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3 The Riemann Integral in One Real Variable

3.1 Darboux Sums and the Riemann Integral

The approach to the theory of integration discussed below was developed
by Jean-Gaston Darboux (1842-1917). The integral defined using lower and
upper sums in the manner described below is sometimes referred to as the
Darboux integral of a function on a given interval. However the class of func-
tions that are integrable according to the definitions introduced by Darboux
is the class of Riemann-integrable functions. Thus the approach using Dar-
boux sums provides a convenient approach to define and establish the basic
properties of the Riemann integral.

A partition P of an interval [a,b] is a set {zo, z1, 29, ..., 2, } of real num-
bers satisfying a = xg <11 <10 < -+ <11 < 1, =b.

Given any bounded real-valued function f on [a,b], the lower sum (or
lower Darbouzx sum) L(P, f) and the upper sum (or upper Darbour sum)
U(P, f) of f for the partition P of [a,b] are defined by

§mzzx11 §M _le

where m; = inf{f(z) : ;1 < x < x;} and M; = sup{f(x) : z;_1 <z < z;}.
Clearly L(P, f) < U(P, f). Moreover Y (x; —x;—1) = b—a, and therefore

i=1
for any real numbers m and M satisfying m < f(z) < M for all = € [a, b].

Definition Let f be a bounded real-valued function on the interval [a, b,
where a < b. The upper Riemann integral U f; f(z)dx (or upper Darboux

integral) and the lower Riemann integral Ef;f(x) dz (or lower Darboux
integral) of the function f on [a,b] are defined by

Z/I/b f(z)dxe = inf{U(P,f): P is a partition of [a,b]},

b
E/ f(x)dz = sup{L(P, f): P is a partition of [a,b]} .

The definition of upper and lower integrals thus requires that U/ f; f(z)dx
be the infimum of the values of U(P, f) and that £ ff f(z) dz be the supre-

mum of the values of L(P, f) as P ranges over all possible partitions of the
interval [a, b].
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Definition A bounded function f:[a,b] — R on a closed bounded interval
[a,b] is said to be Riemann-integrable (or Darbouz-integrable) on [a, b] if

L{/abf(:v)dxzﬁ/abf(x)dx,

in which case the Riemann integral fab f(x)dx (or Darbouz integral) of f on
[a,b] is defined to be the common value of U ff f(x)dz and L ff f(x)dx.

When a > b we define

/abf(x)d:c:—/baf(x)d:c

for all Riemann-integrable functions f on [b,a]. We set f; f(z)dz = 0 when
b=a.

If f and g are bounded Riemann-integrable functions on the interval
[a,b], and if f(x) < g(x) for all = € [a,b], then f;f(a:) dr < fabg(x) dz, since
L(P, f) < L(P,g) and U(P, f) < U(P,g) for all partitions P of [a, b].

Definition Let P and R be partitions of [a, b], given by P = {xg, 21, ..., 2,}
and R = {ug, u1,...,uy}. We say that the partition R is a refinement of P
if P C R, so that, for each x; in P, there is some u; in R with z; = u;.

Lemma 3.1 Let R be a refinement of some partition P of |a,b]. Then
L(R,f) 2 L(P,f) and U(R,f) <U(P,f)
for any bounded function f:[a,b] — R.

Proof Let P = {zg,x1,...,2,} and R = {ug,uy,...,uy}, where a = xy <
T < o< xp,=banda =u < uy < --- < u, =0b Now for each
integer ¢ between 0 and n there exists some integer j(i) between 0 and m
such that z; = u;(;) for each ¢, since R is a refinement of P. Moreover 0 =
j(0) < j(1) < --- < j(n) =n. For each i, let R; be the partition of [z;_1, x;]

given by R, = {u; : j(i — 1) < j < j(i)}. Then L(R, ) = 3 L(R;, f) and
=1

n

U(R, f)=>_ U(R;, f). Moreover

i=1

mi(r; —xi1) < LRy, f) SU(Ry, f) < My(2i — 2i-1),
since m; < f(x) < M; for all x € [x;_1,2;]. On summing these inequal-
ities over i, we deduce that L(P,f) < L(R,f) < U(R,f) < U(P,f), as
required. |
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Given any two partitions P and @ of [a,b] there exists a partition R of
[a,b] which is a refinement of both P and ). For example, we can take
R = PUCQ. Such a partition is said to be a common refinement of the
partitions P and Q.

Lemma 3.2 Let f be a bounded real-valued function on the interval [a,b].
Then

E/abf(:v)dz§2/1/abf($)dx.

Proof Let P and @ be partitions of [a, b], and let R be a common refinement
of P and Q. It follows from Lemma 3.1 that L(P, f) < L(R, f) < U(R, f) <
U(Q, f). Thus, on taking the supremum of the left hand side of the inequality
L(P, f) < U(Q, f) as P ranges over all possible partitions of the interval [a, b],
we see that Efabf(x) de < U(Q, f) for all partitions @ of [a,b]. But then,
taking the infimum of the right hand side of this inequality as () ranges over
all possible partitions of [a, b], we see that Efabf(x) dr < L[fabf(:v) dx, as
required. |

Example Let f(z) = cx+d, where ¢ > 0. We shall show that f is Riemann-
integrable on [0, 1] and evaluate fol f(z) dz from first principles.

For each positive integer n, let P, denote the partition of [0, 1] into n
subintervals of equal length. Thus P, = {xg,x1,...,x,}, where z; = i/n.
Now the function f takes values between (i — 1)c/n + d and ic/n + d on the
interval [x;_1, z;], and therefore

vd,  M=2 44
n

where m; = inf{f(z) : ;1 <z < x;} and M; = sup{f(z) : ;-1 < x < x;}.
Thus

1=1

— n n
cn+1) c c c
— P T
o w2’ 2n’
= 1 [ci
UPy f) = D Mi(wi—aia) =~ (—+d
i=1 i=1
_c(n+1) c c
- 2n d=gtdty



It follows that ‘
lim L(P,, f)= 5 +d

n—4oo
and c
lim U(P,, f)= =

n—+oo

Now L(P,, f) < Efab flx)dr < Mfabf(a:) dr < U(P,, f) for all positive

integers n. It follows that ,Cfabf(x) de = 3c+d= L{f; f(x)dz. Thus f is
Riemann-integrable on the interval [0, 1], and fol f(x)de = e+ d.

+d

[\]

Example Let f:]0,1] — R be the function defined by

1 if x is rational;
)= {

0 if z is irrational.

Let P be a partition of the interval [0, 1] given by P = {xg, 21, 22,..., 2.},
where 0 =zg < a1 <29 <:--<x, =1. Then

inf{f(x) 2,01 <ax<uz;} =0, sup{f(z) : z;-1 <z <x;} =1,

fori=1,2,...,n, and thus L(P, f) = 0 and U(P, f) = 1 for all partitions P
of the interval [0, 1]. Tt follows that Efol f(x)dr =0 and U fol flx)dr =1,
and therefore the function f is not Riemann-integrable on the interval [0, 1].

3.2 Basic Properties of the Riemann Integral

Lemma 3.3 Let f:[a,b] — R be a bounded function on a closed bounded
interval [a,b], where a and b are real numbers satisfying a < b. Then the
lower and upper Riemann integrals of f and —f are related by the identities

u[(Crene = - [ s
£/ab(—f(x))dx _ —u/abf@)dx.

Proof Let P = {xg, x1,%2,...,2,}, where
=29 <1 <Xy <---<x, =0,
and let

m; = inf{f(x): 2,1 <
<

< i},
M; = sup{f(z): zi <

i
i
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Then the lower and upper sums of f for the partition P are given by the
formulae

Emzz le EM _'T'Ll

Now

sup{—f(x) :z; 1 < x <z}

= —inf{f(x): 2,01 <z <z} =-—my,
inf{—f(z) : 2,1 <z <z}

= —sup{f(x) z;1 <zx <z} =-M,

It follows that

UP—-f) = Z(—mi)(l‘i —xi1) = —L(P, f),

L(P,—f) = Z(—Mi)(fci — i) = =U(P, f).

We have now shown that
UP,—f)=—-L(P,f) and L(P,—f)=-U(Pf)

for all partitions P of the interval [a,b]. Applying the definition of the upper
and lower integrals, we see that

b
Z/{/ (—f(z))de = inf{U(P,—f): P is a partition of [a,b]}

inf {—L(P, f) : P is a partition of [a, b]}
—sup{L(P, f) : P is a partition of [a, b]}

- —E/abf(x)dx

b
E/ (—f(x))dz = sup{L(P,—f): P is a partition of [a, b]}

= sup{—U(P, f) : P is a partition of [a,b]}
= —inf{U(P, f): P is a partition of [a, ]}

= —Z/l/ab f(z)de.

This completes the proof. |}

Similarly
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Lemma 3.4 Let f:[a,b] — R and g:[a,b] — R be bounded functions on
a closed bounded interval [a,b], where a and b are real numbers satisfying
a < b, and let P be a partition of the interval [a,b]. Then the lower sums of
the functions f, g and f + g satisfy

L(P. f +g) = L(P, f) + L(P, g),
and the upper sums of these functions satisfy

U(P, f+g) <U(P, f)+U(Pg).
Proof Let P = {xg,x1,%s,...,T,}, where

Aa=To< T <Xy <+ <z, =0

Then
P ) = zn;mxf)(xi ),
L(Py) = émxgxxz v,
L(P,f+g) = Zimi(erg)(xz—xm),
where )

mi(f) = inf{f(z): 2,01 <z <z},
mi(g) = inf{g(z): 21 <2 < 25},
mi(f+¢) = nf{f(z) +g(): i1 <z <w)

fori=1,2,...,n.
Now
f(@) >m(f) and g(x) > mi(g).
for all € [z;_1,x;]. Adding, we see that
f(@) + g(z) = mi(f) +mi(g)

for all z € [x;_1, x;], and therefore m;(f)+m;(g) is a lower bound for the set
{f(x) +g(x): 2z <2 <}
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The greatest lower bound for this set is m;(f + ¢g). Therefore

mi(f +g) = mi(f) +mi(g).

It follows that

L(P,f+g) = Zmz(f+g)($z — Ti_1)

n

> (mi(f) + mi(9))(x; — 1)

v

= mi(f)(zi — io1) +Zmi(9)(ﬂfi — Ti-1)

= L(P f)+ L(P,g).
An analogous argument applies to upper sums. Now

n

UPf) = > Mi(f)(ws = i),

U(Pg) = ZMi(g)(l’i—xiq),

=1

UP f+g) = ZMi<f+g)($i_xi—l)a

where
M;i(f) = sup{f(z): 21 < <},

Mi(g) = sup{g(z):zi1 <z <1},
Mi(f+g) = sup{f(z)+g(z):zi1 <z <}

fori=1,2,...,n.
Now
f(x) < M;(f) and g(z) < Mi(g).

for all = € [z;_1,z;]. Adding, we see that
f(@) + g(x) < Mi(f) + Mi(g)

for all € [x;_1,2;], and therefore M;(f) + M;(g) is an upper bound for the
set

{f(z)+g(z): 2y <z <a}.
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The least upper bound for this set is M;(f + ¢). Therefore
M;i(f + g) < Mi(f) + Mi(g).

It follows that

U, f+g) = ZMi(fﬂLg)(fL’i — i)

A
=
=
+
£
S
S~—
E)

|
&8
L

= U [)+U(Pg).
This completes the proof that
L(P. f+g) = L(P, f) + L(P,g)

and

UP,f+9) <UP[)+UPLg). 1

Proposition 3.5 Let f:[a,b] - R and g:[a,b] — R be bounded Riemann-
integrable functions on a closed bounded interval [a,b], where a and b are
real numbers satisfying a < b. Then the functions f + g and f — g are
Riemann-integrable on |a,b], and moreover

/ (F() + 9(a)) do = / ) do+ / ' gla)de,

and

/a (4w - o)) dr = / oy do - / " () d.

Proof Let some strictly positive real number ¢ be given. The definition
of Riemann-integrability and the Riemann integral ensures that there exist
partitions P and @ of [a, b] for which

b
L(P.f) > / f(z) do — Le

and

b
L(Q,q) > / g(x)dr — %5.
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Let the partition R be a common refinement of the partitions P and ). Then
L(R, f) = L(P, f) and L(R,g) > L(P,g).

Applying Lemma 3.4, and the definition of the lower Riemann integral, we

see that
cfu

) dz

(z) +
> (R f+g9) > LR, f)+ L(R, g)
> L(P, f)+ L(Q,9)

</f d:zc——e) (/b (x)dx—%s)
> /af(x)dH/ag(x)dx—a

We have now shown that

/J/ z)+g(z dx>/f dx+/abg(x)dx—5

for all strictly positive real numbers . However the quantities of

/Q/ab(f(:c) + g(x)) dz, /abf(a:) dr and /abg(:c) dx

have values that have no dependence whatsoever on the value of . It follows

that ,
E/ z) + g(x dx>/f d:c—l—/g()d;t:.

We can deduce a corresponding inequality involving the upper integral of
f+g by replacing f and g by — f and —g respectively (Lemma 3.3). We find

that
£ [ (1) - g do

V

v

[ @ [ga

b b
= —/ f(x)dx—/g(x)dm
and therefore

U / (f@) +g(e))de = —L / (—f(2) - g(x)) de

< /abf(x)dx+/abg(x)d:v.



Combining the inequalities obtained above, we find that

/abf(a:)dx—l—/abg(x)da:
< £ [ () + gy

< /(ﬂ)+g(Dd

g/f da:+/ g(x)dx.

The quantities at the left and right hand ends of this chain of inequalities
are equal to each other. It follows that

c/cﬂw+gu»m:: /<ﬂ>+g<»d

:/f dg;+/ g(z) da.

Thus the function f + ¢ is Riemann-integrable on [a, b], and

/ab(f(x) +g(z)) do = /abf(a:) dr + /abg(x) dr.

Then, replacing g by —g, we find that

/ab(f(x) —glz))dz = /abf(x) dx — /abg(x) de.

as required. |}

Proposition 3.6 Let f:[a,b] — R be a bounded function on a closed bounded
interval [a,b], where a and b are real numbers satisfying a < b. Then the
function f is Riemann-integrable on [a,b] if and only if, given any positive
real number €, there ezists a partition P of |a,b] with the property that

UP, f)— L(P, f) < «.

Proof First suppose that f:[a,b] — R is Riemann-integrable on [a,b]. Let
some positive real number € be given. Then

/abf(x)dx

26



is equal to the common value of the lower and upper integrals of the func-

tion f on [a,b], and therefore there exist partitions @) and R of [a,b] for
which

ve.n> | S do - L
and b
UR, f) < / f(z)dx + je.
Let P be a common refinement of the partitions Q and R. Now
L(Q, f) < L(P, f) SU(P, f) SU(R, f).
(see Lemma 3.1). It follows that
UP, )= L(P, f) <U(R, f) - L(Q, f) <e.

Now suppose that f:[a,b] — R is a bounded function on [a,b] with the
property that, given any positive real number ¢, there exists a partition P of
[a, b] for which U(P, f) — L(P, f) < e. Let € > 0 be given. Then there exists
a partition P of [a,b] for which U(P, f) — L(P, f) < . Now it follows from
the definitions of the upper and lower integrals that

b b
L(P,f)gﬁ/ f(a:)dxgu/ flz)dx <U(P, f),

and therefore

b b
Z/{/ f(x)dw—ﬁ/ flz)de <U(P, f) — L(P, f) <e.

Thus the difference between the values of the upper and lower integrals of f
on [a, b] must be less than every strictly positive real number ¢, and therefore

b b
Z/l/ f(z)dx = E/ f(z)dx.
This completes the proof. |}
Let v and v be real numbers. Then
ul < fu—wv[+v| and |o| < |u—ov|+ [ul,

and therefore |u|—|v| < |u—wv|. Interchanging u and v, and using the identity
lu —v| = |v — ul, we see that |v] — |u| < |u— v|. It follows from this that

< |lu—|

[lul = Jv

for all real numbers v and v.
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Lemma 3.7 Let f: X — R be a bounded real-valued function defined on a
non-empty set X, and let

Mx(f) = sup{f(z): =€ X},
mx(f) = inf{f(x):z e X}.

Then
|f(v) = f(w)] < Mx(f) —mx(f)

for all u,v € X.

Proof Let u,v € X. Then either f(v) > f(u) or f(u) > f(v). In the case
where f(v) > f(u) the inequalities my(f) < f(u) < f(v) < Mx(f) ensure
that |f(v) — f(u)] < Mx(f) — mx(f). In the case where f(u) > f(v) the
inequalities mx(f) < f(v) < f(u) < Mx(f) ensure that |f(v) — f(u)| <
Mx(f) —mx(f). The result follows. |

Lemma 3.8 Let f: X — R be a bounded real-valued function defined on a
non-empty set X, and let

) = sup{f(z):z € X},
Mx(|f]) = sup{|f(2)]: 2 € X},

) = inf{f(z):x€ X},

) = inf{|f(x)]:x € X},

Then
Mx([f]) = mx(|f]) < Mx(f) —mx(f).

Proof Let § be a positive real number. Then there exist u,v € X such that

mx (|f]) < [f(w)] <mx([f]) +9

and
Mx(|f) =6 < [f(v)] < Mx(|[f]).
Then
Lf) = f(w)] > Mx(|f]) = mx(|f]) — 26.
But

[f () = f(w)] < [f(v) = f(w)],
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and
|f(v) = fu)] < Mx(f) —mx(f)
(see Lemma 3.7). It follows that

Mx([f]) =mx(1f]) =20 < [f()| = [f(u)] < [f(v) = f(u)]
< Mx(f) —mx(f)

But the values of Mx(|f|) — mx(|f|) and Mx(f) — mx(f) are independent
of §, where 6 > 0. It follows that

Mx(If]) = mx(If]) < Mx(f) — mx(f),

as required. |}

Lemma 3.9 Let f:[a,b] — R be a bounded Riemann-integrable function on
a closed interval [a,b], where a and b are real numbers satisfying a < b,
let |f]:[a,b] — R be the function defined such that |f|(xz) = |f(z)| for all
x € [a,b], and let P be a partition of the interval |a,b]. Then the Darboux
sums U(P, f) and L(P, f) of the function f on [a,b] and the Darboux sums
U(P,|f|) and L(P,|f|) of the function |f| on [a,b] satisfy the inequality

U(P,|f]) = L(P,|f]) SU(P, f) = L(P, f).

Proof Let P be a partition of [a, b], and let

P = {l’o,ﬁL’l,ZEQ,...,l'n},
where
Aa=20 < T1 < Tg <+ < Tp_1 <Xy, =>o.
and let
M;(f) = sup{f(z):z;-1 <o <y},
M;(|f]) = sup{[f(2)]: i1 <2 <23},
m;(f) = inf{f(x): 2,1 <z <},
mi([f]) = mf{[f(2)]: 21 <2 <2}

forv=1,2,...,n. It follows from Lemma 3.8 that

M;i(|f1) — mq(f]) < Mi(f) —ma(f)
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fori=1,2,...,n. Now the Darboux sums of the functions f and |f| for the
partition P are defined by the identities

L(P»f) = Zmz(f)<mz _fEi—1>a
L(P,|f]) = Zmz’(|f|)($z‘ — Ti-1),
U(Rf) = ZMz(f)(33z —551;71)7

U(R’f‘) = ZMz(‘fD(xz_xzfl)

It follows that

n

UP[f]) = LR [f]) = Z(Mi(|f|) —mi(|f])(xi — zi)

< D (Mi(f) = milf)) (i — wi1)

=1

= U(Pf) = L(Pf),

as required. |

Proposition 3.10 Let f:[a,b] — R be a bounded Riemann-integrable func-
tion on a closed interval [a,b], where a and b are real numbers satisfying

a < b, and let | f|: [a,b] — R be the function defined such that |f|(x) = |f(x)]
for all x € |a,b]. Then the function |f| is Riemann-integrable on [a,b], and

/abf(x)dx

Proof Let some positive real number ¢ be given. It follows from Proposi-
tion 3.6 that there exists a partition P of [a, b] such that

< [ wia

It then follows from Lemma 3.9 that

U(P,[f]) = L(P,[f]) SU(P, f) = L(P, f) <e.
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Proposition 3.6 then ensures that the function |f| is Riemann-integrable on
[a,b].
Now —|f(z)| < f(x) < |f(x)| for all z € [a,b]. Tt follows that

—lﬂﬂ@stlUmeslﬂﬂmwm
g[ﬁ@Mn

Let X be a non-empty set, and let f: X — R and g: X — R be real-valued
functions on X. We denote by f - ¢g: XR the product function defined such
that We denote by (f - g)(x) = f(z)g(x) for all z € X.

It follows that
x)dx

as required. Jj

Lemma 3.11 Let f: X — R and g: X — R be bounded real-valued functions
defined on a non-empty set X, let K be a positive real number with the
property that |f(x)| < K and |g(z)| < K for all z € X, and let

Mx(f) = sup{f(z):ze€ X},

Mx(g) = sup{g(z):z € X},
Mx(f-g) = sup{f(z)g(z):z € X},
mx(f) = inf{f(z):z e X},
mx(g) = inf{g(x):z € X},

9)
mx(f 9) = inf{f(z)g(z):z € X}

Then
M (f - g) = mx(f - 9) < K (Mx(f) = mx(f) + Mx(g) — mx(g)).
Proof Let v and v be elements of the set X. Then

f)g(v) = flu)g(u) = (f(v) = f(w)g(v) + f(w)(g(v) — g(u)),

and therefore

< 1) = F@ 9@l + @) g(v) = ()],
< K(If() = f(w)] + lg() = gw)]).
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Now [f(v) = f(u)| < Mx(f) —mx(f) and |g(v) — g(u)| < Mx(g) —mx(9)
and (see Lemma 3.7). Therefore

F(0)g(v) = F)g()] < K (Mx(f) = mx(f) + Mx(g) = mx(g)).

Now, given any positive real number 9, elements v and v of X can be
chosen so that

mx(f-g) < f(wg(u) <mx(f-g)+6
and
Mx(f-g) =0 < f(v)g(v) < Mx(f-g).
Then
f()g(v) = flu)g(u) > Mx(f - g) —mx(f - g) — 20.
It follows that

Mx(f - g) = mx(f - 9) =26 < K (Mx(f) = mx(f) + Mx(g) = mx(9))

for all positive real numbers §, and therefore

Mx(f - 9) = mx(f - 9) < K (Mx(f) = mx(f) + Mx(g) = mx(g) )

as required.  Jj

Lemma 3.12 Let f:[a,b] — R and g:[a,b] — R be bounded Riemann-
integrable functions on a closed interval a,b], where a and b are real num-
bers satisfying a < b, let K be a positive real number with the property that
|f(z)] < K and |g(z)| < K for all x € [a,b], and let P be a partition of the
interval [a,b]. Then the Darboux sums U(P, f), U(P,g), U(P, f-qg), L(P, f),
L(P,g) and L(P, f - g) of the functions f, g and f - g on [a,b] satisfy the

inequality

< K(U(P.f) = L(P.f) + U(P.g) - L(P.g)).

Proof Let P = {xg, x1,%s,...,z,}, where

a=x)g <1 <Typ<---<xp,=0>
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Then

n

UP f) = ZMi(f)(xi—:CH),

U(Pg) = ;Mi(g)(%—wi—m
UP.f-g) = Eywwgm~—%qx
MRﬁ:=Z)Mﬁm_%4L
L(P,g) = Zmz(g)( — Ti-1),

L(P,f-g) = Zmz(f 9)(@; — i),

where

M;(f) = sup{f(z):zi1 <z <ua},
M;(g) = sup{g(x):z;i1 <z <},
Mi(f-g) = sup{f(z)g(z): w1 <z <2}

m;(f) = inf{f(x): 2,1 <z <z}
mi(g) = inf{g(x): 2,01 <x <z}
mi(f-g) = inf{f(x)g(z): i1 <z <}

fori=1,2,...,n
Now it follows from Lemma 3.11 that

Mi(f - g) = mi(f - 9) < K (Mi(f) = mil(f) + Milg) = mi(g)).

for i = 1,2,...,n. The required inequality therefore holds on multiplying
both sides of the inequality above by x; — x;_; and summing over all integers
between 1 and n. |}

Proposition 3.13 Let f:[a,b] — R and g: [a,b] — R be bounded Riemann-
integrable functions on a closed bounded interval [a,b], where a and b are real
numbers satisfying a < b. Then the function f - g is Riemann-integrable on

[a,b], where (f - g)(z) = f(x)g(z) for all x € [a,b].
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Proof The functions f and ¢ are bounded on [a,b], and therefore there
exists some positive real number K with the property that |f(z)| < K and
lg(z)| < K for all x € [a,].

Let some positive real number ¢ be given. It follows from Proposition 3.6
that there exist partitions ¢ and R of the closed interval [a, b] for which

€

— I i

U@ )= LQ.F) < 5
and .

— L —.

U(R,9) = L(R,9) < 51

Let P be a common refinement of the partitions () and R. It follows from

Lemma 3.1 that

UP.f) = L(P.f) SUQ.f) = LQ.f) < 3=
and .
U(P7g) - L<P7g> < U(R7g) - L<Rug) < ﬁ
It then follows from Proposition 3.12 that
U, f-g9)—L(Pf-9)
< K(U(P.) = L)+ U(P.g) - L(P.g)
< €

We have thus shown that, given any positive real number ¢, there exists a
partition P of the closed bounded interval [a,b] with the property that

U<P7fg)_L(P7fg)<6

It follows from Proposition 3.6 that the product function f - ¢ is Riemann-
integrable, as required. |

Proposition 3.14 Let f be a bounded real-valued function on the interval
la,c]. Suppose that f is Riemann-integrable on the intervals [a,b] and [b, ],
where a < b < c. Then f is Riemann-integrable on [a,c|, and

/acf(x) iz — /abf(x)der/bcf(x)dx.

Proof Let some positive real number € be given. The function f is Riemann-
integrable on the interval [a, b] and therefore there exists a partition @ of [a, b]
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such that the lower Darboux sum L(Q, f) of f on [a,b] with respect to the
partition @ of [a, b] satisfies

b
L(Q, f) > / f(x)dr — %5.

Similarly there exists a partition R of [b, ¢| of [a,b] such that the lower Dar-
boux sum L(Q, f) of f on [b, c] with respect to the partition R of [b, ¢] satisfies

L(R, f) > /bcf(:r;) de — 3e.

Now the partitions ) and R combine to give a partition P of the interval
[a,c], where P = QU R. Indeed @ = {ug,u1,...,un}, where ug,uy, ..., Uy,
are real numbers satisfying

a=1uy <u < Uy < Up_1 < Uy, =0b,
and R = {vg,v1,...,v,}, where vy, vy,...,v, are real numbers satisfying
b=vg<vi<vy<- - v,_1 <V, =cC

Then
P = {a7u17u27 <oy Um—1, b7 U1, V2, ... 7Un—17c}'

It follows directly from the definition of Darboux lower sums that

L(P, f) = L(Q, ) + L(R, [).

The choice of the partitions () and R then ensures that
b c
L(P.f) > / F(a) da + / Fa)de—c.
a b

The lower Riemann integral £ / f(z)dx is by definition the least upper

bound of the lower Darboux sums of f on the interval [a, c]. Tt follows that

L'/acf(x)dx>/abf(x)dm+/bcf(x)dx—5.

Moreover this inequality holds for all values of the positive real number . It

follows that . ) .
L d d dx.
/afm xz/a /(@) a:+/b f(x) de
35



Applying this result with the function f replaced by —f yields the in-
equality

E/ac(—f(av))d:cz—/abf(w)dx—/bcf(x)da:.

£ [ rande=-u [ fa)is

(see Lemma 3.3). It follows that

ul%@mgl%@m+l%@mgg[ﬂmm

E/acf(:v)dxgbl/acf(a:)d:v.

It follows that

g[ﬂ@mzq[ﬂmwzlv@Mﬁivmmu

The result follows. |}

3.3 Integrability of Monotonic Functions

Let a and b be real numbers satisfying a < b. A real-valued function
f:la,b] — R defined on the closed bounded interval [a, b] is said to be non-
decreasing if f(u) < f(v) for all real numbers u and v satisfying a < u < v <
b. Similarly f:[a,b] — R is said to be non-increasing if f(u) > f(v) for all
real numbers u and v satisfying a < u < v < b. The function f:[a,b] — R is
said to be monotonic on [a,b] if either it is non-decreasing on [a, b] or else it
is non-increasing on [a, b].

Proposition 3.15 Let a and b be real numbers satisfying a < b. Then every
monotonic function on the interval [a,b] is Riemann-integrable on [a,b].

Proof Let f:[a,b] — R be a non-decreasing function on the closed bounded
interval [a,b]. Then f(a) < f(z) < f(b) for all x € [a,b], and therefore the
function f is bounded on [a,b]. Let some positive real number ¢ be given.
Let 0 be some strictly positive real number for which (f(b) — f(a))d < e, and
let P be a partition of [a,b] of the form P = {xg, 1, s, ..., x,}, where

Aa=Tg < T <Xy <+ < Tp_1<Tp=>=
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and z; —x; 1 <6 fori=1,2,...,n.

The maximum and minimum values of f(z) on the interval [z; 1, ;] are
attained at z; and xz;_; respectively, and therefore the upper sum U(P, f)
and L(P, f) of f for the partition P satisfy

U(P f) = Zf(l“z’)(il?i — Ti-1)

and

L(P, f) = Z Flai) (@ — ).

Now f(x;) — f(z;—1) > 0 for i =1,2,...,n. It follows that

~—

U(Paf)_L(Paf)
= Z(f(l’z) — flwiz1))(x; — wi—1)
< 0 (flw) = f(wia)) = 6(f(b) — f(a)) < ¢

We have thus shown that

Ll/abf(:v)dx—ﬁ/abf(x)d$<s

for all strictly positive numbers €. But

M/abf(x)dxzﬁ/abf(a:)dx.

It follows that , )
Z/{/ f(x)dx—ﬁ/ f(z) dz,

and thus the function f is Riemann-integrable on [a, b].

Now let f:[a,b] — R be a non-increasing function on [a,b]. Then —f is a
non-decreasing function on [a, b] and it follows from what we have just shown
that —f is Riemann-integrable on [a, b]. It follows that the function f itself
must be Riemann-integrable on [a, b], as required. |}

Corollary 3.16 Leta andb be real numbers satisfying a < b, and let f: [a,b] —
R be a real-valued function on the interval [a,b]. Suppose that there exist real
numbers xg, x1,...,T,, where

=20 < T <Tyg<- < Tp_1<x,="0,
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such that the function f restricted to the interval [x;_q1,x;] is monotonic on
[z 1,2 fori=1,2,....,n. Then f is Riemann-integrable on [a,b].

Proof The result follows immediately on applying the results of Proposi-
tion 3.14 and Proposition 3.15. |}

Remark The result and proof of Proposition 3.15 are to be found in their es-
sentials, though expressed in different language, in Isaac Newton, Philosophiae
naturalis principia mathematica (1686), Book 1, Section 1, Lemmas 2 and 3.

3.4 Integrability of Continuous functions

Theorem 3.17 Let a and b be real numbers satisfying a < b. Then any
continuous real-valued function on the interval [a,b] is Riemann-integrable.

Proof Let f be a continuous real-valued function on [a,b]. Then f is
bounded above and below on the interval [a, b], and moreover f:[a,b] — R is
uniformly continuous on [a, b]. (These results follow from Theorem 1.7 and
Theorem 1.8.) Therefore there exists some strictly positive real number ¢
such that |f(z) — f(y)| < € whenever z,y € [a, b] satisfy |x — y| <.

Choose a partition P of the interval [a,b] such that each subinterval in
the partition has length less than §. Write P = {zg,z1,...,2,}, where
a=x9g<x1 < -<xp =0 Nowif ;1 <z <z then |z —x;] <, and
hence f(z;) —e < f(x) < f(z;) +e. Tt follows that

where m; = inf{f(z) : x;—1 <z < x;} and M; = sup{f(z) : ;1 <z < x;}.
Therefore

n

> f@i)(zi— zi1) —e(b—a)

=1

IN

L(P, f) <U(P, f)

< D f@i)@—wia) +e(b - a),

where L(P, ) and U(P, f) denote the lower and upper sums of the function f
for the partition P.
We have now shown that

b b
OSL{/ f(x)dx—ﬁ/ flx)de <U(P, f) — L(P, f) < 2e(b—a).

38



But this inequality must be satisfied for any strictly positive real number e.
Therefore

L{/abf(x)dxzﬁ/abf(:c)da:,

and thus the function f is Riemann-integrable on [a,b]. |

3.5 The Fundamental Theorem of Calculus

Let a and b be real numbers satisfying a < b. One can show that all con-
tinuous functions on the interval [a,b] are Riemann-integrable (see Theo-
rem 3.17). However the task of calculating the Riemann integral of a contin-
uous function directly from the definition is difficult if not impossible for all
but the simplest functions. Thus to calculate such integrals one makes use
of the Fundamental Theorem of Calculus.

Theorem 3.18 (The Fundamental Theorem of Calculus) Let f be a
continuous real-valued function on the interval [a,b], where a < b. Then

([ r0@) = s

for all x satisfying a < x < b.

Proof Let some strictly positive real number € be given, and let ¢y be a real
number chosen so that 0 < g9 < €. (For example, one could choose gy = %5)
Now the function f is continuous at x, where a < z < b. It follows that there
exists some strictly positive real number 6 such that

f(x) —e0 < f(t) < flx) + 29

for all t € [a,b] satisfying . — 0 <t <z + .
Let F(s) = [” f(t)dt for all s € (a,b). Then

Fz+h) = /amf(t)dt:/;f(t)dw/xmf(t)dt
= F(x)+/:+hf(t)dt

whenever = + h € [a,b]. Also



because f(x) is constant as t varies between x and = + h. It follows that

Pt PO gy =3 [ 00 - s

whenever = + h € [a,b]. But if 0 < |h| < § and x + h € [a, b] then

—e0 < f(t) = f(z) < o

for all real numbers ¢ belonging to the closed interval with endpoints x and
x + h, and therefore

—MMS/EU@—ﬂmﬁS%W-

It follows that

'F(x—l—h)—F(x) cep<e

L= )

whenever x 4+ h € [a,b] and 0 < |h| < . We conclude that

d (/: i) dt> . F(.:l:—{—h})b— F(z) _ f(a),

dx h—0

as required. |}

Let f:[a,b] — R be a continuous function on a closed interval [a, b]. We
say that f is continuously differentiable on [a,b] if the derivative f’'(z) of f
exists for all x satisfying a < x < b, the one-sided derivatives

fla+h) - f(a)

fla) = hlgcr)1+ h ’
b+ h)— f(b
Foy = SOER 1O

exist at the endpoints of [a, b], and the function f’ is continuous on [a, b].
If f:[a,b] — R is continuous, and if F(z) = [ f(t)dt for all z € [a,b]
then the one-sided derivatives of F' at the endpoints of [a, b] exist, and

lim F(a+h)— F(a) _ f(a). lim F(b+h)— F(b)

h—0t h h—0— h

= f(b).

One can verify these results by adapting the proof of the Fundamental The-
orem of Calculus.
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Corollary 3.19 Let f be a continuously differentiable real-valued function
on the interval |a,b]. Then

[P e = ) - 1)
Proof Define g:[a,b] — R by

o) = 1)~ @) - [ L.

a

Then g(a) = 0, and

A4 ([ 400) -

for all x satisfying a < z < b, by the Fundamental Theorem of Calculus.
Now it follows from the Mean Value Theorem (Theorem 2.2) that there
exists some s satisfying a < s < b for which g(b) — g(a) = (b —a)g'(s). We
deduce therefore that g(b) = 0, which yields the required result. |

Corollary 3.20 (Integration by Parts) Let f and g be continuously dif-
ferentiable real-valued functions on the interval [a,b]. Then

df (x)

dx.
dz v

b T b
[ 5@ ai = 10)90) - sgto) - [ o0

Proof This result follows from Corollary 3.19 on integrating the identity

dg(x) _ d df ()

@ = 2 (fwyge)) — o) TN

Corollary 3.21 (Integration by Substitution) Letu:[a,b] — R be a con-

tinuously differentiable monotonically increasing function on the interval [a, b],
and let ¢ = u(a) and d = u(b). Then

d b U
[ rwrae= [ ) 0 gy

for all continuous real-valued functions f on [c,d].

Proof Let F' and G be the functions on [a, b] defined by

u(x)

Fa)= [ fdy, G)= / " fu(®)

C

du(t)
o dt.
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Then F(a) =0 = G(a). Moreover F(x) = H(u(x)), where

/f ) dy,

and H'(s) = f(s) for all s € [a,b]. Using the Chain Rule and the Fundamen-
tal Theorem of Calculus, we deduce that

F'(z) = H'(u(z))u'(x) = f(u(x))'(z) = G'(x)

for all z € (a,b). On applying the Mean Value Theorem (Theorem 2.2) to the
function F'—G on the interval [a, b], we see that F'(b) —G(b) = F(a)—G(a) =
0. Thus H(d) = F(b) = G(b), which yields the required identity. ||

3.6 Interchanging Limits and Integrals

Let f1, f2, f3, ... be a sequence of Riemann-integrable functions defined over
the interval [a, b], where a and b are real numbers satisfying a < b. Suppose
that the sequence fi(x), f2(x), f3(x) converges for all = € [a,b]. We wish to
determine whether or not

b b
jggloo/a fi(x) dx:/a (J.Egﬂoofj(ﬂﬁ)) da.

The following example demonstrates that this identity can fail to hold, even
when the functions involved are well-behaved polynomial functions.

Example Let fi, f2, f3,... be the sequence of continuous functions on the
interval [0, 1] defined by f;(z) = j(27 — 2%). Now

: J J 1
1 z)de = li — ——
jiinoo/ file)dv = Hm_ (j+1 2j+1) 2
On the other hand, we shall show that lliI_El fi(z) =0for all x € [0,1]. Thus
j—+oo

one cannot interchange limits and integrals in this case.
Suppose that 0 < z < 1. We claim that jz7 — 0 as j — +o00. Now

1
lim JL = 1.
Jj—+oo ]

It follows that 1
lim U +_ )z =
Jj—+oo i

<1,
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Let r be chosen so that x < r < 1. Then there exists some positive integer N
such that

(j +1)a?*t

gl

whenever j > N. Then 0 < (5 + 1)27™ < rja? whenever j > N. Let

B = NzV. Then 0 < ja/ < Bri=" whenever j > N, and therefore jz7 — 0
as j — +oo. It follows that

lim f(z) = ( lim j:z:j> ( lim (1 —:L’j)) =0

Jj—+o0 Jj—+oo Jj—+o0o

( +.1)$ <

for all x satisfying 0 < 2 < 1. Also f;(1) = 0 for all positive integers j. We
conclude that lim f;(x) = 0 for all x € [0, 1], which is what we set out to

Jj—+oo
show.

3.7 Uniform Convergence

We now introduce the concept of uniform convergence. Later shall show
that, given a sequence fi, fs, f3,... of Riemann-integrable functions on some
interval [a, b], the identity

b b
i [ o= [ 5) do

is valid, provided that the sequence f1, fa, f3, ... of functions converges uni-
formly on the interval [a, b].

Definition Let fi, f5, f5,... be a sequence of real-valued functions defined
on some subset D of R. The sequence (f;) is said to converge uniformly to a
function f on D as j — +o0 if and only if the following criterion is satisfied:

given any strictly positive real number ¢, there exists some posi-
tive integer N such that |f;(z) — f(z)| < € for all € D and for
all positive integers j satisfying 7 > N (where the value of N is
independent of x).

Let fi, fo, f3,... be a sequence of bounded real-valued functions on some
subset D of R which converges uniformly on D to the zero function. For each
positive integer j, let M; = sup{f;(z) : © € D}. We claim that M; — 0 as
J — +o0.

To prove this, let some strictly positive real number € be given. Then
there exists some positive integer N such that | f;(z)| < 3¢ for all z € D and
j = N. Thus if j > N then M, < %5 < €. This shows that M; — 0 as
j — 400, as claimed.
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Example Let (f; : n € N) be the sequence of continuous functions on

the interval [0, 1] defined by f;(z) = j(z/ — 2%). We have already shown

(in an earlier example) that .liin fi(x) = 0 for all z € [0,1]. However a
j—4oo

straightforward exercise in calculus shows that the maximum value attained
by the function f; is j/4 (which is attained at z = 1/2%)7 and j/4 — +o0
as j — +oo. It follows from this that the sequence fi, fo, f3,... does not
converge uniformly to the zero function on the interval [0, 1].

Proposition 3.22 Let fi, fo, f3,... be a sequence of continuous real-valued
functions defined on some subset D of R. Suppose that this sequence con-
verges uniformly on D to some real-valued function f. Then f is continuous

on D.

Proof Let s be an element of D, and let some strictly positive real number
be given. If j is chosen sufficiently large then |f(z) — f;(z)| < ie for all
x € D, since f; — f uniformly on D as j — +o00. It then follows from the
continuity of f; that there exists some strictly positive real number ¢ such
that |f;(z) — f;(s)] < i€ for all € D satisfying |z — s| < §. But then

[f(x) = f)] < |f(z) = ( I+ 1fi() = fi()] +115(5) = f(s)]
< —5 + 5 + 5 =€
whenever |z —s| < §. Thus the function f is continuous at s, as required. |

Theorem 3.23 Let fi, fo, f3,... be a sequence of continuous real-valued
functions which converges uniformly on the interval [a,b] to some continuous
real-valued function f. Then

b b
Jim [ @ = [ e

Proof Let some strictly positive real number . Choose ¢ small enough to
ensure that 0 < €o(b — a) < . Then there exists some positive integer N
such that |f;(z) — f(x)| < g for all x € [a,b] and j > N, since the sequence
f1, fa, fs, ... of functions converges uniformly to f on [a,b]. Now

/ fi(@) - f(@)|do

for all positive integers j (see Proposition 3.10). It follows that

dx—/f ) dx /|f] z)|dr <eo(b—a)<e

whenever j > N. The result follows. |}

(fi(z) = f(x))dx
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3.8 Integrals over Unbounded Intervals

We define integrals over unbounded intervals by appropriate limiting pro-
cesses. Given any function f that is bounded and Riemann-integrable over
each closed bounded subinterval of [a,4+00), we define

+Oof( dx = hm/f

a b—~+o00

provided that this limit is well-defined. Similarly, given any function f that
is bounded and Riemann-integrable over each closed bounded subinterval of
(—o0, b], we define

/_ f(z)dx = lim f(z)dx

a——00 a

provided that this limit is well-defined.
If f is bounded and Riemann integrable over each closed bounded interval
in R then we define

+<>° f(x)dr = lim /bf(x) dx

b—+o0
provided that this limit exists.

Remark Using techniques of complex analysis, it can be shown that

bsinz T

lim dr = —.
b——+o00 0 xX 2

However it can also be shown that

b .
/ | sinz| de — +00 as b — +o0.
x

Therefore, in the standard theory of the Riemann integral, the integral of the
T sinx T

doe = —.
0 T 2

There is an alternative theory of integration, due to Lebesgue, which is

generally more powerful. All bounded Riemann-integrable functions on a

closed bounded interval are Lebesgue-integrable on that interval. But a real-

valued function f on a “measure space” is Lebesgue-integrable if and only if

| f| is Lebesgue-integrable on that measure space. Let f:[0,400) — R be the

function (sin x)/z on the interval [0, +00) is defined, and
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real-valued function defined such that f(0) =1 and f(z) = (sinz)/x for all
positive real numbers z. Then the function |f| is neither Riemann-integrable
nor Lebesgue-integrable on [0, +00). It follows that the function f itself is
not Lebesgue-integrable on [0, +00). But, as we have remarked, the theory

of the Riemann integral assigns a value of 7 to 0+OO f(z)dx.
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