

i=1 j=1
and therefore || A|lus < v/n||Allop- The result follows. |
Lemma 8.5 Let V be a subset of the set M,(R). Then V is open in M,(R)

if and only if, given any n X n matriz A belonging to V, there exists some
positive number o such that

{BeM,:||A—=DB|p<d}CV.

Proof Suppose that V' is open in M, (R). Let some positive real number e
be given. Now M, (R) is a Euclidean space whose Euclidean norm is the
Hilbert-Schmidt norm. It follows that there exists some positive real number
0ns for which

(B € My(R): ||A— Bllus < dus} C V.

Let dqp be chosen so that 0 < /ndgp, < 0ps. It follows from Proposition 8.4
that an n x n matrix B satisfies ||A — B||op < 0op then

|A = Bllus < VnllA = Bllop < v/10op < dns
and therefore B € V. Thus
{B € M,(R):||A— Bllop < dop} C V.

Conversely let V' be a subset of M,,(R) with the property that, given any
n x n matrix A belonging to M, (R), there exists some positive number &
such that
{Be M,(R):||A—= Bl <d}CV.

Let B € M, (R) satisfy |A — B|us < 0. Then
[A = Bllop < [|A = Bllus <9,

and therefore B € V. It follows that the set V' is open in M,,(R). The result
follows. |}
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Definition The group GL(n, R) is the group of invertible n x n matrices with
real coefficients, the group operation being the operation of multiplication of
n X n matrices.

Lemma 8.6 The group GL(n,R) is an open set in the Fuclidean space
M,(R).

Proof The group GL(n,R) consists of those n x n matrices whose deter-
minant is non-zero. Now the determinant det A of an n X n matrix A is a
sum of products of coefficients of A. It follows that the determinant func-
tion is continuous on M, (R). It then follows from a direct application of
Proposition 4.17 that

{A € M,(R) : det A # 0}
is an open set in M, (R), as required. |}

The determinant det A of a square n xn matrix A is a continuous function
of the coefficients of the matrix. It follows from this that GL(n,R) is an open
subset of M,,(R). We denote the identity n xn matrix by I. It follows directly
from the definition of the operator norm that ||I||o, = 1.

Proposition 8.7 Let ¢: GL(n,R) — GL(n,R) be the function defined so
that p(A) = A~ for all invertible n x n matrices A. Then the function
©: GL(n,R) — GL(n,R) is differentiable, and

(D) A(H) = —AT"HA",

Proof Let A be an invertible n x n matrix. Then, given any n X n matrix H,
the matrix [+ A~'H is invertible if and only if det(/+ A~ H) # 0. Moreover
this determinant is a continuous function of the coefficients of the matrix H.
It follows that there exists some positive number §; such that I + A1 H is
invertible whenever ||H|l,, < do. Now the coefficients of the matrix (I +
A7'H)™! are continuous functions of the coefficients of H on the open set
consisting of those n x n matrices H for which det(I + A1 H) # 0. It follows
that the function mapping the matrix H to ||(I + A~*H)™!||op is continuous
(see Lemma 7.3). This function takes the value 1 when H is the zero matrix.
We can therefore choose a positive number §y small enough to ensure that
I+ A7'H is invertible and ||(I + A™*H)™||op < 2 whenever || H ||op < do.
Let the n x n matrix H satisfy ||H||op < dp. Then

(I-AT'HYI+A''H)=1—-A"'HA'H,
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and therefore
I=(I-A"H){I+A"'H)+ A '"HA'H.

Multiplying this identity on the right by the matrix (I + A~'H)™!, we find
that
(I +AYH)Y ' =]~ A'H + AV HA Y H(I + A~ H) L

It follows that

(A+H)™" = (AU+AT'H)'=(I+A"'H)'A™!
= AT ATTHAT '+ ATTHATTH(I + ATTH) AT

Now

ATV HATVH(T + A7 H) 7 A7 x|
< A opl H llopll A lop 1 H llop (7 + AT H) ™ lop [ A7 lop ]

for all x € R™, and therefore

|ATTHAT7 T H(I + AP H)Y P A7 |op
< JATMZNT + ATTH) ol H 12,

Moreover ||(I + A7 H)™Y|op < 2 whenever ||H||op < do, and therefore
JA+ )t — A AT A < 2l A S 2,

whenever || H||o, < do. It follows that

. -1 —1 -1 -1 _
I!]H_l’l}()m“(A‘i‘H) —A +A HA ||0p_0
and thus
. 1 -1 -1 -1 -1 —
BJEXMHB —A +A (B—A)A HOP—O

Proposition 8.4 ensures that the corresponding inequality with Hilbert-Schmidt
norms in place of operator norms is also satisfied. Therefore the function
¢: GL(n,R) — GL(n,R) is differentiable, where ¢(A) = A~! for all invert-
ible n x n matrices A with real coefficients, and moreover

(Do)a(H) = —ATHA™,
as required. |

122



8.4 Properties of Differentiable Functions of Several
Real Variables

Lemma 8.8 Let p: X — R"™ be a function which maps an open subset X
of R™ into R™ which 1is differentiable at some point p of X. Then ¢ is
continuous at p.

Proof Let Q2: X — R” be defined so that Q(p) = 0 and

1

)= )

(p(x) = ¢(p) — (Dp)p (x — P))

for all points x of X satisfying x # p. If p: X — R” is differentiable at p
then Q: X — R™ is continuous at p (see Lemma 8.3). Moreover

p(x) = ¢(p) + (Dp)p (x —p) + [x — p| 2(x)
for all x € X. It follows that ¢: X — R™ is continuous at p, as required. |}
Lemma 8.9 Let p: X — R" be a function which maps an open subset X of

R™ into R™ which is differentiable at some point p of X. Let (Dp)p:R™ —
R™ be the deriwvative of @ at p. Let u be an element of R™. Then

1
(Dp)pu = lim — ((p + tu) — o(p)) -
Thus the derivative (Dy)p of ¢ at p is uniquely determined by the map .

Proof It follows from the differentiability of ¢ at p that

1
I —o(p)— (D _p))=o0.
I (p(x) = o(p) — (Dp)p (x — P))
In particular, if we set (x — p) = tu, and (x — p) = —tu, where ¢ is a real

variable, we can conclude that

lim (p(p + tu) — ¢(p) — t(Dyp)pu) =0,

t—0+ ¢

lim + (p(p + ) — ¢(p) — {(Dg)pu) =0,

t—0~

It follows that 1
lim — (p(p + tu) = ¢(p)) = (Dy)pu,

as required. |
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We now show that given two differentiable functions mapping X into R,
where X is an open set in R™, the sum, difference and product of these
functions are also differentiable.

Proposition 8.10 Let X be an open set in R™, and let f: X — R and
g: X — R be functions mapping X into R. Let p be a point of X. Suppose
that f and g are differentiable at p. Then the functions f +g and f — g are
differentiable at p, and

D(f +g)p = (Df>p + (D9>p

and

D(f — g)p = (Df)p - (DQ)P'

Proof The limit of a sum of functions is the sum of the limits of those
functions, provided that these limits exist. Applying the definition of differ-
entiability, it therefore follows that

i () + 930 = (/(p) + 8(p)) ~ (D) + (D)) x ~ p)

x=p [X — P

= lim #(f(X) — f(P) — (Df)p(x— p)>

x—=p [X — P

+ lim ; (g(x) —g(p) — (Dg)p(X - p))

x—=p [X — Pp|

Therefore
D(f +g)p = (Df)p + (Dg)p'

Also the function —g is differentiable, with derivative —(Dg)p. It follows
that f — g is differentiable, with derivative (Df)p, — (Dg)p. This completes
the proof. |}

8.5 The Multidimensional Product Rule

Proposition 8.11 (Product Rule) Let X be an open set in R™, and let
f: X — R and g X — R be functions mapping X into R. Let p be a point
of X. Suppose that f and g are differentiable at p. Then the function f - g
is differentiable at p, and

D(f-g)p =9P)(Df)p+ f(P)(Dg)p.
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Proof The functions f and g are differentiable at p, and therefore there are
well-defined functions Q1: X — R and @)9: X — R, where

lim Q1(x) =0=Q:(p) and lim Q(x) =0 = Q2(p),
X—Pp X—=p
that are defined throughout X so as to ensure that
fx)=f(P)+ (Df)p (x —p) + [x = p[Q1(x)

and
9(x) = g(p) + (Dg)p (x = p) + [x — p| Q2(x)
for all x € X (see Lemma 8.3).

Then
Fx)g(x) = [(P)g(p) + (9(p) (Df)p + f(P) (Dg)y ) (x — P)
+[x = p|Q(x)
where
Q) = =i (D)plx = p) x (Day(x—p)

+ (9(p) + (Dg)p(x = P) Q1 (x)
+ ((P) + (Df)p(x — P))Q2(x)
+ [x = P Qu(x)Q2(x)

Now

[(Df)p(x = P)[ < [[(Df)plloplx — Pl

where || (Df)pllop denotes the operator norm of (D f), (see Lemma 7.5) Sim-
ilarly

[(Dg)p(x —P)| < [[(Dg)pllop|x — PI-
It follows that

o (DD D) x (D)= )| < DDl (Dl i,
and therefore

Next we note that

lim ((9(p) + (Dg)p(x — P)Q: (x))
= lim(g(p) + (Dg)p(x — p)) x lim Q1(x) =0,

X—=p

125



because lim @ (x) = 0.
X—p

Similarly

tim (£(p) + (DF)olx — P))Q2(x))
= lm(f(p) + (Df)p(x —p)) x lim Q2(x) =0,

because lim Q1(x) = 0.
X—p

The quantities Q1(x) and Q2(x) converge to zero and therefore remain
bounded as x tends to p. It follows that

lim |x — p| Q1 (x)Q2(x) = 0.
X—p
Putting these results together, we see that

lim Q(x) = 0.

X—p

It follows from this that the function f - ¢ is differentiable at p, and

D(f-9)p=9®)(Df)p+ [(P)(Dg)p

(see Lemma 8.3). This completes the proof. |}

8.6 The Multidimensional Chain Rule

Proposition 8.12 (Chain Rule) Let X be an open set in R™, and let
p: X — R™ be a function mapping X into R™. Let Y be an open set in
R™ which contains o(X), and let 1:Y — R* be a function mapping Y into
Rk, Let p be a point of X. Suppose that ¢ is differentiable at p and that
Y is differentiable at o(p). Then the composition ¢ o p: R™ — R* (i.e., ¢
followed by ) is differentiable at p. Moreover

Do)y = (DY)y(p) © (Dp)p.

Thus the derivative of the composition oy of the functions at the given point
is the composition of the derivatives of those functions at the appropriate
points.

Proof Let q = ¢(p). The functions ¢: X — R™ and ¢: Y — RF are differen-
tiable at p and q respectively, and therefore there are well-defined functions
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01: X — R" and Qy: Y — R* that are defined throughout X and Y respec-
tively so as to ensure that

lim € (x) = 0= Qu(p), lim Qy(y) =0=1(q)

X—Pp y—q

for all x € X, and

p(x) = () + (Dp)p (x = p) + [x = p[(x)
and
U(y) =) + (D) (y — @) + |y — al Qa(y)
for all y € Y (see Lemma 8.3).
Substituting ¢(x) and ¢(p) for y and q respectively, we find that

Y(px)) = Y(pP)) + (DY)q(p(x) — w(p)) + lp(x) — v(p)| Qa(p(x))
= P(o(p)) + (DY) o) ((D)p(x — P)) + [x — p| Ax),

where
Q%) = (D)) (1 (x)) + x i = (Dp)p(x — P) + 2 (x)| Qa(p(x)).
Let .
M(x) = H(DSO)p(X —p) + h(x)
for all x € X satisfying x # p. Then
0< M(x) < ’(Dfi"fxp] DL jou )

for all x € X satisfying x # p. Moreover

[(De)p(x = p)| < [(D@)pllop|x =PI,

where [[(Dy)pllop denotes the operator norm of the linear operator (Dy)p
(see Lemma 7.5). It follows that

0 < M(z) < [[(De)pllop + [€21(x)]

for all x € X satisfying x # p. It follows from the continuity of the function
2y at p that M(x) remains bounded as x tends to p in X. Now

Q%) = (D)) (1(x)) + M (%) (p(x))
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Also the function ¢: X — R" is continuous at p and the function Qy: Y — RF
is continuous at ¢(p). It follows that the composition function €5 o ¢ is
continuous at p (see Lemma 4.4), and therefore

lim Qa((x) = (¢ (p)) = 0.

We have already shown that M (x) remains bounded as x tends to p in X.
It follows that
lim (M (x)Q2(p(x)) = 0

X—p

(see Proposition 4.22).
Linear operators on finite-dimensional vector spaces are continuous. There-
fore

)lci—%(Dw)‘p(p)(QﬂX» = (D)g(p) ()1(1_{% QI(X>> =0
It follows that

lim Q(x) = lim (D)) (1 (x)) + lim (M (x)Qs(p(x)))

X—Pp X—p X—p

= 0=2Q(p).

This result ensures that the composition function 1) o ¢ is differentiable at p,
and that

D(¥ o ¢)p = (D¥)y(p) © (Dp)p
(see Lemma 8.3). The result follows. |

Example Consider the function ¢: R? — R defined by

1
oz, y) = 22y sin - if x # 0;
0 if . =0.

Now one can verify from the definition of differentiability that the function
h:R — R defined by

1
2 . .
h(t) = t sin it t #0,
0 ift=0

is differentiable everywhere on R, though its derivative h:R — R is not
continuous at 0. Also the functions (z,y) — = and (z,y) — y are differ-
entiable everywhere on R (by Lemma 8.2). Now ¢(x,y) = y*h(z). Using
Proposition 8.10 and Proposition 8.12, we conclude that ¢ is differentiable
everywhere on R2.
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Let (e, e,...,e,) denote the standard basis of R™, where
e; =(1,0,...,0), e=(0,1,...,0),..., e,=(0,0,...,1).

Let us denote by f;: X — R the ith component of the map ¢: X — R", where
X is an open subset of R™. Thus

p(x) = (f1(x), f2(x), ..., fu(x))
for all x € X. The jth partial derivative of f; at p € X is then given by
0fi fi(p +te;) — fi(p)

= lim .
Oz, t—0 t

X=p

We see therefore that if ¢ is differentiable at p then

(O Ofs Ofm
(D(P)pej - <8xjiaxj77 3%) .

Thus the linear transformation (Dy)p: R™ — R™ is represented by the n x m

matrix
of on o
Ory Oxy Oz
Oxy Oxy Oz
Ofn Ofn O fn
90, 01, " B

This matrix is known as the Jacobian matriz of ¢ at p.
Example Consider the function f:R? — R defined by
xy )
vy if T,y 7£ OaO )
flog) =4 @rgp 0700
0 if (z,y) = (0,0).

Note that this function is not continuous at (0,0). Indeed f(t,t) = 1/(4t?)
if t # 0 so that f(t,t) — +oo ast — 0, yet f(x,0) = f(0,y) = 0 for all
x,y € R, thus showing that

lim x,
(z,9)—(0,0) fz.y)

129



cannot possibly exist. Because f is not continuous at (0,0) we conclude from
Lemma 8.8 that f cannot be differentiable at (0,0). However it is easy to
show that the partial derivatives

of (x,y) of (x,y)
o and 9y

exist everywhere on R? even at (0,0). Indeed

of (z,y) of (x,y)

ox dy =0

= 0,
(x’y):(o’o)

(Z‘,y)Z(O,O)

on account of the fact that f(z,0) = f(0,y) =0 for all z,y € R.

Example Consider the function g: R? — R defined by

Tyt |
gay) =4 wagi @) # 0.0

Given real numbers b and ¢, let up.:R — R be defined so that w,.(t) =
g(bt,ct) forallt e R. If b=0or ¢ =0 then u.(t) =0forallt e R. If b# 0

and ¢ # 0 then
B bc?t? B bc?t
R A B R

We now show that the function u;.: R — R has derivatives of all orders.
This is obvious when b = 0, and when ¢ = 0. If b and ¢ are both non-zero, and
if the function us . has a derivative ugk) (t) of order k that can be represented

in the form

ub,c(t)

c

ug? (1) = pr(t) (b* + A2) 71,

where p(t) is a polynomial of degree at most £+ 1, then it follows from stan-

dard single-variable calculus that the function w; . has a derivative ul()k:l) (1)

of order k + 1 that can be represented in the form
uye ) (8) = pena (OO + P2) 7,

where pg41(t) is the polynomial of degree at most k + 2 determined by the
formula

e (t) = P () (b + A1) — 2(k + 1) Ptpe(t).

Thus the function u.: R — R has derivatives of all orders.
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Moreover the first derivative wu;, .(0) of up.(t) at ¢ = 0 is given by the

formula )

% if b £ 0;
0 ifb=0.

upo(0) =

We have shown that the restriction of the function g: R? — R to any line
passing through the origin determines a function that may be differentiated
any number of times with respect to distance along the line. Analogous
arguments show that the restriction of the function g to any other line in the
plane also determines a function that may be differentiated any number of
times with respect to distance along the line.

Now g(z,y) = % for all (z,y) € R? satisfying > 0 and y = ++/7, and
similarly g(z,y) = —3 for all (z,y) € R? satisfying < 0 and y = +v/—x.
It follows that every open disk about the origin (0,0) contains some points
at which the function ¢ takes the value %, and other points at which the
function takes the value —%, and indeed the function g will take on all real
values between —% and % on any open disk about the origin, no matter how
small the disk. Therefore the function ¢g: R? — R is not continuous at zero,
even though the partial derivatives of the function g with respect to x and y

exist at each point of R2.

Remark These last two examples exhibits an important point. They show
that even if all the partial derivatives of a function exist at some point, this
does not necessarily imply that the function is differentiable at that point.
However we shall show that if the first order partial derivatives of the compo-
nents of a function exist and are continuous throughout some neighbourhood
of a given point then the function is differentiable at that point.

8.7 Partial Derivatives and Continuous Differentiabil-
ity

Let e, e,, ..., e, denote the standard basis of R™, defined so that
m
(21,29, .y 2m) = szej
j=1

for all (z1, z9,...,2,m) € R™. Similarly let €, €,,...,€, denote the standard
basis of R", defined so that

n
(Wi, wa, . wy) = Y wje;
j=1
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for all (wy,ws,...,w,) € R". Then the partial derivative of the ith compo-
nent f; of the function ¢ with respect to the jth coordinate function x; at a
point p of X is determined by the formula

Ofi

61']' p

= éz(Dgo)peJ

Definition Let X be an open set in R™. A function ¢: X — R" is continu-
ously differentiable if the function sending each point x of X to the derivative
(D) of p at the point x is a continuous function from X to the vector space
L(R™ R™) of linear transformations from R™ to R™.

A function of several real variables is said to be “C'” if and only if it is
continuously differentiable.

Lemma 8.13 Let X be an open set in R™. and let o: X — R™ be a contin-
uously differentiable function on X. Then the first order partial derivatives
of the components of p exist and are continuous throughout X .

Proof Let e, es, ..., e, be the basis vectors that determine the standard
basis of R™ and let €;,€,,...,€, be the basis vectors that determine the
standard basis of R,,. Then the partial derivative of the ith component f; of
the function ¢ with respect to the jth coordinate function z; at a point p of
X is determined by the formula

afi

al'j p

=&;.(Dy)pe;.

It follows that if (D¢)p is a continuous function of p then so are the partial
derivatives of ¢. |}

8.8 Functions with Continuous Partial Derivatives

Proposition 8.14 Let X be an open set in R™, let p: X — R"™ be a function
mapping X into R™, and let p be a point of X, where p = (p1,p2,-- - Pm)-
Suppose that the partial derivatives of the components of ¢ with respect to
the Cartesian coordinates exist and are continuous throughout X. Suppose
also that the partial derivatives of the components of ¢ are all equal to zero
at the point p. Then, given any positive real number e, there exists a positive
real number 6 such thatu € X, v e X and

lp(u) — (V)| < clu—v]|
for all points w and v of H(p, ), where
H(p,6) ={(x1,22,...,2m) ER™ 1 |x; —p;| < for j=1,2,....,m}.
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dfi .
Proof Let us denote the jth partial derivative 8_f of the ith component f;
Lj
of pby 0;fifori=1,2,...,nand j =1,2,...,m. Then 0;f; is a continuous
function on f.
Let some positive real number £ be given. Then there exists a positive

real number § that is small enough to ensure that x € X and

(0 ) (1, %o, . . ., )| < &//mn

for all points x of H(p,J).
Let eq,es, ..., e, denote the standard basis of R™, defined so that

m

(21722, .. ,Zm> = szej

J=1

for all (21, 22, ..., 2m) € R™. Let u and v be points of H(p,d), and let points
q; be defined for j =0,1,2,...,m so that qo = v and

q; = qj-1 + (u; — vj)e;

for j = 1,2,...,n. Then q,, = u and q; € H(p,d) for j = 1,2,...,m
Now, for each integer j between 1 and m, the points q; and q,_; differ only
in the jth coordinate. Applying the Mean Value Theorem of single-variable
calculus (Theorem 2.2), we find that, given any pair of integers ¢ and 7,
where 1 <7 <n and 1 < j < m, there exists some real number 0 satisfying
0 < 6 < 1 such that

Filay) = filay1) = (5 = v)(@£:) (1 = O)atj1 + b ).

It follows that

i) = filasn)| £ sl = v

for j =1,2,...,m. It then follows that

| fi(w) Z filgj—1)| < Z i — vjl.

On applying Schwarz’s Inequality (Lemma 4.1), we find that

<i|uj—vj|> <mz uj — v;) Y =mu-— v’

J=1
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It follows that

m
D fuy vl < vVmu—v
j=1

and therefore .

[fi(w) = fi(v)] < NG

lu —v|.

It follows that

n

p(w) — (V)PP =Y (filw) = fi(v)* < ¥Ju— v’

i=1
for all points u and v of H(p,d). The result follows. |

Remark The essential strategy underlying the proof of Proposition 8.14
can be presented, in the two-dimensional case, as follows. Consider a city
laid out on a gridiron pattern, where all streets run either from north to
south, or from east to west. To get from one street intersection to another,
it is always possible to find a route that does not involve both northward
and southward legs, and does not involve both eastward and westward legs.
(Thus to get from one street intersection to another that lies to the northeast,
one can choose a route that involves only travelling northwards or travelling
eastwards along city streets.) Suppose that all streets have a maximum
gradient equal to m. Then the height difference between any two intersections
is bounded above by v/2md, where d is the direct distance between those
street intersections.

Corollary 8.15 Let ¢: X — R™ be a continuously differentiable function
defined over an open set X in R™, and let p be a point of X. Let M be a
positive real number satisfying M > [[(D@)pllop, where ||(Dy)pllop denotes
the operator norm of the derivative of ¢ at p. Then there exists a positive
real number & such that

[p(u) = (v)| < M[u - v|
for all points w and v of X that satisfy lu —p| < § and |v —p| < 4.

Proof Let My = ||(D¢)pllop and let ¢ = M — M. Let ¢p: X — R” be defined
such that

¥(u) = p(u) = (Dg)pu
for all u € X. Then (DvY)p = (D¢)p — (Dy)p = 0. It follows from Proposi-
tion 8.14 that there exists a positive real number ¢ such that

[Y(u) —¢(v)] < efu—v|
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for all points u and v of X that satisfy [u —p| < ¢ and |v — p| < §. Then

() = $(v) + (Dg)p(u — V)]
() = (V)| + [(Dp)p(u — V)|

<
< glu—v|+ Mylu—v| = M|u—v]|

|o(u) = @(v)]

for all points u and v of X that satisfy jlu — p| < § and |v — p| < ¢, as
required. |

Corollary 8.15 ensures that continuously differentiable functions of sev-
eral real variables are locally Lipschitz continuous. This means that they
satisfy a Lipschitz condition in some sufficiently small neighbourhood of any
given point. This in turn ensures that standard theorems concerning the
existence and uniqueness of ordinary differential equations can be applied to
systems of ordinary differential equations specified in terms of continuously
differentiable functions.

Theorem 8.16 Let X be an open subset of R™ and let p: X — R"™ be a
function mapping X into R™. Suppose that the Jacobian matrix

of of  on
Oxr, Oxy Oz
Ox; Oxy Oz,
Ofm  Ofm O fm

exists at every point of X, where f; denotes the ith component of ¢ for
1=1,2,...,n. Suppose also that the coefficients of this Jacobian matriz are
continuous functions on X. Then ¢ is differentiable at every point of X, and
the deriwvative of ¢ at each point is represented by the Jacobian matriz.

Proof Let p € X, and, for each integer ¢ between 1 and n, let g;: X — R be
defined such that

gi(x) = fi(x) = > Jij(x; — pj)
j=1
for all x € X, where x = (x1, 9, ..., z,,) and
_ _Of;
Jiy = (0, fi)(p) = o, |
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fori =1,2,...,nand j = 1,2,...,m. The partial derivatives 0;g; of the
function g; are then determined by those of f; so that

(9591)(x) = (9;£:) (%) = Ji

for i = 1,2,...,n and j = 1,2,...,m. It follows that (9;¢;)(p) = 0 for
j=12,....,m.

Let ¢: X — R™ be defined so that ¥ (x) = (¢1(x), g2(X), . . ., gn(x)) for all
x € X. Then the partial derivatives of the function ¥: X — R"™ are all equal
to zero at the point p.

Let some positive real number € be given. It follows from Proposition 8.14
that there exists some positive real number ¢ such that

[ (x) = ¢(p)| < e[x - p
for all x € X satisfying |x — p| < d. But then
p(x) = ¢(p) = J(x = p)| < efx —p|

for all x € X satisfying |x — p| < J, where J denotes the Jacobian matrix
of ¢ at the point p (i.e., the matrix whose coefficient in the ith row and jth
column of the matrix is equal to the value of the partial derivative

0fi
81:]-

at the point p).
It follows from this that

lp(x) —¢(p) — J(x —p)| =0,

and thus the function ¢ is differentiable at p. Moreover the matrix repre-
senting the derivative (Dy)p of ¢ at the point p is the Jacobian matrix at
that point, as required. |}

Corollary 8.17 Let X be an open set in R™. A function ¢: X — R" is
continuously differentiable if and only if the first order partial derivatives of
the components of ¢ exist and are continuous throughout X .

Proof The result follows directly on combining the results of Lemma 8.13
and Theorem 8.16. |}
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8.9

Summary of Differentiability Results

We now summarize the main conclusions regarding differentiability of func-
tions of several real variables. They are as follows.

(i)

(i)

(vi)

(vii)

A function p: X — R" defined on an open subset X of R™ is said to
be differentiable at a point p of X if and only if there exists a linear
transformation (Dy)p: R™ — R™ with the property that

lim
x=p [X —p

(p(x) —p(p) — (Dp)p (x —P)) = 0.

The linear transformation (Dy), (if it exists) is unique and is known
as the derivative (or total derivative) of ¢ at p.

If the function ¢: X — R" is differentiable at a point p of X then the
derivative (D), of ¢ at p is represented by the Jacobian matrix of
the function ¢ at p whose entries are the first order partial derivatives
of the components of .

There exist functions p: X — R™ whose first order partial derivatives
are well-defined at a particular point of X but which are not differen-
tiable at that point. Indeed there exist such functions whose first order
partial derivatives exist throughout their domain, though the functions
themselves are not even continuous. Thus in order to show that a func-
tion is differentiable at a particular point, it is not sufficient to show
that the first order partial derivatives of the function exist at that point.

However if the first order partial derivatives of the components of a
function ¢: X — R" exist and are continuous throughout some neigh-
bourhood of a given point then the function is differentiable at that
point. (However the converse does not hold: there exist functions
which are differentiable whose first order partial derivatives are not
continuous.)

Linear transformations are everywhere differentiable.

A function ¢: X — R” is differentiable if and only if its components
are differentiable functions on X (where X is an open set in R™).

Given two differentiable functions from X to R, where X is an open
set in R™, the sum, difference and product of these functions are also
differentiable.
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(viii) (The Chain Rule). The composition of two differentiable functions is
differentiable, and the derivative of the composition of the functions at
any point is the composition of the derivatives of the functions.
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