Course MA2321: Michaelmas Term 2016.
Worked Solutions to Assignment II.



Module M A2321—Analysis in Several Real Variables.
Michaelmas Term 2016.
Assignment I1

1.

(a)

Let f:R? — R be defined such that f(x,y) = min(|x|,|y|) for all
(r,y) € R?. Is f:R? — R continuous at (0,0)? Is f:R? — R
differentiable at (0,0)?

The function f is continuous at (0,0). Inded |f(z,y)| < /2?2 + 92
for all (z,y) € R2. Let some positive real number € be given. If
|(z,y)| < e then |f(z,y)| < €. Thus the definition of continuity is
satisfied at (z,y) = 0.

The function f is not differentiable at (0,0). Note that

of =0 and 8_f = 0.
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If it were the case that the function were differentiable at zero,
then the derivative of the function at (0,0) would be determined
by the above partial derivatives, and would therefore be zero. It
would then follow that

f(z,y)

lim —=—=0.

(900 /22 + 42

Suppose that 2 = y = t. Then f(z,y) = |t| and /22 + 32 = V/2L.
It follows that
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Thus it cannot be the case that lim = 0. Therefore

(zy)=(0,0) /22 4 32
the function f is not differentiable at (0, 0).
Let f:R? — R be defined such that f(x,y) = min(x? y*) for all
(r,y) € R%. Is f:R?* — R continuous at (0,0)? Is f:R?* - R
differentiable at (0,0)7
This function is continuous and differentiable at (0,0). Note that
f(z,y) < 2?4 y?* for all (z,y) € R?, and therefore

| f(2, )]
2y < Va?+y?




for all (x,y) € R2 Tt follows that
o 1)

(2.9)—=(0,0) /22 + y?

It then follows from the definition of differentiability that that
function f is differentiable at (0,0), and its derivative at (0,0) is
zero. Differentiability implies continuity. The function f is thus
continuous at (0,0).

=0.

2. In this problem let S? denote the 2-dimensional sphere in R®, defined
so that
2= {(r..2) € R a2 147 + 22 = 1),

Given a point v on S* with components (z,y, z), where x> +y?+2% = 1,
we denote by T,S? the tangent space to S* at r, defined so that

7.5 = {beR’:b.r=0}
= {(u,v,w) € R® : ux + vy +wz = 0}.

Let
X ={(z,y,2) eR*: -1 <z < 1}

and let o*: X — R? and p~: X — R? be defined so that

+ _(_* Yy
" (.Y, 2) (1_2, 1_Z>

w‘(x,y,Z)z( ~—, ):W(rr,y,—Z)-

and
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(a) Let r be a point of X, where r = (z,y,2), and let b be a vector
in R3, where b = (u,v,w). Determine the components of the
vector (D™)b and (D™ )b, where (Dp™), and (Dy™), denote
the derivatives of the maps ¢, and p_ at the point r.

Let o] and @5 denote the components of ¢. Then

Yy
1—2z

xr
(IOT(X7y’ Z) = 1—_2 and QD;—(Xﬁya Z) =

Representing the linear transformation D™ by its Jacobian ma-
trix, we find that

oot O¢f  dpf

- Jdr Jdy 0z
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and therefore

(DpTelw, v ) = (1 — (1x—wz)2’ — (1y_wz)2’) :

Similarly
1 0 —T
_ 1 1 2
1+2z (14 2)?

and therefore

_ u TW (% yw
D r\W, Y, = - ) - ) .
(D e v, 0) <1+z 1+2)2 1+z2 (1+z)2)

Let (s,t) be a point of R?, where (s,t) # (0,0). Determine the
Cartesian coordinates of the unique point r of X N S? for which
o (r) = (s,t), and determine the Cartesian coordinates of ¢~ (r).
Hence determine a formula for the unique map

Y R*\{(0,0)} — R*\ {(0,0)}

characterized by the property that

YT (r)) = ¢ (1)

for allr € X N S?. [Hint: express s* + t* as a function of the
components of r./

We must find (z,y,z) satisfying z* + y*> + 22 = 1 for which
ot (z,y,2) = (s,t). Thus we require that

s = and ¢t = i .
1—2 1—2
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Then

S+t?— 2P+t =1+2
= sS+tP 1=z +12+1)

N 24+t —1
7= ———
s24+t2+1
Then
P
24241
and therefore
25 2t 24+t -1
@y )=\ Gy e oo
sS4t +1 s+t +1 se+t2+1
Then o2 )
t
4z 2(3 + )7
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and therefore

T Y s t
vis.t) =@y, 2) <1+z’1+z> (32+t2’32+t2>

Let (s,t) = ¢t (r), where r = (z,y,2), and let (p,q) € R% De-
termine the unique element (u, v, w) of the tangent space T,S? to
S? at r for which (Dyp™).(u,v,w) = (p,q). (Note that (u,v,w) €
T.S? if and only if uz + vy +wz = 0.)

We require that

__u o __v
P=1—2 (1—2)% =12 (1—2)2
and
ru 4+ yv + zw = 0.
Then
zutyr | (P Hy)w zw (1—2Hw
v = 1—=2 i (1—2)2 1—z+ (1 —2)2
AW +(1—|—z)w_ w
o 1l—z 1—2z 1-=z
Thus

w = (1-2z)(zp +yq),

b}



and therefore

(1—z2p=u+z(xzp+yq), (1—2)g=v+yl@p+yq).
Thus
u = (1—2*—2z)p—ayq,

v = (1—y*—2)q— zyp,
w = (1-2z)(zp+yq).

We now express u, v and w in terms of s, t, p and q. Now

NI 2% 42 _ 1—22 :l—l—z'
(1—-222 (1-2)2 1-=z

It follows that

1+s*+t* =
1—=z

and thus 5
l—z=—-"
Tlrste

Also z = (1 — z)s and y(1 — z)t. It follows that

2 4st
u = —_ _—
1452+ 1+32+t2) Prarsrep!

(
(2426228 4st
N 1+s2+t2 P 1+52+t2) A+ +e2!
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vo= 2. 12 2 42 q— 2 1 22P
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(d) Determine the 2 x 2 matriz that represents the derivative (D) s
of ¥ at a point (s,t) of R?\ {(0,0)}.
The smooth map ¥\ R?\ {(0,0)} — R? has Cartesian components
11 and vy, where

S t

Yi(s,t) = JERTY Pa(s, t) = JEp)



for all (s,t) € R*\{(0,0)} — R. A direct computation shows that

(DY) (s

8w1(3,t) 8¢1<8,t)

J0s ot
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