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6 The Multidimensional Riemann Integral

6.1 Rectangles and Partitions

Let X; be a subset of R for i = 1,2,...,n, where n is some positive integer.
The Cartesian product
X x Xgx---x X,

of the sets Xy, Xs, ..., X, is the subset of R” defined such that

Xy x Xgx---x X,
= {(x1,29,...,2,) ER" 1 ;€ X; for i =1,2,... n}.

We use the notation

to denote the Cartesian product X; x Xy x -+ x X, of sets X1, Xo,..., X,,.

Definition We define a closed n-dimensional rectangle in n-dimensional Eu-
clidean space R™ to be Cartesian product of closed intervals in the real line.

A closed n-dimensional rectangle can thus be represented as a set of the
form

{(z1,22,...,2,) ER" 1 a; < x; < b; fori=1,2,... ,n},

where a1, ao,...,a, and by, b, ..., b, are real numbers such that a; < b; for
1=1,2,...,n.

An n-dimensional rectangle may be referred to as an n-rectangle.
The interior of the closed n-rectangle

{(z1,29,...,2,) ER" 1 q; < x; < b; fori=1,2,...,n}
is the open set
{(z1,29,...,2,) ER" 1y < x; <b; fort =1,2,... n},

for all real numbers aq,as,...,a, and by,bs,...,b, satistying a; < b; for

i=1,2,....n.
n

In other words, the interior of the closed n-rectangle [][a;, b;] is the open

i=1
set H (CLZ‘, bz)
i=1
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Definition Let aq,ao,...,a, and by, b, ..., b, be real numbers, where a; <
b; fori =1,2,...,n, and let K be the n-rectangle defined so that

S ={(x1,z9,23,...,2,) ER" :q; < x; <b; fori=1,2,...,n}.

The wvolume (or content) v(K) of K is defined so that

n

v(S) = [ — @) = (a1 = bi) (a1 — ba) -+ (an — by).

=1

Let a and b be real numbers, where a < b. A partition of the closed
interval [a, b] is represented as a finite set P which includes the endpoints a
and b of the interval and whose elements belong to the interval. The elements
of such a partition P can be listed as xq, x1, 2, ..., T,,, Where

Aa=To <11 <Xy <+ <xy =>.

Let a; and b; be real numbers satisfying a; < b; fori =1,2,...,n, and let
P; be a partition of the closed interval [a;, b;] for each i. We can then write

B - {xi,()a xi,l? ‘ri,27 o 7Ii,m(i)}7

where
@i =i < Tijt < Tig <00 < Tim() = bs

fori =1,2,...,nand 7 = 0,1,...,m(i). Let K be the closed n-rectangle
defined so that K = [][a;,b;]. Then the partitions Pj, P, ..., P, of the

i=1
closed intervals

[al, bl], [CLQ, bg], e [an, bn]

determine a partition P, X P, x --- x P, of the n-rectangle K as a union of
smaller closed n-rectangles Kj, ;, i , where j; is an integer between 1 and

m(i) for i = 1,2,...,n, and where, for given integers ji, ja, ..., j, satisfying
1 <yj; <m(i) for i =1,2,...,n, the closed n-rectangle Kj, ;, ;. is defined

so that
n
K o jn | | xmrhxmz

Definition Let a; and b; be real numbers satisfying a; < b; fort =1,2,...,n,
and let K be the closed n-rectangle in R™ defined such that K = []]a;, b;].

i=1



A partition of K is the decomposition of K as a union of closed n-rectangles
Kj, j,... ;. that is determined by partitions P, P, ..., P, of

[a1, b1], [ag, bal, . . . [an, by

respectively, where, for each integer ¢ between 1 and n, the partition P; is
representable in the form

i = 3,00 43,1y L5,29 - -+ 5 Lgm(e
P, ={z;0,;1,%i2 x }
for real numbers x; 0, i1, Tiy, . . ., Tim(;) that satisfy
;= Ti0 < Tig < Tig < -+ < Tigm) = b,

n
and where Kj, ;, ;. = [[[zij,—1, % ] for all integers ji, o, ..., J, that sat-

i=1
isfy 1 < j; <mf(i) fori=1,2,...,n
Proposition 6.1 Let al and b; be real numbers satisfying a; < b; for i =

1,2,...,n, and let K = H la;, b;]. Let the partition P; of [a;, b;] be represented

in the form P; = {z;, a:z Lo Tim@) ) fori=1,2,... n, where
Ay =Tjo < Ti1 < Tiog << Tim(i) = bz
Then the volume v(K) of the n-rectangle K satisfies

m(1) m(2)

m
: : : : : : .71’.72: :Jn

J1=172=2 Jn=1

where Kj, 4, i, = [[[%iji-1,%ij ] for all n-tuples (j1,7J2,...,7n) of integers
=1

satisfying 1 < j; <mf(i) fori=1,2,...,n

Proof We must prove that

n m(n)
H b - aZ : : : : 'Tl).]l xla]l 1) (xn).]n - xnvjn_l)'
=1 ]1 1 ]n 1

First we note that

m(n)

bn =0 =) (Tng, = Tnjo1)-

in=1
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It follows directly that the result holds in the case when n = 1.
Suppose that n > 1 and that the result is known to hold for all partitions
of (n—1)-dimensional rectangles in R"~'. Applying the result to the rectangle

n—1

[T [@i, b;] in R*™! we find that

It follows that

n m(n)
H b - al S E 1'1 J1 'rle 1) <xn7]n - xnajn_l)'
=1 J1=1 Jn=1

Thus if the result holds all partitions of (n — 1)-dimensional rectangles in
R™=! then it also holds for all partitions of n-dimensional rectangles in R™.
The result follows. |}

We now introduce “multi-index” notation in order to reduce the com-
plexity of the notation involved in analysing the properties of n-dimensional
rectangles, partitions of such rectangles, and of real-valued functions defined
on such rectangles.

Let K be an closed n-dimensional closed rectangle in R"™, let
[CL17 bl]v [a27 bQ]v cry [ana bn]

be closed intervals such that K = H [a;, b;], where a; < b; fori=1,2,...,n,

and let P be a partition of K. Then there exists a partition P; of [a;, b;] for
1=1,2,...,n such that

P=P xPx---xP,.

Welet Py = {0, %i1, Ti2, - ., Time) } fori =1,2,... ,n, where z; 0, 1, s, . . -

are real numbers that satisfy

a; = Ti0 < Tip < Tig < -+ < Tigm) = by
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Now the n-rectangle K is the union of smaller n-rectangles K deter-

J1:J25+-0n
mined by the partition P, where

n
K, g i | | xml—hxml

for i = 1,2,...,n and j; = 1,2,...,m(i). We refer to these n-rectangles
K ... as the cells determined by the partition P of the rectangle K.
Each cell Kj, j, . ;. is identified by a “multi-index” (j1,J2,...,7n). Such
“multi-indices” are typically denoted by Greek letters «, 3,7, .. ..
Accordingly we let

QP)={(j1,J2,---+Jn) :i=1,2,...,nand j; = 1,2,... ,m(i)}.

Then (P) is the set consisting of the multi-indices that identify cells of the
partition P. Given a multi-index «, where a« = (j1,J2,...,7n) for some
(41,7925 Jn) € Q(P), we can denote by Kp, the cell Kj ;, ;. of the
partition corresponding to the multi-index a. The result Proposition 6.1
can then be expressed by the identity

oK)= Y v(Kpa)

aeQ(P)

where v(K') denotes the volume of the rectangle K and v(Kp,) denotes the
volume of the cell Kp, for all a € Q(P).

Definition Let K be an n-dimensional rectangle in R™ and let P and R be
partitions of K. We say that the partition R is a refinement of P if every
cell of the partition R is contained within a cell of the partition P.

Lemma 6.2 Let K be an n-dimensional rectangle in R™ and let P and R
be partitions of K. Let the partition P represent K as a union of cells
Kp., where the index « ranges over an indexing set Q(P), and where the
interiors of the cells are disjoint. Similarly let the partition R represent K as
a union of cells Kz, where the index 5 ranges over an indexing set Q(R),
and where the interiors of the cells are disjoint. Suppose that the partition R
is a refinement of the partition P. Then there is a well-defined function
X Q(R) — Q(P) characterized by the requirement that, for every 5 € Q(R),
the cell Kp gy of the partition P is the unique cell of that partition for which
Krp C Kpxg)-

Proof The definition of the cells of the partitions P and R ensures that
the interiors of these cells are non-empty. Moreover if a cell K of the
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refinement R is contained in a cell Kp, of the partition P then the interior
of Krp is contained in the interior of Kp,. But the interiors of the cells
of the partition P are disjoint, and therefore the interior of Kprg cannot
intersect the interiors of two or more cells of the partition P. Therefore Kg g
can be contained in at most one cell of the partition P. But the definition
of refinements ensures that K g is contained in the interior of at least one
cell of the partition P. The result follows. |}

Lemma 6.3 Let K be an n-dimensional rectangle in R™, and let P and @)
be partitions of K. Then there exists a partition R of K that is a common
refinement of the partitions P and Q).

Proof Let K = [[._,[a;,b;], where a; and b; are real numbers satisfying
a; < b; for i = 1,2,...,n. It follows from the definition of partitions that
there exist partitions P, and @); of the closed bounded interval [a;,b;] for
1 =1,2,...,n such that

P:P1XP2X~--XPn

and
Q=01 x QX XQp.

For each ¢, P; and @); are finite sets containing the endpoints a; and b; of the
interval whose other elements all belong to the interval. Let R; = P;UQ); for
1=1,2,...,n, and let

R:R1XR2X---XRH.

Then R is a partition of K that is a common refinement of the partitions P
and @ of K. The result follows. |}

6.2 Multidimensional Darboux Sums

Let f: K — R be a bounded real-valued function defined on an n-dimensional
rectangle K in R™. A partition P of the n-rectangle K represents K as the
union of a collection

{Kpa:a€Q(P)}

of n-rectangles contained in K. The interior of each of these n-rectangles
is a non-empty open set in R”, and distinct n-rectangles in this collection
intersect, if at all, only along their boundaries. Thus each point of K belongs
to the interior of at most one rectangle in the collection

{Kpao o€ Q(P)}.
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Also the volume v(K) of the n-dimensional rectangle K is the sum of the
volumes of the cells of the partition, and thus

v(E)= Y Kp,.

aeQ(P)

Let K be an n-dimensional rectangle in R” and let P and R be partitions of
K. Then the partition R is a refinement of P if every cell of the partition R is
contained within a cell of the partition P. We have shown that if the partition
R of K is a refinement of a partition P of K, and if the cells of the partitions
P and R of K are indexed by indexing sets Q(P) and (R) respectively,
then there is a well-defined function \: Q(R) — Q(P) characterized by the
property that, for each 8 € Q(P), the cell Kpy(g) is the unique cell of the
partition P for which Kp 3 C Kpy) (see Lemma 6.2). We have also shown
that, given any two partitions P and ) of K, there exists a partition R of
K that is a common refinement of P and @. (see Lemma 6.3.)

Remark The previous discussion contains more details regarding how the
partition of K is implemented, and how the cells of the partition are con-
structed, and how they can be indexed. The results just described will be
essential in the following discussion. But the details of how the cells of the
partition are indexed is immaterial to the following discussion, and we could
at this point choose an ordering of the cells of a given partition, and use this
ordering to represent the indexing set €2(P) associated with a partition P of
an n-dimensional rectangle K as a set of consecutive integers indexing the
cells of the partition P in accordance with the chosen ordering of those cells.
The cells determined by the partition P of K could then be denoted as

Kpi1, Kpa, -+ Kpy,
where 7 is the number of cells resulting from the partition P of K.

Definition Let f: K — R be a bounded real-valued function defined on an
n-dimensional rectangle K in R", let P be a partition of K, and let the cells
of this partition be indexed by the set Q(P). For each element « of the
indexing set Q(P), let Kp, denotes the cell of the partition indexed by «,
let v(Kp, ) denote the volume of Kp,, and let

mpq =nf{f(x):x € Kpao}

and
Mp, =sup{f(x) :x € Kp,}.
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Then the Darboux lower sum L(P, f) and the Darboux upper sum U(P, f)
are defined by the formulae
Z mpav KPa

aeQ(P)

and

UPH) = 3 Mpav(Kpa),

a€Q(P)

Let f: K — R be a bounded real-valued function defined on an n-dimensional
rectangle K in R™. Then the definition of the Darboux lower and upper sums
ensures that L(P, f) < U(P, f) for all partitions P of the n-rectangle K.

Lemma 6.4 Let f: K — R be a bounded real-valued function defined on
an n-dimensional rectangle K in R™, and let P and R be partitions of K.
Suppose that R is a refinement of P. Then

L(R, f) = L(P,f) and U(R,f) <U(P, [).

Proof Let the cells of the partitions P and R be indexed by indexing sets
Q(P) and w(R) respectively. Also, for each o € Q(P), let Kp, be the cell
of the partition P determined by «, and, for each 8 € Q(R), let K3 be the
cell of the partition R determined by 3. Then there is a well-defined function
A Q(R) — Q(P) characterized by the requirement that, for every g € Q(R),
the cell Kp ) of the partition P is the unique cell of that partition for which
Krpg C Kpxpg) (see Lemma 6.2). Now

LP.f) = Y mpav(Kpa),

a€Q(P)
U(P7 f) = Z MP,a U(KP,a)>
aeQ(P)
where
=inf{f(x) :x € Kp,}
and

Mpo =sup{f(x):x € Kp,}
for all & € Q(P). Similarly

LR, f) = Y mrsv(Krp),
BEQ(R)

UR,f) = > Mpgv(Kpp),
BeQ(R)
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where
mprs = inf{f(x) :x € Krg}
and
Mg =sup{f(x):x € Kpg}
for all 5 € Q(R).
Now
MRg = Mprg)
for all 3 € Q(R), because Krg C Kp). Also the partition R of K deter-

mines a partition of each cell Kp, of that partition P, decomposing the cell
Kp, as a union of the sets Ky g for which A(3) = «a. It follows that

Kpa = Z ’U(KR’g)

BEQ(Rsa)
where
QR; ) = {B € UR) : A(B) = o}
for all & € Q(P) (see Proposition 6.1). Therefore

LR, f) = Y mrgv(Kprp)

BEQR)

= Y ) mrpv(Kgp)

a€Q(P) BEQ(R;)

Y. mea Y, v(Kgp)

acQ(P) BEQ(R;a)
Z mP,aU(KP,a)
a€Q(P)

= L(P.J).

v

A\

An analogous argument applies to upper sums. Now
Mg g > Mp)p)
for all g € Q(R), where
Mp, =sup{f(x) :x € Kp,}
for all a € Q(P) and

Mg =sup{f(x):x € Kpp}
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for all § € Q(R), because Kr g C Kpypg). Also

Kp@ = Z 'U(KRﬁ)

BEQ(Rsa)
where
(R a) = {7 € AR) : A(B) = a}
for all o € Q(P), as before. Therefore

UR.f) = > Mpgv(Kpp)
BEQ(R)

= > > Mggv(Krp)

a€Q(P) BEQ(R;a)

Z MP,a Z U(KR,B>

aeQ(P) BEQ(R;a)
Z MP,aU(KP,a>
aeQ(P)

= U(P,f).

IN

v

This completes the proof. |}

Lemma 6.5 Let f: K — R be a bounded real-valued function defined on an
n-dimensional rectangle K in R", and let P and Q) be partitions of K. Then
then the Darboux sums of the function f for the partitions P and Q) satisfy

L(P, ) U@, [)-

Proof There exists a partition R of K that is a common refinement of the
partitions P and @ of K. (Lemma 6.3.) Moreover L(R, f) > L(P, f) and
U(R, f) <U(Q, f) (Lemma 6.4). It follows that

L(P, f) < L(R, f) SU(R, ) < U(Q, ),

as required. |

6.3 The Multidimensional Riemann-Darboux Integral

Definition Let K be an n-dimensional rectangle in R”, and let f: K — R
be a bounded real-valued function on K. The lower Riemann integral and
the upper Riemann integral, denoted by

E/ f(x)dxy dxy --- dr, and u/f(x)dﬂﬁdl'z---dxn
K K
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respectively, are defined such that

E/ f(x)dzydzsy - dx,

K: sup{L(P, f) : P is a partition of K},
U/ f(x)dzydzy - - dx,

K: inf{U(P, f) : P is a partition of K}.

Lemma 6.6 Let f be a bounded real-valued function on an n-dimensional
rectangle K in R™. Then

E/Kf(x) iz gu/Kf(x) da.

E/ f(x)dzydzsy - - dx, §L{/ f(x)dzydzy - - dz,.
K K

Proof It follows from Lemma 6.5 that L(P, f) < L(Q, f) for all partitions P
and @ of K. It follows that, for a fixed partition @, the upper sum U(Q, f)
is an upper bound on all the lower sums L(P, f), and therefore

ﬁLﬂmmsm@n

The lower Riemann integral is then a lower bound on all the upper sums,
and therefore

/J/ f(x)dzydzsy - - dx, SU/ f(x)dzydzy - - dz,.
K K

as required. |

Definition A bounded function f: K — R on a closed n-dimensional rect-
angle K in R™ is said to be Riemann-integrable (or Darbouz-integrable) on
K it
L[/ f(x)dzydzy - - dz, = E/ f(x)dzydzy - - dx,
K K
in which case the Riemann integral [, f(x)dzy dzy --- dx, (or Darbous inte-

gral) of f on X is defined to be the common value of U [, f(x) dzy dzs - - - dx,
and L [, f(x)dxy dxy - - - da,.
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Lemma 6.7 Let f: K — R be a bounded function on a closed n-dimensional
rectangle K in R™. Then the lower and upper Riemann integrals of f and

—f are related by the identities
LI/ (—f(x))dzydxg -+ dz,, =
K
E/ (—f(x))dxy dxg - -+ dx, =
K

—£/ f(x)dxydxy - - dxy,
K

—M/ f(x)dxydzy - - dx,.
K

Proof Let P be a partition of K, let Q(P) be the indexing set for the cells
of the partition P, and let the cell of the partition indexed by a € Q(P) be
denoted by Kp,. Then the lower and upper sums of f for the partition P

satisfy the equations

L(P,f)= Y mpav(Kpa), U

aeQ(P)
where

mP,Oc
Mp,

Now

(Pf)= 3 Mpao(Kry).

aeQ(P)

= inf{f(x):x€ Kpa},
= sup{f(x):x € Kpy}.

sup{—f(x) :x € Kp,}

= —inf{f(x):x € Kpo} = —mpa,
inf{—f(x):x € Kpn}

= —sup{f(x):x€ Kpo} =—Mp,

It follows that

U(Pa _f) = Z (_mP,a)U(KP,oc) = _L(Pa f)a
aeQ(P)

L(Pa _f) = Z (_MP,a>U<KP,a) - _U(P’ f)
a€Q(P)

We have now shown that

U(P,—=f)=—=L(P,f) and L(P,—f)=-U(P,[)

for all partitions P of the interval K. Applying the definition of the upper

and lower integrals, we see that

Z/{/K(—f(x))dxl dzy -+ dxy,
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= inf{U(P,—f) : P is a partition of K}
= inf{—L(P, f) : P is a partition of K}
= —sup{L(P, f): P is a partition of K}
= —E/ f(x)dzydzsy - -+ dzx,

K

Similarly

/l/ (—f(x))dxy dxy - -+ dxy
K
= sup{L(P,—f): P is a partition of K}
= sup{—U(P, f) : P is a partition of K}
= —inf{U(P, f): P is a partition of K}
= —U/ f(x)dzydzy - - dx,.
K

This completes the proof. |}

Lemma 6.8 Let f: K — R and g: K — R be bounded functions on a closed
n-dimensional rectangle K in R™. Then the lower sums of the functions f,
g and [+ g satisfy

L(P, f+g) = L(P, f) + L(P, g),
and the upper sums of these functions satisfy
U, f+g) U [)+ U, g).

Proof Let P be a partition of K, let Q(P) be the indexing set for the cells
of the partition P, and let the cell of the partition indexed by a € Q(P) be
denoted by Kp,. Then

L(P, f) = Z mpa(f)v(Kpa),

aeQ(P)
L(Pg) = Y mpa(g)v(Kpa),
aeQ(P)
LP,f+g) = > mpalf+9v(Epa),
a€Q(P)

where

mpo(f) = Inf{f(x):x€ Kpa},
mpa(g) = inf{g(x):x € Kp,},
mpa(f+9) = Inf{f(x)+g(x):x € Kpa}
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for a € Q(P).
Now

f(X) > mP,a(f) and g(X) > mP,Ol(Q)'
for all x € Kp,. Adding, we see that

f(X) + g(X) > mP,Oc(f) + mP,a(g)

for all x € Kp,, and therefore mp,(f) + mpa(g) is a lower bound for the
set

{f/(x)+9(x) : x € Kpa}.
The greatest lower bound for this set is mp,(f + g). Therefore
mP,a(f + g) Z mP,a(f) + mP,a(Q)'
It follows that
L(P, f+g)
= Z mpa(f + g)v(Kpa)

a€Q(P)

Z (mpa(f) +mpal(g))v(Kpa)

v

= L(P, f)+ L(P,g).

An analogous argument applies to upper sums. Now

UPf) = Y Mpa(f)o(Kpa),

a€eQ(P)
U(P7g) = Z MPa KPoz)
aeQ(P
U(Rf"‘Q) - Z MP,a f+g)U(KP,a)7
aeQ(P)

where

Mpo(f) = sup{f(x):x€ Kp,},
Mpa(g) = sup{g(x):x € Kpa},
Mpo(f+g) = sup{f(x) +g(x):x€ Kpa}
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for a € Q(P).
Now
f(X) S MP,a(f) and g(X) S MP,oc(g)'

for all x € Kp,. Adding, we see that

f(x) +9(x%) < Mpo(f) + Mpa(g)

for all x € Kp,,, and therefore Mp,(f) + Mp,(g) is an upper bound for the
set

{f(x) +9(x) : x € Kpa}.
The least upper bound for this set is Mp,(f + g). Therefore

Mpo(f +9) < Mpa(f) + Mpa(g)-

It follows that

UP, f+g)
= Y Mpa(f+g)v(Kpa)

aeQ(P)

> (Mpalf) + Mpalg)v(Kp)

a€Q(P)
= Y Mpa(Hv(Epa)+ > Mpa(gv(Kpa)
a€Q(P) aeQ(P)

= UL f)+U(Pyg).

IN

This completes the proof that
L(P, f+g) = L(P, f) + L(P, g)

and
UP f+9) <UL f)+UPg). |

Proposition 6.9 Let f: K — R and g: K — R be bounded Riemann-integrable

functions on a closed n-rectangle K. Then the functions f + g and f — g are
Riemann-integrable on K, and moreover

/K(f(x) + g(x)) dwy dxy - - - day,

= / f(x)dxydzy --- d:vn+/ g(x)dzy dxy - -+ dxy,
K K
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and

[ (00 = g0 o o - i,
/Kf(x)dxldxg ---dxn—/Kg(X)dxldxg-~-dxn.

Proof Let some strictly positive real number ¢ be given. The definition
of Riemann-integrability and the Riemann integral ensures that there exist
partitions P and () of K for which

L(P, f) > / f(x)day dzsy - -+ d, — 3¢
K
and
L(Q,g) > / g(x) dxy dzy - -+ dx,, — 3e.
K
Let the partition R be a common refinement of the partitions P and ). Then
L(R,f) > L(P, f) and L(R,g) > L(P,g).

Applying Lemma 6.8, and the definition of the lower Riemann integral, we
see that

E/ ) dzy dxs - - dx,

(R f+9) > LR, f)+ L(R, g)
L(P, f)+ L(Q,g)

(/f d:cldx2~~dn——5>
+ (/Kg(x)d:cldxg dxn—%a)

/f(x)dxldxg---d:l:n+/g(x)d:vldxg---dxn—e
K K

(AVARYS

V

We have now shown that

E/ ) dxy dxsy - - - dxy,

/f(x)dxldxg---dxn+/g(x)d$1dx2---dxn—e
K K

for all strictly positive real numbers €. However the quantities of
£ [ 60+ g0 derdes - dr, [ S drrdry - d,
K K
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and

/ g(x)dxy dxy - -+ dxy
K

have values that have no dependence whatsoever on the value of €.
It follows that

K
/ f(x)dzy dzsy - - dx, +/ g(x)dxy dxy - -+ dxy,.

We can deduce a corresponding inequality involving the upper integral of
f+g by replacing f and g by — f and —g respectively (Lemma 6.7). We find
that

£ [ (109~ g dor oy -+ d,
K
> / (—f(x))dxy dzy - -+ dx, + / )) dxy day - dz,
K K
= —/f(x)dxldxg--- /g )dxy dxg - - - dz,
K K
and therefore
K
= —ﬁ/ x))dxy dxy -+ - dx,
< / f(x)drydzy - - dx, + / g(x)dxy dxy - - - dxy,.
K K
Combining the inequalities obtained above, we find that
/ f(x)dxy dxy - - day, +/ g(x)dxydxy - -+ dx,
K K
< £/(f( )+ g(x)) day des -+ da

< U/ ) dzy dxs - - dx,

IN

/ f(x)dxydzy - - dx, + / g(x)dxy dxy - -+ dx,.
K K
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The quantities at the left and right hand ends of this chain of inequalities
are equal to each other. It follows that

L'/K(f(x) +g(x)) dxy dzy - - dxy,
_ L{/K(f(x)—i—g(x))dxlde e da,
= /Kf(x) dzydzy - dxn+/Kg(x) dzrydzy -+ dx,.

Thus the function f + g is Riemann-integrable on K, and
K

= / f(x)dxydzy -+ dux, +/ g9(x) dzy dxs - - - dzy,.
K K
Then, replacing g by —g, we find that
[ (#60 ~ g0x)) dayds - i,
K
= / f(x)dzydzy - dx, — / g(x)dxy dxy - -+ dxy,.
K K

as required. |}

Proposition 6.10 Let f: K — R be a bounded function on a closed n-
dimensional rectangle K in R™. Then the function f is Riemann-integrable
on K if and only if, given any positive real number ¢, there exists a parti-
tion P of K with the property that

UP,f)— L(P, f) < «.

Proof First suppose that f: K — R is Riemann-integrable on K. Let some
positive real number € be given. Then

/Kf(x) dxidxy -+ dx,

is equal to the common value of the lower and upper integrals of the func-
tion f on K, and therefore there exist partitions () and R of K for which

L(Q, f) > /Kf(x) dzidzy - dz, — 3
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and
U(R, f) </ f(x)day day - - - dx, + 3e.
K

Let P be a common refinement of the partitions ) and R. Now
L(Q, f) < L(P, f) SU(P, f) <U(R, f).
(see Lemma 6.4). It follows that
UP, f)—L(P, f) SU(R, f) = L(Q, f) <e.

Now suppose that f: K — R is a bounded function on K with the prop-
erty that, given any positive real number ¢, there exists a partition P of K
for which U(P, f) — L(P, f) < €. Let € > 0 be given. Then there exists a
partition P of K for which U(P, f) — L(P, f) < €. Now it follows from the
definitions of the upper and lower integrals that

L(P, f) < E/ f(x)dzydzy - - dzy,

K

and therefore

L{/Kf(x)dxldxg-~~dxn—£/Kf(X)dx1dx2~--dmn
< UP,f)—L(P f) <e.

Thus the difference between the values of the upper and lower integrals of f
on K must be less than every strictly positive real number ¢, and therefore

L{/ f(x)dzydzy - - dz, = E/ f(x)dxydzy -+ dxy,.
K K
This completes the proof. |}

Lemma 6.11 Let f: K — R be a bounded Riemann-integrable function on
a closed n-dimensional rectangle K in R™, let |f|: K — R be the function
defined such that | f|(x) = |f(x)| for allx € K, and let P be a partition of the
n-rectangle K. Then the Darbouz sums U(P, f) and L(P, f) of the function f
on K and the Darboux sums U(P,|f|) and L(P,|f]) of the function |f| on K
satisfy the inequality

U(P,|f]) = L(P,|f]) S U(P, f) = L(P, f).
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Proof Let P be a partition of K, let 2(P) be a set that indexes the cells of
the partition P of K, and let

) sup{f(x) :x € Kpa},

) = sup{|f(x)| : x € Kpa},
mpa(f) = Inf{f(x):x € Kpa},

) = Inf{|f(x)|:x € Kpy}

for a € Q(P). It follows from Lemma 3.8 that

MP,a<|f|) - mP,a(lfD < MP,a(f) - mP,a(f)

for « € Q(P). Now the Darboux sums of the functions f and |f| for the
partition P are defined by the identities

L(P7 f) = Z mP,a(f)v<KP,a)a

aeQ(P)

LRI = >, meallfo(Kpa),

a€eQ(P)

UPf) = Y Mpa(f)o(Kpa),

a€eQ(P)

UPI) = Y Mpa(lfo(Kpa).
)

aeQ(P

It follows that
UPIf) = LIPS = D (Mpa(lf]) = mpa(lf])0(Kpa)

aeQ(P)

< Y (Mpalf) = mpa(f)o(Kpa)
aeQ(P)

= U(P,f)—L(P,f),

as required. Jj

Proposition 6.12 Let f: K — R be a bounded Riemann-integrable function
on a closed n-dimensional rectangle K in R", and let |f|: K — R be the
function defined such that |f|(x) = |f(x)| for all x € K. Then the function
|f| is Riemann-integrable on K, and

b b
/f(x)dxldx2~--dxn S/ |f(x)| dzy dzy - - - dzy,.
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Proof Let some positive real number € be given. It follows from Proposi-
tion 6.10 that there exists a partition P of K such that

UP f)—L(P f) <e.
It then follows from Lemma 6.11 that
U(P,|fl) = L(P,|f]) SU(P, f) = L(P, f) <.

Proposition 6.10 then ensures that the function |f| is Riemann-integrable on
K.

Now —|f(x)| < f(x) < |f(x)| for all x € K. It follows that
b b

b
< /|f(x)|dx1dx2---da:n.

It follows that

b
/ f(x)dzydzy - - dx,

as required. Jj

b
< / |f(x)| dzy dzs - - - dzxy,

Lemma 6.13 Let f: K — R and g: K — R be bounded Riemann-integrable
functions on a closed n-dimensional rectangle K in R™, let B be a positive real
number with the property that |f(x)| < B and |g(x)| < B for allx € K, and
let P be a partition of the n-rectangle K. Then the Darbouz sums U(P, f),
U(P,g), U(P. f-g), L(P., ), L(P,g) and L(P, f -g) of the functions f, g and
f g on K satisfy the inequality

< B(U(P.f) = L(P.f) + U(P,g) — L(P,g)).

Proof Let P = {xg, x1,%2,...,2,}, where

Aa=To< T <Xy <+ - <z, =0

Then
U(P7f) = Z MP,a(f)U(KP,a>a
aeQ(P)
UP,g) = Y Mpalg)v(Epa),
aeQ(P)
UP,f-9) = D, Mpalf-9)v(Kpa),
aeQ(P)
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L(Pa f) = Z mP,oc(f)v(KP,oc)a

aeQ(P)
L<P’g> - Z mP,a(g)U(KP,o)’
a€Q(P)
L(P,f-g) = Y mpalf-9v(Kpa),
a€Q(P)
where
Mpo(f) = sup{f(x):x € Kpa},
Mpal(g) = sup{g(x):x € Kpa},
Mpo(f-g) = sup{f(x)g(x):x € Kpa}
mpo(f) = inf{f(x):x€ Kpa},
mpa(9) = inf{g(x):x € Kpa},
mP,oc(f'g) = inf{f(x)g() XeKP,oc}'
for a € Q(P).

Now it follows from Lemma 3.11 that
Mpa(f - 9) = mpalf - 9) < B(Mpa(f) = mpa(f) + Mpa(g) = mea(g)).

for a € Q(P). The required inequality therefore holds on multiplying both
sides of the inequality above by v(Kp,) and summing over all integers be-
tween 1 and n. |}

Proposition 6.14 Let f: K — R and ¢: K — R be bounded Riemann-
integrable functions on a closed bounded n-dimensional rectangle K in R™.

Then the function f - g is Riemann-integrable on K, where (f - g)(x) =
f(x)g(x) forallx € K.

Proof The functions f and ¢ are bounded on K, and therefore there exists
some positive real number B with the property that |f(x)| < B and |g(x)| <
B for all x € K.

Let some positive real number € be given. It follows from Proposition 6.10
that there exist partitions ) and R of the closed n-rectangle K for which

U@ )= L@, f) < 55

and

U(R,g9) — L(R,g) < ﬁ
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Let P be a common refinement of the partitions () and R. It follows from
Lemma 6.4 that

UP.f) = LIP.F) SUQ )= LQ.f) < 3

and
€

U<P7g> - L(Pag) < U(R7g> - L(Rag) < ﬁ

It then follows from Proposition 6.13 that

< B(U(P.H) = LIP.H)+U(P.g) ~ L(P.g))
< €

We have thus shown that, given any positive real number ¢, there exists a
partition P of the closed n-dimensional rectangle K with the property that

U<P7fg)_L(P7fg)<€

It follows from Proposition 6.10 that the product function f - g is Riemann-
integrable, as required. |

6.4 Integrability of Continuous functions

Theorem 6.15 Let K be a closed n-dimensional rectangle in R™. Then any
continuous real-valued function on K is Riemann-integrable.

Proof Let f: K — R be a continuous real-valued function on K. Then f
is bounded above and below on K, and moreover f: K — R is uniformly
continuous on K. (These results follow from Theorem 5.5 and Theorem 5.6.)
Therefore there exists some strictly positive real number ¢ such that |f(u) —
f(w)|] < e whenever u,w € K satisfy ju — w| < 4.

Choose a partition P of the n-rectangle K such that each cell in the par-
tition has diameter less than . Let €(P) be an index set which indexes the
cells of the partition P and, for each o € Q(P) let Kp,, be the corresponding
cell of the partition P of K. Also let p, be a point of Kp,, for all a € Q(P).
Then |x — po| < ¢ for all x € Kp,. Thus if

mpq =nf{f(x):x € Kpyo}

and
Mp, =sup{f(x):x € Kp,}
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then
f(pa) — £ S mp e S MP,a S f(pa) +¢€
for all @ € Q(P). It follows that

> Fpa)u(Kpa) = oK)
< LIP.p) <UP.J)

< 3 FPa)u(Kra) + s0(K).

where L(P, f) and U(P, f) denote the lower and upper sums of the function f
for the partition P.
We have now shown that

0 < Z/{/ f($)da:1dx2---d:pn—£/ f(x)dzy dxs - - dzy
K K

But this inequality must be satisfied for any strictly positive real number ¢.
Therefore

?/l/ f(z)dxydxs - -+ dx, zﬁ/ f(z)drydxy - -+ dx,
K K

and thus the function f is Riemann-integrable on K. |}

6.5 Repeated Integration
Let K be an n-rectangle in R™, given by

n

K = H[a,;, bl]

i=1
= {xeR":q;<a; <bfori=1,2,...,n},

where aq,as,...,a, and by, bs, ..., b, are real numbers which satisfy a; < b;
for each ¢. Given any continuous real-valued function f on K, let us denote
by Zk(f) the repeated integral of f over the n-rectangle K whose value is

/:n (/b (/b f($1,x2,...,xn)dac1>de...>dmn.

n=0an 2=a2 1=ai

(Thus Zk(f) is obtained by integrating the function f first over the coordi-
nate x1, then over the coordinate x5, and so on).

104



Note that if m < f(x) < M on K for some constants m and M then
mu(K) <Zk(f) < Mvo(K).

We shall use this fact to show that if f is a continuous function on some
n-rectangle K in R" then

Ik(f) = /Kf(x) dx, dzs - -+ dx,

(i.e., Zg(f) is equal to the Riemann integral of f over K).

Theorem 6.16 Let f be a continuous real-valued function defined on some
n-rectangle K in R™, where

K:{XERnCLlSZL’ZSbZ}

Then the Riemann integral

/ f(x)dzydzy - - dx,

of f over K 1is equal to the repeated integral

/Ibn (,../:2 (/:1 f(xhxz,.--,xn)dml)dxg.__>dg;n_

n=0an 2=a2 1=a1

Proof Given a partition P of the n-rectangle K, we denote by L(P, f) and
U(P, f) the quantities so that

LP.S) = 3 mealf)o(Kra)

aeQ(P)

and

UPf)= Y Mpalf)v(Kpa)
)

aeQ(P

where Q(P) is an indexing set that indexes the cells of the partition P,
and where, for all @ € Q(P), v(Kp,) is the volume of the cell Kp, of the
partition P indexed by «,

mpo(f) =nf{f(x):x € Kp,},

and

Mpo(f) =sup{f(x):x € Kpq}.
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Now
mpa(f) < f(x) < Mpa(f)
for all & € Q(P) and x € Kp,, and therefore
mP,a(f) U(KP,(X) S IK,a(f) S MP,a(f) U(KP,a)

for all @ € Q(P). Summing these inequalities as a ranges over the indexing
set Q(P), we find that

L(P.f) = > mpa(f)v(Kpa)

VAN
(]
=
2
=

I
5
LI
=
=
3
2

But

> Iialf) = Z(f).

aeQ(P)
It follows that

The Riemann integral of f is equal to the supremum of the quantities L(P, f)
as P ranges over all partitions of the n-rectangle K, hence

/Kf(x) drydxy -+ dr, < ZTg(f).

Similarly the Riemann integral of f is equal to the infimum of the quanti-
ties U(P, f) as P ranges over all partitions of the n-rectangle K, hence

Ik(f) < /Kf(x) dxidxy -+ dx,,.

Hence
Ik(f) = / f(x)dzy dzsy - - dax,
K

as required. |

Note that the order in which the integrations are performed in the re-
peated integral plays no role in the above proof. We may therefore deduce
the following important corollary.
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Corollary 6.17 Let f be a continuous real-valued function defined over some
closed rectangle K in R?, where

K={(z,y) eR*:a<2<b c<y<d}.

/j(/jf(:c,y)dy) dm:/c“</a”f(m,y>dx> "

Proof It follows directly from Theorem 6.16 that the repeated integrals

/ab (/Cdf(m,y)dy) dz and /Cd (/abf(:p,y)dx) dy

are both equal to the Riemann integral of the function f over the rectangle K.
Therefore these repeated integrals must be equal. |}

Then
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