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4 Continuous Functions of Several Real Vari-
ables

4.1 Basic Properties of Vectors and Norms

We denote by R"™ the set consisting of all n-tuples (z1,xs,...,x,) of real
numbers. The set R" represents n-dimensional Fuclidean space (with respect
to the standard Cartesian coordinate system). Let x and y be elements of
R"™, where

X:($17x27"'axn)a y:(y1’y27"'7yn)7

and let A be a real number. We define

X+y = (x1+ylax2+y27"'axn+yn)a
X=Yy = (xl_y1,$2_y27--->xn_yn)7

AX = (Azq, Azg, ..., Axy,),
Xy = Tiy1+ oY+ -+ TpYn,

x| = /e +adeeeral

The quantity x -y is the scalar product (or inner product) of x and y, and
the quantity |x| is the Euclidean norm of x. Note that |x|> = x - x. The
FEuclidean distance between two points x and y of R" is defined to be the
Euclidean norm |y — x| of the vector y — x.

Proposition 4.1 (Schwarz’s Inequality) Let x and y be elements of R™.
Then |x - y| < [x||y].

Proof We note that |A\x + py|? > 0 for all real numbers A and . But
IAx + py? = (Ax + py).(Ax + py) = N[x[* + 22 ux -y + pP[y]*.

Therefore \?[x|? + 2 \ux -y + p?ly|* > 0 for all real numbers A and p. In
particular, suppose that A = |y|*> and 4 = —x - y. We conclude that

[y * = 2fy*(x - y)* + (x - y)*ly* > 0,
so that (]x|?|y|*> — (x-y)?)|y|? > 0. Thus if y # 0 then |y| > 0, and hence
xP*lyl* = (x-y)* = 0.

But this inequality is trivially satisfied when y = 0. Thus |x-y| < [x]|]y|, as
required. ||
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Corollary 4.2 (Triangle Inequality) Let x and y be elements of R". Then
x4yl < [x|+ |yl

Proof Using Schwarz’s Inequality, we see that

x+y]? = (x+y).x+y) =[x+|y+2x-y
< xP+ylP 2]yl = (%] + [y

The result follows directly. |}
It follows immediately from the Triangle Inequality (Corollary 4.2) that
2 —x| <[z —y[+]y —x|

for all points x, y and |z| of R™. This important inequality expresses the
geometric fact that the length of any triangle in a Euclidean space is less
than or equal to the sum of the lengths of the other two sides.

4.2 Convergence of Sequences in Euclidean Spaces

Definition A sequence X1, X, X3, ... of points in R" is said to converge to a
point p if and only if the following criterion is satisfied:—

given any real number ¢ satisfying € > 0 there exists some positive
integer N such that |p — x| < € whenever j > N.
We refer to p as the limit lim x; of the sequence x1,x9,X3,....
J—+o00
Lemma 4.3 Let p be a point of R", where p = (p1,p2,...,Pn). Then a

sequence X1,Xso,X3, ... of points in R™ converges to p if and only if the ith
components of the elements of this sequence converge to p; fori=1,2,...,n.

Proof Let zj; and p; denote the 7th components of x; and p, where p =
lim x;. Then |z;; — p;i| < |x; — p| for all j. It follows directly from the

j — 400
iieﬁnition of convergence that if x;, — p as j — +oo then z;; — p; as
J — +o0.

Conversely suppose that, for each i, x;; — p; as j — +o0. Let € > 0 be
given. Then there exist positive integers Ny, N, ..., N,, such that |z;; —p;| <
e/y/n whenever j > N;. Let N be the maximum of Ny, Ny, ..., N,. If j > N
then

n

x; =Pl =Y (zji — pi)? < n(e/v/n)? = €2,

i=1

so that x; > pasj — +oo. ||
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4.3 Continuity of Functions of Several Real Variables

Definition Let X and Y be a subsets of R” and R" respectively. A function
f: X = Y from X to Y is said to be continuous at a point p of X if and
only if the following criterion is satisfied:—

given any strictly positive real number ¢, there exists some strictly
positive real number 0 such that |f(x) — f(p)| < & whenever
x € X satisfies |x — p| < 0.

The function f: X — Y is said to be continuous on X if and only if it is
continuous at every point p of X.

Lemma 4.4 Let X, Y and Z be subsets of R™, R" and R* respectively, and
let f: X =Y and g:Y — Z be functions satisfying f(X) C Y. Suppose that
f is continuous at some point p of X and that g is continuous at f(p). Then
the composition function go f: X — Z is continuous at p.

Proof Let ¢ > 0 be given. Then there exists some 1 > 0 such that |g(y) —
g(f(p))| < € for all y € Y satisfying |y — f(p)| < n. But then there exists
some 0 > 0 such that |f(x) — f(p)| < n for all x € X satisfying |x — p| < 0.
It follows that |g(f(x)) — g(f(p))| < € for all x € X satisfying |x — p| < 9,
and thus g o f is continuous at p, as required. |

Lemma 4.5 Let X and Y be a subsets of R™ and R™ respectively, and let
f: X —= Y be a continuous function from X to Y. Let x1,X2,X3,... be a
sequence of points of X which converges to some point p of X. Then the

sequence f(x1), f(X2), f(X3),... converges to f(p).

Proof Let € > 0 be given. Then there exists some § > 0 such that |f(x) —
f(p)| < e for all x € X satisfying |[x — p| < J, since the function f is
continuous at p. Also there exists some positive integer N such that |x;—p| <
0 whenever 7 > N, since the sequence X1, Xs, X3, ... converges to p. Thus if
j > N then |f(x;) — f(p)| < e. Thus the sequence f(x1), f(x2), f(x3), ...
converges to f(p), as required. |

Let X and Y be a subsets of R™ and R" respectively, and let f: X — Y
be a function from X to Y. Then

f(X) = (fl(x)7f2(x)a cee 7fn<x))

for all x € X, where fi, fo,..., f, are functions from X to R, referred to as
the components of the function f.
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Proposition 4.6 Let X and Y be a subsets of R™ and R™ respectively, and
let pe X. A function f: X — Y is continuous at the point p if and only if
its components are all continuous at p.

Proof Note that the ith component f; of f is given by f; = m; o f, where
mi:R" — R is the continuous function which maps (y1,y2,...,y,) € R"
onto its ith coordinate y;. Now any composition of continuous functions is
continuous, by Lemma 4.4. Thus if f is continuous at p, then so are the
components of f.

Conversely suppose that the components of f are continuous at p € X.
Let € > 0 be given. Then there exist positive real numbers 61, do, ..., d, such
that | f;(x) — fi(p)| < e/+/n for x € X satisfying |x — p| < d;. Let ¢ be the
minimum of dy,ds, ..., d,. If x € X satisfies |x — p| < ¢ then

[f(x) = f(p)* = Z |fi(x) = filp)* < €,

and hence |f(x) — f(p)| < e. Thus the function f is continuous at p, as
required. [

Lemma 4.7 The functions s:R? — R and m:R? — R defined by s(x,y) =
x4y and m(z,y) = xy are continuous.

Proof Let (u,v) € R?. We first show that s: R* — R is continuous at (u,v).
Let € > 0 be given. Let § = e. If (x,y) is any point of R? whose distance
from (u,v) is less than § then |z —u| < ¢ and |y — v| < §, and hence

[s(,y) — s(uv)] = |o+y—u—v < o —ul +]y—o] <26 = .

This shows that s:R? — R is continuous at (u,v).
Next we show that m:R? — R is continuous at (u,v). Now

m(z,y) —m(u,v) =xy —uv = (x —u)(y —v) + u(y — v) + (zr — u)v.

for all points (z,y) of R?. Thus if the distance from (z,y) to (u,v) is less
than J then |z —u| < § and |y — v| < 6, and hence |m(z,y) — m(u,v)| <
62 + (Ju] + |v|)d. Let € > 0 is given. If 6 > 0 is chosen to be the minimum of
1 and /(1 + |u| + |v|) then 6 + (Ju| + [v])d < (1 + |u| + |[v])d < &, and thus
im(z,y) — m(u,v)| < e for all points (z,y) of R? whose distance from (u,v)
is less than §. This shows that p: R? — R is continuous at (u,v). ||

Proposition 4.8 Let X be a subset of R", and let f: X — R and g: X — R
be continuous functions from X to R. Then the functions f + g, f — g and
f - g are continuous. If in addition g(x) # 0 for all x € X then the quotient
function f/g is continuous.
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Proof Note that f + g = soh and f-g = m o h, where h: X — R2,
s:R? — R and m:R? — R are given by h(x) = (f(x), 9(x)), s(u,v) = u +v
and m(u,v) = wo for all x € X and u,v € R. It follows from Proposition 4.6,
Lemma 4.7 and Lemma 4.4 that f + ¢ and f - g are continuous, being com-
positions of continuous functions. Now f — ¢ = f + (—g), and both f and
—g are continuous. Therefore f — g is continuous.

Now suppose that g(x) # 0 for all x € X. Note that 1/g = r o g, where
r:R\ {0} — R is the reciprocal function, defined by r(t) = 1/t. Now the
reciprocal function 7 is continuous. Thus the function 1/g is a composition
of continuous functions and is thus continuous. But then, using the fact that
a product of continuous real-valued functions is continuous, we deduce that
f/g is continuous. |

Example Consider the function f:R?\ {(0,0)} — R? defined by

_ L Y

The continuity of the components of the function f follows from straightfor-
ward applications of Proposition 4.8. It then follows from Proposition 4.6
that the function f is continuous on R?\ {(0,0)}.

Lemma 4.9 Let X be a subset of R™, let f: X — R™ be a continuous func-
tion mapping X into R™, and let |f|: X — R be defined such that |f|(x) =
|f(x)] for allx € X. Then the real-valued function |f| is continuous on X.

Proof Let x and p be elements of X. Then
&) =[(f(x) = f(p)) + f(P)| < |f(x) = F(P)| + [f(P)]

and
LfP)| = [(f(p) — f(x)) + f(x)] < [f(x) = fFP)]+ [f(x)],
and therefore

f&) = f@I| < [f(x) = f(P)I-

The result now follows from the definition of continuity, using the above
inequality. Indeed let p be a point of X, and let some positive real number ¢
be given. Then there exists a positive real number § small enough to ensure
that | f(x) — f(p)| < ¢ for all x € X satisfying |x — p| < 6. But then

fE=1fP)l] < [f(x) = flp)| <e

for all x € X satisfying |x — p| < d, and thus the function |f| is continuous,
as required. |
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4.4 Open Sets in Euclidean Spaces

Definition Given a point p of R and a non-negative real number r, the
open ball B(p,r) in R™ of radius r about p is defined to be the subset of R”
defined so that

B(p,r) ={x e R": |x —p| <r}.

(Thus B(p,r) is the set consisting of all points of R™ that lie within a sphere
of radius r centred on the point p.)

The open ball B(p,r) of radius r about a point p of R" is bounded by
the sphere of radius r about p. This sphere is the set

{xeR": |x—p|=r}.

Definition A subset V' of R" is said to be an open set (in R") if, given
any point p of V', there exists some strictly positive real number § such that
B(p,6) C V, where B(p,d) is the open ball in R™ of radius ¢ about the
point p, defined so that

B(p,d) ={x e R": |x—p| < d}.

Example Let H = {(x,y,2) € R® : 2 > ¢}, where ¢ is some real number.
Then H is an open set in R3. Indeed let p be a point of H. Then p = (u, v, w),
where w > ¢. Let § = w — ¢. If the distance from a point (z,y,2) to the
point (u,v,w) is less than § then |z — w| < 4, and hence z > ¢, so that
(x,y,2) € H. Thus B(p,d) C H, and therefore H is an open set.

The previous example can be generalized. Given any integer ¢ between 1
and n, and given any real number ¢;, the sets

{(z1,29,...,2,) €R" : 2; > ¢;}
and
{(x1,29,...,2,) ER" 1 2; < ¢;}
are open sets in R".
Example Let
V={(z,y,2) e R®: 2® +9* + 22 < 9}.

Then the subset R? of R? is the open ball of radius 3 in R? about the origin.
This open ball is an open set. Indeed let x be a point of V. Then |x| < 3.
Let 6 = 3 — |x|. Then § > 0. Moreover if y is a point of R?® that satisfies
ly — x| < ¢ then

yl=Ix+y—x)| <[x|+]y —x| <[x|+d=3,
and therefore y € V. This proves that V' is an open set.
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More generally, an open ball of any positive radius about any point of
a Euclidean space R™ of any dimension n is an open set in that Euclidean
space. A more general result is proved below (see Lemma 4.10).

4.5 Open Sets in Subsets of Euclidean Spaces

Definition Let X be a subset of R”. Given a point p of X and a non-
negative real number r, the open ball Bx(p,r) in X of radius r about p is
defined to be the subset of X defined so that

Bx(p,r)={xe X :|x—p|<r}.

(Thus Bx (p, r) is the set consisting of all points of X that lie within a sphere
of radius r centred on the point p.)

Definition Let X be a subset of R”. A subset V' of X is said to be open in X
if, given any point p of V, there exists some strictly positive real number §
such that Bx(p,d) C V, where Bx(p,d) is the open ball in X of radius o

about on the point p. The empty set ) is also defined to be an open set in
X.

Example Let U be an open set in R™. Then for any subset X of R", the
intersection U N X is open in X. (This follows directly from the definitions.)
Thus for example, let S? be the unit sphere in R3, given by

S?={(z,y,2) ER*: 2 + ¢ + 2 =1}
and let N be the subset of S? given by
N ={(z,y,2) €ER": 2 +y* + 2> = 1 and z > 0}.

Then N is open in S?, since N = H N S?, where H is the open set in R3
given by

H = {(z,y,2) € R*: 2 > 0}.
Note that N is not itself an open set in R3. Indeed the point (0,0, 1) belongs
to N, but, for any § > 0, the open ball (in R? of radius § about (0,0,1)

contains points (x,vy, z) for which 22 + 4* + 2% # 1. Thus the open ball of
radius ¢ about the point (0,0, 1) is not a subset of N.

Lemma 4.10 Let X be a subset of R, and let p be a point of X. Then, for
any positive real number r, the open ball Bx(p,r) in X of radius r about p
15 open in X.
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Proof Let x be an element of Bx(p,r). We must show that there exists
some ¢ > 0 such that Bx(x,d) C Bx(p,r). Let 6 =r —|x —p|. Then ¢ > 0,
since |x — p| < r. Moreover if y € By (x,d) then

ly—p|<|ly—x[+[x—p|<d+|x—p|=r1,

by the Triangle Inequality, and hence y € Bx(p,r). Thus Bx(x,0) C
Bx(p,r). This shows that Bx(p,r) is an open set, as required. |

Lemma 4.11 Let X be a subset of R™, and let p be a point of X. Then, for
any non-negative real number r, the set {x € X : |x —p| > r} is an open set
in X.

Proof Let x be a point of X satisfying |x — p| > r, and let y be any point
of X satisfying |y — x| < 0, where § = |x — p| —r. Then

x—p|<|[x—yl[+]y—pl
by the Triangle Inequality, and therefore
y—pl=x—p[—|y—x|>|x—p|-d=r
Thus Bx(x,d) is contained in the given set. The result follows. |

Proposition 4.12 Let X be a subset of R™. The collection of open sets in X
has the following properties:—

(1) the empty set ) and the whole set X are both open in X;
(i1) the union of any collection of open sets in X is itself open in X;

(111) the intersection of any finite collection of open sets in X is itself open
n X.

Proof The empty set () is an open set by convention. Moreover the definition
of an open set is satisfied trivially by the whole set X. This proves (i).

Let A be any collection of open sets in X, and let U denote the union of
all the open sets belonging to A. We must show that U is itself open in X.
Let x € U. Then x € V for some set V' belonging to the collection A. It
follows that there exists some 6 > 0 such that Bx(x,d) C V. But V C U,
and thus By (x,d) C U. This shows that U is open in X. This proves (ii).

Finally let Vi, V5, V3, ..., Vi be a finite collection of subsets of X that
are open in X, and let V' denote the intersection V; NV, N --- NV} of these
sets. Let x € V. Now x € Vj for j = 1,2,...,k, and therefore there
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exist strictly positive real numbers 61, 0o, . .., d) such that Bx(x,d;) C V; for
j=1,2,... k. Let 6 be the minimum of dy,ds,...,d. Then ¢ > 0. (This is
where we need the fact that we are dealing with a finite collection of sets.)
Now Bx(x,0) C Bx(x,9;) C V; for j =1,2,... k, and thus Bx(x,0) C V.
Thus the intersection V' of the sets Vi, V5, ...V} is itself open in X. This
proves (iii). [

Example The set {(x,y,2) € R®: 22 + y?> + 22 < 4 and z > 1} is an open
set in R?, since it is the intersection of the open ball of radius 2 about the
origin with the open set {(z,y,z) € R®: z > 1}.

Example The set {(z,y,2) € R®: 2% + y* + 22 < 4 or z > 1} is an open set
in R3, since it is the union of the open ball of radius 2 about the origin with
the open set {(z,y,z) € R®: 2 > 1}.

Example The set
{(xu%z) € R?: (ﬁﬁ—n)2+y2+z2 < i for some n € Z}

is an open set in R3, since it is the union of the open balls of radius % about
the points (n,0,0) for all integers n.

Example For each positive integer k, let
Vi ={(z,y,2) € R®: B*(2® +9* + 2°) < 1}.

Now each set V}, is an open ball of radius 1/k about the origin, and is therefore
an open set in R3. However the intersection of the sets Vj, for all positive
integers k is the set {(0,0,0)}, and thus the intersection of the sets V}, for all
positive integers k is not itself an open set in R®. This example demonstrates
that infinite intersections of open sets need not be open.

Proposition 4.13 Let X be a subset of R", and let U be a subset of X.
Then U 1is open in X if and only if there exists some open set V in R™ for

which U =V N X.

Proof First suppose that U = VN X for some open set V in R”. Let u € U.
Then the definition of open sets in R™ ensures that there exists some positive
real number ¢ such that

{xeR":|x—u|<d}CV.

Then
{xeX:|x—u|<dé}CU
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This shows that U is open in X.
Conversely suppose that the subset U of X is open in X. For each point u
of U there exists some positive real number d,, such that

{xeX:|x—u|<d,}CU.

For each u € U, let B(u,d,) denote the open ball in R™ of radius d,, about
the point u, so that

B(u,0y) ={x € R": |[x —u| < d,}

for all u € U, and let V be the union of all the open balls B(u,d,) as u
ranges over all the points of U. Then V' is an open set in R"™.

Indeed every open ball in R™ is an open set (Lemma 4.10), and any union
of open sets in R™ is itself an open set (Proposition 4.12). The set V is a
union of open balls. It is therefore a union of open sets, and so must itself
be an open set.

Now B(u,d,) N X C U. for all u € U. Also every point of V' belongs
to B(u,d,) for at least one point u of U. It follows that V N X C U. But
u € B(u,d,) and B(u,d,) C V for all u € U, and therefore U C V, and thus
UcCVnX. It follows that U =V N X, as required. |}

4.6 Convergence of Sequences and Open Sets

Lemma 4.14 A sequence X1,Xsg, X3, ... of points in R"™ converges to a point p
if and only if, given any open set U which contains p, there exists some
positive integer N such that x; € U for all j satisfying j > N.

Proof Suppose that the sequence x1, Xs, X3, ... has the property that, given
any open set U which contains p, there exists some positive integer /N such
that x; € U whenever j > N. Let € > 0 be given. The open ball B(p,¢) of
radius € about p is an open set by Lemma 4.10. Therefore there exists some
positive integer N such that x; € B(p,¢) whenever j > N. Thus |x;—p| < ¢
whenever 7 > N. This shows that the sequence converges to p.

Conversely, suppose that the sequence X1, Xs, X3, ... converges to p. Let
U be an open set which contains p. Then there exists some € > 0 such that
the open ball B(p, ¢) of radius € about p is a subset of U. Thus there exists
some £ > 0 such that U contains all points x of X that satisfy |x — p| < e.
But there exists some positive integer N with the property that |x; —p| < e
whenever j > N, since the sequence converges to p. Therefore x; € U
whenever j > N, as required. |}
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4.7 Closed Sets in Euclidean Spaces

Let X be a subset of R". A subset F' of X is said to be closed in X if and
only if its complement X \ F'in X is open in X. (Recall that X \ F' = {x €
X:x¢F})

Example The sets {(z,y,2) € R* : 2 > ¢}, {(z,y,2) € R®: 2 < ¢}, and
{(x,y,2) € R®: 2z = ¢} are closed sets in R? for each real number ¢, since the
complements of these sets are open in R?.

Example Let X be a subset of R”, and let xq be a point of X. Then the
sets {x € X : [x —x¢| <r}and {x € X : |x — x| > r} are closed for
each non-negative real number r. In particular, the set {x} consisting of
the single point xq is a closed set in X. (These results follow immediately
using Lemma 4.10 and Lemma 4.11 and the definition of closed sets.)

Let A be some collection of subsets of a set X. Then
x\Js=Nx\s,  x\s=JE\s)
SeA SeA SeA SeA

(i.e., the complement of the union of some collection of subsets of X is the
intersection of the complements of those sets, and the complement of the
intersection of some collection of subsets of X is the union of the complements
of those sets).

Indeed let A be some collection of subsets of a set X, and let x be a point
of X. Then

xeX\|JS <= x¢|JSs
SeA SeA
< forallSe A x&5S

< forallS e A xeX\S
= xe[)(X\9),
SeA
and therefore

X\ Js=x\9).
SeA SeA
Again let x be a point of X. Then

xeX\ (1S <= x¢()S
SeA SeA
there exists S € A for which x ¢ S

there exists S € A for which x € X \ S
xe [ J&x\9),

SeA

117
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and therefore

X\ s=Jx\9).

SeA SeA

The following result therefore follows directly from Proposition 4.12.

Proposition 4.15 Let X be a subset of R™. The collection of closed sets
in X has the following properties:—

(1) the empty set ) and the whole set X are both closed in X ;

(i1) the intersection of any collection of closed sets in X is itself closed in
X;

(111) the union of any finite collection of closed sets in X is itself closed in
X.

Lemma 4.16 Let X be a subset of R, and let F' be a subset of X which is
closed in X. Let x1,X2,X3,... be a sequence of points of F which converges
to a point p of X. Then p € F.

Proof The complement X \ F' of F'in X is open, since F' is closed. Suppose
that p were a point belonging to X'\ F. It would then follow from Lemma 4.14
that x; € X \ F for all values of j greater than some positive integer N,
contradicting the fact that x; € F' for all j. This contradiction shows that p
must belong to F', as required. |}

4.8 Continuous Functions and Open Sets

Let X and Y be subsets of R™ and R", and let f: X — Y be a function
from X to Y. We recall that the function f is continuous at a point p of X
if, given any € > 0, there exists some 6 > 0 such that |f(x) — f(p)| < &
for all points x of X satisfying |x — p| < 6. Thus the function f: X — Y
is continuous at p if and only if, given any € > 0, there exists some § > 0
such that the function f maps Bx(p,d) into By (f(p),c) (where Bx(p,0)
and By (f(p),e) denote the open balls in X and Y of radius § and £ about
p and f(p) respectively).

Given any function f: X — Y, we denote by f~}(V) the preimage of a
subset V of Y under the map f, defined by f~1(V) ={x€ X : f(x) e V}.

Proposition 4.17 Let X andY be subsets of R™ and R™, and let f: X — Y
be a function from X toY . The function f is continuous if and only if f~1(V)
is open in X for every open subset V of Y.
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Proof Suppose that f: X — Y is continuous. Let V' be an open set in Y.
We must show that f~1(V) is open in X. Let p € f~%(V). Then f(p) €
V. But V is open, hence there exists some € > 0 with the property that
By (f(p),e) € V. But f is continuous at p. Therefore there exists some
d > 0 such that f maps Bx(p,d) into By (f(p),e) (see the remarks above).
Thus f(x) € V for all x € Bx(p, d), showing that Bx(p,d) C f~*(V). This
shows that f~'(V) is open in X for every open set V in Y.

Conversely suppose that f: X — Y is a function with the property that
f7HV) is open in X for every open set V in Y. Let p € X. We must
show that f is continuous at p. Let ¢ > 0 be given. Then By (f(p),¢) is
an open set in Y, by Lemma 4.10, hence f~'(By(f(p),)) is an open set
in X which contains p. It follows that there exists some § > 0 such that
Bx(p,d) C f'(By(f(p),e)). Thus, given any € > 0, there exists some
d > 0 such that f maps Bx(p,d) into By (f(p),e). We conclude that f is
continuous at p, as required. ||

Let X be a subset of R", let f: X — R be continuous, and let ¢ be some
real number. Then the sets {x € X : f(x) > ¢} and {x € X : f(x) < ¢}
are open in X, and, given real numbers a and b satisfying a < b, the set
{x€ X :a< f(x) <b}isopenin X.

4.9 Limits of Functions of Several Real Variables

Definition Let X be a subset of m-dimensional Euclidean space R™, and
let p € R™. The point p is said to be a limit point of the set X if, given any
d > 0, there exists some point x of X such that 0 < |x — p| < §.

It follows easily from the definition of convergence of sequences of points
in Euclidean space that if X is a subset of m-dimensional Euclidean space R™
and if p is a point of R™ then the point p is a limit point of the set X if

and only if there exists an infinite sequence x;, X5, X3, ... of points of X, all
distinct from the point p, such that lim x; = p.
J—+0o0

Definition Let X be a subset of m-dimensional Euclidean space R™, let
f: X — R” be a function mapping the set X into n-dimensional Fuclidean
space R"™, let p be a limit point of the set X, and let q be a point in R™. The
point q is said to be the limit of f(x), as x tends to p in X, if and only if
the following criterion is satisfied:—

given any strictly positive real number ¢, there exists some strictly
positive real number § such that |f(x) — q| < € whenever x € X
satisfies 0 < |x — p| < 6.
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Let X be a subset of m-dimensional Euclidean space R™, let f: X — R"
be a function mapping the set X into n-dimensional FEuclidean space R™,
let p be a limit point of the set X, and let q be a point of R™. If q is the
limit of f(x) as x tends to p in X then we can denote this fact by writing
lim f(x) =q.

X—)p

Lemma 4.18 Let X and Y be subsets of R™ and R™ respectively, let p be a
limit point of X, let q be a point of Y, let - X — Y be a function satisfying
f(X)CY, and let g:Y — RF be a function from'Y to R*. Suppose that

lim f(x) = q

X—p

and that the function g is continuous at q. Then

lim g(f(x)) = g(q).

X—p
Proof Let € > 0 be given. Then there exists some 1 > 0 such that |g(y) —
g(q)] < ¢ for all y € Y satisfying |y — q| < 7, because the function ¢ is
continuous at q. But then there exists some 6 > 0 such that |f(x) —q| <7
for all x € X satisfying 0 < |x — p| < . It follows that |g(f(x)) — g(q)| <€
for all x € X satisfying 0 < |x — p| < §, and thus

lim g(x) = g(q),

X—p

as required. |}

Proposition 4.19 Let X be a subset of R™, let p be a limit point of X, and
let q be a point of R™. A function f: X — R"™ has the property that

lim f(x) = q

X—Pp

if and only if
lim f;(x) = g;

X—p
fori=1,2, ... n, where fi, fa,..., fn are the components of the function f
and q= ((117(127 s 7Qn)

Proof Note that the ith component f; of f is given by f; = m; o f, where
m;: R" — R is the continuous function which maps (y1, ¥, ..., y,) € R™ onto
its ith coordinate y;. It therefore follows from Lemma 4.18 that

lim f(x) =q

X—=p
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then
lim f Z(X) =q;

X—p
fori=1,2,...,n
Conversely suppose that
lim f;(x) = ¢
X—p
for v = 1,2,...,n. Let ¢ > 0 be given. Then there exist positive real
numbers dy, da, . .., 0, such that 0 < |f;(x) — ¢;| < e/y/n for x € X satisfying

0 < |x — p| < d;. Let § be the minimum of dy,0s,...,6d,. If x € X satisfies
0 < |x — p| < then

‘ q‘2 Z’fl _Qz 2

and hence |f(x) — q| < e. Thus

lim f(x) =q,

X—=p

as required. |

Proposition 4.20 Let X be a subset of m-dimensional Fuclidean space R™,
let f: X — R™ be a function mapping the set X into n-dimensional Fuclidean
space R™, and let p be a point of the set X that is also a limit point of X. Then
the function f is continuous at the point p if and only if >1<1E11J f(x) = f(p).

Proof The result follows directly on comparing the relevant definitions. |}

Let X be a subset of m-dimensional Euclidean space R, and let p be a
point of the set X. Suppose that the point p is not a limit point of the set X.
Then there exists some strictly positive real number ¢y such that [x —p| > do
for all x € X satisfying x # p. The point p is then said to be an isolated
point of X.

Let X be a subset of m-dimensional Euclidean space R™. The definition
of continuity then ensures that any function f: X — R"™ mapping the set X
into n-dimensional Euclidean space R"™ is continuous at any isolated point of
its domain X.

Proposition 4.21 Let X be a subset of m-dimensional Fuclidean space R™,
let f: X — R" and g: X — R"™ be functions mapping X into n-dimensional
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Fuclidean space R™, let p be a limit point of X, and let q and r be points of
R™. Suppose that

lim f(x) = q
X—p

and
lim g(x) =r.
X—Pp

Then

lim (f(x) 4+ g(x)) =q+r.

X—p

Proof Let some strictly positive real number € be given. Then there exist
strictly positive real numbers d; and d, such that

[f(x) —al < 3¢
whenever x € X satisfies 0 < |x — p| < d; and
l9(x) — x| < 3¢

whenever x € X satisfies 0 < |x — p| < da.
Let 6 be the minimum of ¢§; and d,. Then § > 0, and if x € X satisfies
0 < |x —p| < 9 then

|f(x) —q| < 3¢
and
|g(x) — 1| < 3¢,

and therefore

f(x) +g9(x) = (a+1)] < [f(x)—q|+]g9(x)—r]
< fetze=c.

It follows that
lim (f(x) +g(x)) =q+r,

X—=p

as required. |

Definition Let f: X — R” be a function mapping some subset X of m-
dimensional Euclidean space R™ into R”, and let p be a limit point of X.
We say that f(x) remains bounded as x tends to p in X if strictly positive
constants C' and 0 can be determined so that |f(x)| < C for all x € X
satisfying 0 < |x — p| < 9.
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Proposition 4.22 Let f: X — R™ be a function mapping some subset X of

R™ into R™, let h: X — R be a real-valued function on X, and let p be a

limit point of X. Suppose that lim f(x) = 0. Suppose also that h(x) remains
X—p

bounded as x tends to p in X. Then

lim (h(x) f(x)) —0.
X—p

Proof Let some strictly positive real number € be given. Now h(x) remains
bounded as x tends to p in X, and therefore positive constants C' and §y can
be determined so that |h(x)| < C for all x € X satisfying 0 < |x — p| < .
A strictly positive real number ¢y can then be chosen small enough to ensure
that C'eqg < e. There then exists a strictly positive real number ; that is
small enough to ensure that |f(x)| < €9 whenever 0 < |x — p| < d;. Let
d be the minimum of dy and 6;. Then § > 0, and if 0 < |x — p| < J then
|h(x)| < C and |f(x)| < €0, and therefore

|h(x)f(x)] < Cey < €.
The result follows. |

Proposition 4.23 Let f: X — R™ be a function mapping some subset X of

R™ into R™, let h: X — R be a real-valued function on X, and let p be a

limit point of X. Suppose that lim h(x) = 0. Suppose also that f(x) remains
X—=p

bounded as x tends to p in X. Then

lim (h(x)f(x)) = 0.

X—=p
Proof Let some strictly positive real number € be given. Now f(x) remains
bounded as x tends to p in X, and therefore positive constants C' and §, can
be determined such that |f(x)| < C for all x € X satisfying 0 < |x —p| < do.
A strictly positive real number £y can then be chosen small enough to ensure
that Cey < . There then exists a strictly positive real number §; that is
small enough to ensure that |h(x)| < gy whenever 0 < |x — p| < d;. Let
0 be the minimum of §y and d;. Then § > 0, and if 0 < |x — p| < J then
|f(x)] < C and |h(x)| < €y, and therefore

|h(x)f(x)] < Ceqy < €.

The result follows. |}
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Proposition 4.24 Let X be a subset of m-dimensional Fuclidean space R™,

let f: X — R" and g: X — R" be functions mapping X into n-dimensional

Fuclidean space R™, and let p be a limit point of X. Suppose that lim f(x) =
X—p

0. Suppose also that g(x) remains bounded as x tends to s in X. Then

lim (f(x) -g(x)) = 0.
X—p

Proof Let some strictly positive real number ¢ be given. Now g(x) remains
bounded as x tends to p in X, and therefore positive constants C' and §, can
be determined such that |g(x)| < C for all x € X satisfying 0 < |x — p| < do.
A strictly positive real number ¢y can then be chosen small enough to ensure
that Cey < . There then exists a strictly positive real number §; that is
small enough to ensure that |f(x)| < g9 whenever 0 < |x —p| < d;. Let 0 be
the minimum of 0y and d;. Then § > 0, and if 0 < |x—p| < 0 then |f(x)] < &
and |g(x)| < C. It then follows from Schwarz’s Inequality (Proposition 4.1)
that

|f(x) - 9(x)] < |f(x)[|g(x)] < Ceo <.
The result follows. |}

Proposition 4.25 Let X be a subset of m-dimensional Euclidean space R™,
let f: X — R™ be a function mapping X into n-dimensional Fuclidean space
R™, let h: X — R be a real-valued function on X, let p be a limit point of X,
let q be a point of R™ and let s be a real number. Suppose that

lim f(x) = q
X—p

and
lim h(x) = s.
X—Pp

Then

lim h(x)f(x) = sq.

X—=p

Proof The functions f and h satisfy the equation

hx)f(x) = h(x)(F(0) = a) + (h(x) = s)a + sq,

where
lim (f(x) — q) =0 and lim (h(x) - s) = 0.

X—p X—p

Moreover there exists a strictly positive constant dy such that |h(x) —s| < 1
for all x € X satisfying 0 < |[x—p| < dy. But it then follows from the Triangle
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Inequality that |h(x)| < |s| + 1 for all x € X satisfying 0 < |x — p| < o.
Thus h(x) remains bounded as x tends to p in X. It follows that

lim (h(x)(f(x) —q)) =0

X—p

(see Proposition 4.23). Similarly

lim (h(x) —s)q = 0.

X—Pp

It follows that

lim (h(x)f(x))
- i)+ (19 -)a) -9
= 0+sq,

as required. |

Proposition 4.26 Let X be a subset of m-dimensional Fuclidean space R™,
let f:X — R™ and g: X — R"™ be functions mapping X into n-dimensional
FEuclidean space R™, let p be a limit point of X, and let q and r be points of
R™. Suppose that

lim f(x) =q
and

)1{1_I>III) g(x) =r.
Then

lim (f(x) - g(x)) = q .

X—=p

Proof The functions f and g satisfy the equation

f(x)-g(x)=(f(x) —q)-9(x)+q-(9(x) —r) +q-r,

where

lim (f(x) - q) =0 and lim (g(x) — r) =0.

X—p X—p
Moreover there exists a strictly positive constant dy such that |g(x) —r| < 1
for all x € X satisfying 0 < |[x—p| < dy. But it then follows from the Triangle
Inequality that |g(x)| < |r| + 1 for all x € X satisfying 0 < |x — p| < do.
Thus g(x) remains bounded as x tends to p in X. It follows that

lim ((f(0) —a) - g(x)) =0

X—=p
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(see Proposition 4.24). Similarly

fi (- (o0 —r)) =0
It follows that
lim (f(x) - g(x))

= lim ((f60 —a) - 900)) + lim (a- (969 =) ) + -
= q-r,

as required. Jj

Proposition 4.27 Let X be a subset of m-dimensional Fuclidean space R™,

let f:X — R and g: X — R be real-valued functions on X, and let p be a

limit point of the set X. Suppose that lim f(x) and lim g(x) both exist. Then
X—Pp X—Pp

so do )l(l_r{;)(f(X) +g(x)), igl%)(f(x) —g(x)) and )l(i_r)ré(f(x)g(x)), and moreover

lim(f(x) +g(x)) = lim f(x)+ lim g(x),
lim(f(x) —g(x)) = lim f(x) - lim g(x),
lim(f(x)g(x)) = lLim f(x) x lim g(x),

If moreover g(x) # 0 for all x € X and lim g(x) # 0 then
X—p

o J00 T
x>p g(x)  lim g(x)’

First Proof It follows from Proposition 4.21 (applied in the case when the
target space is one-dimensional) that

lim ((x) + 9(x)) = lim £(x) + lim g(x).

X—p

Replacing the function g by —g, we deduce that

lim (£(x) — 9(x)) = lim, £(x) ~ lim g(x).

It follows from Proposition 4.25 (applied in the case when the target space
is one-dimensional), or alternatively from Proposition 4.26, that

lim (f(x)g(x)) = lim f(x) x lim g(x).

X—=p X—=p
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Now suppose that g(x) # 0 for all x € X and that lim g(x) # 0. Let
X—p

r:R\ {0} — R be the reciprocal function defined so that r(t) = 1/t for
all non-zero real numbers £. Then the reciprocal function r is continuous.
Applying the result of Lemma 4.18, we find that

i =l rlg0) = (g ) = 1

x—p g(X) x—p X—p ~ lim g(x)°
X—Pp

It follows that .
o FO0 T
im = — :
<% g(x) T g(x)
X—p

as required. |

Second Proof Let [ = lim f(x) and m = lim g(x), and let h: X — R? be

X—p X—Pp
defined such that

for all x € X. Then
lim h(x) = (I,m)
X—p

(see Proposition 4.19).

Let s: R? — R and m: R? — R be the functions from R? to R defined such
that s(u,v) = u + v and m(u,v) = wv for all u,v € R. Then the functions s
and m are continuous (see Lemma 4.7). Also f+¢g=sohand f-g=mo f.
It follows from this that

lim (£(x) + g(x) = lim s(f(x), g(x)) = lim s(h(x))

X—p X—p X—p
= s (lim h(X)) =s(l,m) =1+ m,
X—p

and

lim (f(x)g(x)) = lim m(f(x),g(x)) = lim m(h(x))

X—=p X—p X—=p

= m <lim h(x)) = m(l,m) = Im

X—p

(see Lemma 4.18).
Also

lim (—g(x)) = —m.

X—=p
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It follows that
lim (f(x) — g(x)) =1 —m.

X—p
Now suppose that g(x) # 0 for all x € X and that lim g(x) # 0. Rep-
X—=p

resenting the function sending x € X to 1/¢g(x) as the composition of the
function g and the reciprocal function r: R\ {0} — R, where r(t) = 1/t for
all non-zero real numbers ¢, we find, as in the first proof, that the function
sending each point x of X to

i () =

o fx) 1
)~

It then follows that

as required. |

Proposition 4.28 Let X and Y be subsets of R™ and R"™ respectively, and
let f: X =Y and g:Y — RF be functions satisfying f(X) CY. Let p be a
limit point of X in R™, let q be a limit point of Y in R™ let r be a point of
R¥. Suppose that the following three conditions are satisfied:

(i) lim f(x) =q;

X—=p
(i) lim g(y) = r;
y—q

(111) there exists some positive real number dy such that f(x) # q for all
x € X satisfying |x — p| < do.

Then
lim g(f(x)) =r.

Proof Let some positive real number ¢ be given. Then there exists some
positive real number 1 such that |g(y) — r| < & whenever y € Y satisfies
0 < |y — q| < n. There then exists some positive real number §; such that
|f(x) — q| < n whenever x € X satisfies 0 < |x — p| < d;. Also there
exists some positive real number Jy such that f(x) # q whenever x € X
satisfies |x — p| < dp. Let 0 be the minimum of §y and d;. Then § > 0, and
0 < |f(x) — q| < n whenever x € X satisfies 0 < |x — p| < 0. But this then
ensures that |g(f(x)) —r| < € whenever x € X satisfies 0 < |[x —p| < 6. The
result follows. |}
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4.10 Limits and Neighbourhoods

Definition Let X be a subset of m-dimensional Euclidean space R, and
let p be a point of X. A subset N of X is said to be a neighbourhood of p
in X if there exists some strictly positive real number ¢ for which

{xeX:|x—p|<d} CN.

Lemma 4.29 Let X be a subset of m-dimensional Euclidean space R™, and
let p be a point of X that is not an isolated point of X. Let f: X — R"™ be a
function mapping X into some Euclidean space R™, and let q € R™. Then

lim f(x) = q

X—p

if and only if, given any positive real number ¢, there exists a neighbourhood N
of p in X such that

|f(x)—dl <e
for all points x of N that satisfy x # p.

Proof This result follows directly from the definitions of limits and neigh-
bourhoods. |}

Remark Let X be a subset of m-dimensional Euclidean space R™, and let
p be a limit point of X that does not belong to X. Let f: X — R" be a
function mapping X into some Euclidean space R"™, and let q € R™. Then

lim f(x) = q

X—Pp

if and only if, given any positive real number ¢, there exists a neighbour-
hood N of p in X U {p} such that

|f(x)—d| <e¢

for all points x of NV that satisfy x # p. Thus the result of Lemma 4.29 can
be extended so as to apply to limits of functions taken at limit points of the
domain that do not belong to the domain of the function.
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