Course 421 examination, 1997. Worked
Solutions

D. R. Wilkins

All questions are bookwork unless otherwise stated.

1. (a) A topological space X consists of a set X together with a collection
of subsets, referred to as open sets, such that the following conditions
are satisfied:—

(i) the empty set ) and the whole set X are open sets,
ii) the union of any collection of open sets is itself an open set,
y

(iii) the intersection of any finite collection of open sets is itself an
open set.

A function f: X — Y from a topological space X to a topological
space Y is said to be continuous if f~1(V') is an open set in X for every
open set V in Y, where

ffWV)y={zeX: fz) eV}

(b) Let X1, Xo, ..., X, be topological spaces. A subset U of the Carte-
sian product X; x Xy X --- x X, is said to be open with respect to the
product topology if, given any point p of U, there exist open sets V; in
X, fori=1,2,...,nsuch that {p} C Vi x Vo x---xV, CU.

(¢) We must show that a subset U of R" is open with respect to the
usual topology if and only if it is open with respect to the product
topology.

Let U be a subset of R™ that is open with respect to the usual topology,
and let u € U. Then there exists some § > 0 such that B(u,d) C U,
where

B(u,d) ={x e R": |x —u| < d}.



Let Iy, I5, ..., I, be the open intervals in R defined by

) 5
L={teR:iu——=<t<u+—} (i=12,...,n),

v Vn

Then Iy, I, ..., I, are open sets in R. Moreover
{fu}chh xIyx---x1I,C B(u,d) CU,

since

Ix —ul? Xn:(x u)2<n< 0 )2 62

i=1 vn

for all x € I} x I x --- x [,,. This shows that any subset U of R"”
that is open with respect to the usual topology on R" is also open with
respect to the product topology on R".
Conversely suppose that U is a subset of R” that is open with respect
to the product topology on R”, and let u € U. Then there exist open
sets Vi, Vo, ..., V, in R containing uy, us, . . ., u, respectively such that
VixVoax---xV, CU. Now we can find 01, s, ..., 0, such that §; > 0
and (u; — 0;,u; + ;) C V; for all i. Let § > 0 be the minimum of
01,09, ...,...,0,. Then

B(uw,0) Vi xVox---V, CU,

for if x € B(u,¢) then |z; —u;| < §; for i = 1,2,...,n. This shows that
any subset U of R™ that is open with respect to the product topology
on R” is also open with respect to the usual topology on R™.

. (a) An open cover of a topological space X is collection of open sets
in X that covers X.

If U and V are open covers of some topological space X then V is said
to be a subcover of U if and only if every open set belonging to V also
belongs to U.

A topological space X is said to be compact if and only if every open
cover of X possesses a finite subcover.

(b) Let V be a collection of open sets in Y which covers f(A). Then
A is covered by the collection of all open sets of the form f~1(V) for
some V € V. It follows from the compactness of A that there exists a
finite collection Vi, Vs, ... Vi of open sets belonging to V such that

AC MU (V) U U f (V).
But then f(A) C ViU Vo U---UVj. This shows that f(A) is compact.
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(¢) Let K be a compact subset of R™. For each natural number m,
let B,, be the open ball of radius m about the origin, given by B,, =
{x € R" : |x| < m}. Then {B,, : m € N} is an open cover of
R™. It follows from the compactness of K that there exist natural
numbers my, mg, ..., my such that K C B,,, U B,,, U---U B, . But
then K C Bjs, where M is the maximum of mq, ma, ..., my, and thus
K is bounded.

(d) (NOT BOOKWORK) Consider the function f: Ax A x[0,1] —
R" where f(x,y,t) = (1 —t)x = ty for all x,y € A and ¢ € [0,1].
Then the convex hull of A is f(A x A x [0,1]). The product space
A x A x [0,1] is compact, being the product of compact spaces, and
the function f is continuous. It follows that the convex hull of A is
compact, being the image of a compact set under a continuous map.

. (a) A topological space X is said to be connected if the empty set ()
and the whole space X are the only subsets of X that are both open
and closed.

Let u and v be points in a topological space X. A path in X from u to v
is defined to be a continuous function ~: [0, 1] — X such that v(0) = u
and (1) = v. A topological space X is said to be path-connected if
and only if, given any two points u and v of X, there exists a path in X
from u to v.

(b) Suppose that X is connected. Let f: X — Z be a continuous
function. Choose n € f(X), and let U = {x € X : f(x) = n} and
V ={x € X : f(z) # n}. Then U and V are both open in X,
since they are the preimages of the open subsets {n} and Z \ {n} of
Z. Moreover UNV =0, and X = U U V. It follows that V = X \ U,
and thus U is both open and closed. Moreover U is non-empty, since
n € f(X). It follows from the connectedness of X that U = X, so that
f: X — Z is constant, with value n.

Conversely suppose that every continuous function f: X — Z is con-
stant. Let S be a subset of X which is both open and closed. Let
f: X — Z be defined by

1 ifzes;

J(@) = {o itz ¢S
Now the preimage of any subset of Z under f is one of the open sets
0, S, X\ S and X. Therefore the function f is continuous. It follows

that the function f is constant, so that either S = () or S = X. This
shows that X is connected.



(¢) Let f: X — Z be a continuous integer-valued function on a path-
connected topological space X. Given points xy and x; of X, there
exists a path v:[0,1] — X with v(0) = zo and v(1) = z;. Then
fov:[0,1] — Z is a continuous integer-valued function on [0, 1]. This
function must be constant, since [0, 1] is connected. It follows that
f(zo) = f(x1). Thus every continuous integer-valued function on X is
constant. Therefore X is connected.

(d) (NOT BOOKWORK) The connected components are A and
B, where A = {(z,y,2) € X : x > 1} and B = {(z,y,2) € X :
—1 < z < 0}. Note that 2° —x = z(x + 1)(z — 1). Thus if a point
(2,9, 2) belongs to X then 3 — x > 0, and hence either z > 1 or
—1<2<0. Ifa>1or —1 <a <0 then the set X, is a circle and
is therefore connected, where X, = {(x,y,2) € X : x = a}. Therefore
each connected component of X is a union of some of the sets X,. Let
ft) = (t,vVt2 —1t,0) for t € [-1,0] and t € [1,+00). Then f(|—1,0])
is a connected set that intersects X, for all @ € [—1,0]. Therefore A
is a connected set. Similarly B is a connected set. The sets A and B
are both open and closed in X. They must therefore be the connected
components of X.

. (a) Let 7:[0,1] — C be a continuous closed curve in the complex plane
which is defined on some closed interval [0,1] (so that (0) = (1)),
and let w be a complex number which does not belong to the image of
the closed curve . It then follows from the Path Lifting Theorem that
there exists a continuous path 4:[0,1] — C in C such that y(t) — w =
exp(§(t)) for all t € [0,1]. Let us define

n(y,w) = 1

Now exp(7(1)) = v(1) —w = v(0) —w = exp(7(0)) (since v is a closed
curve). It follows from this that n(y,w) is an integer. This integer is
known as the winding number of the closed curve v about w.

(b) (NOT BOOKWORK) For each 7 € [0,1], let 7,:[0,1] — C
be the closed curve defined by ~,(t) = f(75(t)). Then n(y,,0) is a
continuous integer-valued function of 7 and is therefore constant for
7 € [0,1]. It follows that

n(foB,0) =n(v,0) =n(v,0) =0.



(c) (NOT BOOKWORK) n(vy,0) = 3. Let 8(t) = 3¢ for all
t €10,1]. Then |y(t) — B(t)] < |B(t)| for all t € [0,1]. It follows from a
standard result in the lecture notes that n(y,0) = n(5,0) = 3.

. Let X be a topological space, and let xy € X be some chosen point
of X. We define an equivalence relation on the set of all (continuous)
loops based at the basepoint zy of X, where two such loops vy and 7, are
equivalent if and only if 79 ~ 7; rel {0,1}. We denote the equivalence
class of a loop 7:[0,1] — X based at zo by [y]. This equivalence class
is referred to as the based homotopy class of the loop . The set of
equivalence classes of loops based at g is denoted by m1(X, x¢). Thus
two loops 79 and 7; represent the same element of m (X, x¢) if and only
if 79 >~ 71 rel {0, 1} (i.e., there exists a homotopy F: [0, 1] x [0,1] — X
between 7y and y; which maps (0,7) and (1,7) to z, for all 7 € [0, 1]).

First we show that the group operation on (X, zg) is well-defined.
Let 71, 74, 72 and ~4 be loops in X based at the point xg. Suppose
that [y1] = [y1] and [y2] = [74]. Let the map F:[0,1] x [0,1] — X be
defined by

Fy(2t,7) if0<t<3,

B2t—1,7) ifi<t<1,

Fit.r) = {

where Fi: [0, 1]x[0,1] — X is a homotopy between v, and 7/, F»: [0, 1] x
[0,1] — X is a homotopy between 7, and 74, and where the homotopies
F) and F, map (0,7) and (1,7) to x for all 7 € [0,1]. Then F is itself
a homotopy from ~;.7, to v].7%, and maps (0, 7) and (1, 7) to xq for all
7 € [0,1]. Thus [y1.72] = [71.75], showing that the group operation on
1 (X, xg) is well-defined.

Next we show that the group operation on m (X, () is associative.
Let 71, 72 and 3 be loops based at xg, and let o = (71.72).73. Then
Y1-(72.73) = a0 O, where

5t if0<t<g;
1 | 3.
20—1 if2<¢<1

Thus the map G:[0,1] x [0,1] — X defined by G(t,7) = a((1 — 7)t +
70(t)) is a homotopy between (71.72).73 and v;.(72.73), and moreover
this homotopy maps (0,7) and (1,7) to x¢ for all 7 € [0,1]. It fol-
lows that (71.72).73 =~ 71.(72.73) rel {0,1} and hence ([y][y2])[vs] =
[71]([2][3]). This shows that the group operation on (X, ) is as-
sociative.



Let ¢:[0,1] — X denote the constant loop at xg, defined by e(t) = zg
for all t € [0,1]. Then e.y = y08y and 7. = yo#; for any loop ~y based
at xg, where

o if0<t¢<g, _f2t ifo<t
90(t>_{2t—1 if 1 <t<1, 91<t)_{1 if 5 <t

for all ¢t € [0,1]. But the continuous map (¢, 7) — v((1 — 7)t + 76,(t))
is a homotopy between v and 0 6; for j = 0,1 which sends (0, 7) and
(1,7) to zo for all 7 € [0,1]. Therefore e.y ~ v ~ ~.c rel {0,1}, and
hence [e][v] = [7] = [7]le]. We conclude that [¢] represents the identity
element of m (X, o).

I/\ I/\
I/\ I/\
=N

It only remains to verify the existence of inverses. Now the map
K:[0,1] x [0,1] — X defined by

~v(27t) if0<t< ;,

y@2r(1—t) fi<t<1

K(t,7) = {

is a homotopy between the loops v.y~! and e, and moreover this ho-

motopy sends (0,7) and (1,7) to xy for all 7 € [0,1]. Therefore
vyt =~ erel{0,1}, and thus [y][y"!] = [y.77'] = [¢]. On replacing
v by 77, we see also that [y~!][y] = [¢], and thus [y7'] = [7]7}, as
required.

Let zo be a point of some topological space X. The group 71 (X, z¢) is
referred to as the fundamental group of X based at the point x.

. We regard S! as the unit circle in R%2. Without loss of generality, we
can take b = (1,0). Now the map p: R — S! which sends t € R to
(cos 2mt,sin 27t) is a covering map, and b = p(0). Moreover p(t;) =
p(tz) if and only if ¢; — ¢y is an integer; in particular p(t) = b if and
only if ¢ is an integer.

Let a and A be loops in S based at b, and let & and 3 be paths
in R that satisfy po& = a and p o B = B. Suppose that a and 3
represent the same element of 7;(S*,0). Then there exists a homotopy
F:[0,1] x [0,1] — S! such that F(¢,0) = a(t) and F(t,1) = B(t)
for all t € [0,1], and F(0,7) = F(1,7) = b for all 7 € [0,1]. It follows
from the Monodromy Theorem that this homotopy lifts to a continuous
map G:[0,1] x [0, 1] — R satisfying po G = F. Moreover G(0,7) and
G(1,7) are integers for all 7 € [0, 1], since p(G(0,7)) = b= p(G(1,7)).
Also G(t,0) — a(t) and G(t,1) — B(t) are integers for all t € [0, 1],

0,
since p(G(t,0)) = a(t) = p(a(t)) and p(G(t,1)) = () = p(B(1)).
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Now any continuous integer-valued function on [0,1] is constant, by
the Intermediate Value Theorem. In particular the functions sending
7 € [0,1] to G(0,7) and G(1,7) are constant, as are the functions
sending t € [0,1] to G(t,0) — a(t) and G(t,1) — (). Thus

G(0,0)=G(0,1),  G(1,0)=G(1,1),

G(1,0) — &@(1) = G(0,0) — a(0),  G(1,1) — B(1) = G(0,1) — 5(0).
On combining these results, we see that
&(1) — a(0) = G(1,0) — G(0,0) = G(1,1) — G(0,1) = B(1) — B(0).
We conclude from this that there exists a well-defined function
A (SY0) = Z

characterized by the property that A([a]) = @(1) — @(0) for all loops «
based at b, where a: [0,1] — R is any path in R satisfying po & = a.

Next we show that A is a homomorphism. Let o and § be any loops
based at b, and let & and § be lifts of a and §. The element [a][f] of
71(S1, ) is represented by the product path a.3, where

a(2t) ifo<t<i;
(a.B)(t) = {5(275 —1) ifl<it< I

Define a continuous path o:[0,1] — R by

a(2t) if 0 <t<3;
0= 3ot 1) +a) - 50) tiersi

(Note that o(t) is well-defined when ¢ = 3.) Then poo = . and thus

Aallf]) = Aa.8]) = o(1) = o(0) = &(1) — a(0) + (1) — 5(0)
= Alla]) + A((8])-

Thus \: (S, b) — Z is a homomorphism.

Now suppose that A([a]) = A([8]). Let F:[0,1] x [0,1] — S* be the
homotopy between o and 3 defined by

Fit.r) =p ((1=7a(t) +7A(1)) .

where & and £ are the lifts of & and 3 respectively starting at 0. Now
B(1) = X[B]) = M|a]) = a&(1), and 5(0) = &(0) = 0. Therefore
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F0,7)=b=p(a(l)) = F(1,7) forall 7 € [0,1]. Thus o ~ 5 rel {0, 1},
and therefore [a] = [3]. This shows that \: 71 (S, b) — Z is injective.

The homomorphism A is surjective, since n = A([,]) for all n € Z,
where the loop 7,:[0,1] — St is given by

Yn(t) = p(nt) = (cos 2mnt, sin 2wnt)
for all ¢t € [0,1]. We conclude that \:71(S',b) — Z is an isomorphism.

. (a) A g-simplex in R* is defined to be a set of the form

q q
{thvj:ogtjglforjzo,l,...,qand thzl},
§=0

j=0
where v, vy, ..., v, are geometrically independent points of R¥.
Let vo,Vvy,...,v, be the vertices of a ¢-simplex o in some Euclidean

space R*. We define the interior of the simplex o to be the set of all
q
points of ¢ that are of the form ) ¢,v;, where t; > 0 for j =0,1,...,q
j=0
q
and Y t; =1.
j=0
A finite collection K of simplices in R” is said to be a simplicial complex

if the following two conditions are satisfied:—

e if o is a simplex belonging to K then every face of ¢ also belongs
to K,

e if oy and oy are simplices belonging to K then either oy Moy =
or else o1 N oq is a common face of both oy and o,.

The polyhedron | K| of a simplicial complex is the union of the simplices
of K.

(b) Suppose that K is a simplicial complex. Then K contains the faces
of its simplices. We must show that every point of |K| belongs to the
interior of a unique simplex of K. Let x € |K|. Then x belongs to
the interior of a face o of some simplex of K (since every point of a
simplex belongs to the interior of some face). But then ¢ € K, since
K contains the faces of all its simplices. Thus x belongs to the interior
of at least one simplex of K.

Suppose that x were to belong to the interior of two distinct simplices
o and 7 of K. Then x would belong to some common face o N7 of o



and 7 (since K is a simplicial complex). But this common face would
be a proper face of one or other of the simplices o and 7 (since o # 1),
contradicting the fact that x belongs to the interior of both ¢ and 7.
We conclude that the simplex o of K containing x in its interior is
uniquely determined, as required.

Conversely, we must show that any collection of simplices satisfying the
given conditions is a simplicial complex. Since K contains the faces of
all its simplices, it only remains to verify that if o and 7 are any two
simplices of K with non-empty intersection then ¢ N 7 is a common
face of o and 7.

Let x € o N 7. Then x belongs to the interior of a unique simplex w
of K. However any point of o or 7 belongs to the interior of a unique
face of that simplex, and all faces of o and 7 belong to K. It follows that
w is a common face of ¢ and 7, and thus the vertices of w are vertices
of both o and 7. We deduce that the simplices o and 7 have vertices in
common, and that every point of ¢ N 7 belongs to the common face p
of 0 and 7 spanned by these common vertices. But this implies that
oNT = p, and thus o N7 is a common face of both ¢ and 7, as required.

. (a) Let K be a simplicial complex, and let y and z be vertices of K.
We say that y and z can be joined by an edge path if there exists a
sequence Vg, vy, ..., V,, of vertices of K with vo =y and v,, = z such
that the line segment with endpoints v;_; and v; is an edge belonging
to K for j=1,2,...,m.

(b) It is easy to verify that if any two vertices of K can be joined by an
edge path then |K]| is path-connected and is thus connected. (Indeed
any two points of |K| can be joined by a path made up of a finite
number of straight line segments.)

We must show that if | K| is connected then any two vertices of K can
be joined by an edge path. Choose a vertex vy of K. It suffices to
verify that every vertex of K can be joined to vy by an edge path.

Let Ky be the collection of all of the simplices of K having the property
that one (and hence all) of the vertices of that simplex can be joined
to vy by an edge path. If o is a simplex belonging to Ky then every
vertex of ¢ can be joined to vy by an edge path, and therefore every
face of o belongs to Ky. Thus Kj is a subcomplex of K. Clearly the
collection K of all simplices of K which do not belong to K is also
a subcomplex of K. Thus K = K, U K;, where K, N K; = (), and
hence |K| = |Ky|U|K;]|, where | K| N |K;| = (). But the polyhedra | Ky



and |K;| of Ky and K; are closed subsets of |K|. It follows from the
connectedness of |K| that either |Ky| = () or |K;| = (). But vy € K.
Thus K; = () and K, = K, showing that every vertex of K can be
joined to vy by an edge path, as required.

(c¢) Let uj,uy,...,u, be the vertices of the simplicial complex K. Ev-
ery O-chain of K can be expressed uniquely as a formal sum of the
form

ni{ur) + np(ug) + - -+ +n,(u,)

for some integers ny,no,...,n,.. There is therefore a well-defined ho-
momorphism e: Cy(K) — Z defined by

e (ni{uy) + no(ug) + -+ +n.(w.)) =ny +ng + -+ - +n,.

Now £(01((y,z))) = ¢((z) — (y)) = 0 whenever y and z are endpoints
of an edge of K. It follows that € o 9, = 0, and hence By(K) C kere.

Let vo, vy, ..., Vv, be vertices of K determining an edge path. Then
(Vin) = (vo) = O (Z(Vj—l,vj>> € By(K).
j=1

Now |K| is connected, and therefore any pair of vertices of K can be
joined by an edge path. We deduce that (z) — (y) € By(K) for all

vertices y and z of K. Thus if ¢ € kere, where ¢ = ) n;(u;), then

Jj=1

énj = 0, and hence ¢ = ém((u» — (uy)). But ({(u;) — (w)) €

j
By(K). It follows that ¢ € By(K'). Thus We conclude that that kere C
By(K), and hence kere = By(K).

Now the homomorphism e: Cy(K) — Z is surjective and its kernel
is Bo(K). Therefore it induces an isomorphism from Cy(K')/By(K)
to Z. However Zy(K) = Cy(K) (since 9y = 0 by definition). Thus
Hy(K) = Cy(K)/By(K) = Z, as required.
- (a)

q .

0y (Vo Vi, ve)) = > (=1){vo,.... V), ... vy)

=0

where (vg,...,Vj,...,Vv,) is the oriented (¢ — 1)-face

(VO, -y, Vi1, Vigt, - -, V)
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10.

of the simplex obtained on omitting v; from the set of vertices of the
simplex.

(b) A g-chain z is said to be a g-cycle if 9,2 = 0. A g-chain b is
said to be a g-boundary if b = 0,41¢ for some (¢ + 1)-chain ¢. The
group of g-cycles of K is denoted by Z,(K), and the group of ¢-
boundaries of K is denoted by B,(K). Thus Z,(K) is the kernel of
the boundary homomorphism 0,: C;,(K) — C,—1(K), and B,(K) is the
image of the boundary homomorphism 0,41: Cyi1(K) — Cy(K). Now
B,(K) C Z,(K). We can therefore form the quotient group H,(K),
where H,(K) = Z,(K)/B,(K). The group H,(K) is referred to as the
qth homology group of the simplicial complex K.

(¢) (NOT BOOKWORK)

Oi(c) = (ng—n7z—n)p+ (1 —n2)q+ (n2 — ng — ng)r
+(ng + ng — ng)s + (ny — ns)t + (ns — ng + n7)u.

It follows that c is a 1-cycle if and only if no = ny, ns = nyg, ng = ny+nr,
ng = —ny and ng = nyg + ny. Thus

Z1(K) = {n12' + ny2" +n72" ny,ng,ng € 23},

where
Z = (p,q) +(q,r)+(r.p),
27 = (s, t) + (t,u) + (u,s),
" = (p,u)+(u,s) + (s,r) + (r,p).

Also ¢ is a 1-boundary if and only if n; = ny = ng, ngy = ny = ng and
ny = ng = 0. Thus

Z1(K) = {n12' + ny2" :ny,ng € Z}.

Clearly each coset of By(K) in Z;(K) contains n7;z" for some inte-
ger ny that determines and is determined by the coset. Thus H;(K) =
{n72" + B1(K) : ny € Z}, and therefore H,(K) = Z.

(a) The sequence F—+G—L5H of Abelian groups and homomorphisms
is said to be eract at G if and only if image(p: F' — G) = ker(¢: G —
H). A sequence of Abelian groups and homomorphisms is said to be
exact if it is exact at each Abelian group occurring in the sequence (so
that the image of each homomorphism is the kernel of the succeeding
homomorphism).
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(b) First we prove that if ¢ and 1, are monomorphisms and if v, is
a epimorphism then 3 is an monomorphism. Suppose that i, and ¥,
are monomorphisms and that 1, is an epimorphism. We wish to show
that 13 is a monomorphism. Let x € G5 be such that ¢3(z) = 0. Then
Wy (03(x)) = ¢3 (¥3(x)) = 0, and hence 03(x) = 0. But then z = 65(y)
for some y € G, by exactness. Moreover

G2 (V2(y)) = ¥3 (02(y)) = 3(z) =0,

hence ¥5(y) = ¢1(2) for some z € Hy, by exactness. But z = ¢, (w) for
some w € (1, since 1 is an epimorphism. Then

s (01 (w)) = ¢1 (Y1 (w)) = Pa(y),

and hence 01 (w) = y, since 1 is a monomorphism. But then

z = 03(y) = 02 (01(w)) =0

by exactness. Thus 13 is a monomorphism.

Next we prove that if i and 1, are epimorphisms and if 5 is a
monomorphism then 3 is an epimorphism. Thus suppose that s
and 1, are epimorphisms and that 5 is a monomorphism. We wish
to show that 13 is an epimorphism. Let a be an element of H3. Then
¢3(a) = 4(b) for some b € Gy, since 14 is an epimorphism. Now

5 (04(b)) = 64 (14(b)) = ¢a (ds(a)) =0,

hence 0,4(b) = 0, since 15 is a monomorphism. Hence there exists ¢ € G5
such that 63(c) = b, by exactness. Then

¢35 (¥3(c)) = 4 (U3(c)) = 1a(D),

hence ¢3 (a — 13(c)) = 0, and thus a — ¥3(c) = ¢a(d) for some d € Ho,
by exactness. But 1y is an epimorphism, hence there exists e € G,
such that is(e) = d. But then

s (02(€)) = b2 (Y2(€)) = a — Ps(c).

Hence a = 93 (¢ + 02(e)), and thus a is in the image of ¢3. This shows
that 13 is an epimorphism, as required.

The result now follows.
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11. There exist simplicial approximations (: K’ — K to the identity map
of |K|: such a simplicial approximation can be obtained by choosing,
for each 0 € K, a vertex v, of o, and defining {(¢) = v,.

Suppose that (: K/ — K and 0: K’ — K are both simplicial approxi-
mations to the identity map of |K|. Then ¢ and # are contiguous, and
therefore the homomorphisms (, and 6, of homology groups induced
by ¢ and 6 must coincide. It follows that there is a well-defined nat-
ural homomorphism vg: H,(K') — H,(K) of homology groups which
coincides with (, for any simplicial approximation (: K’ — K to the
identity map of |K]|.

Theorem. The natural homomorphism vi: H,(K') — H,(K) is an
isomorphism for any simplicial complex K.

Let M be the simplicial complex consisting of some simplex o together
with all of its faces. Then Ho(M) = Z, Ho(M') =2 Z, and H (M) =
0 = Hy(M’') for all ¢ > 0. Let v be a vertex of M. If : M' —
M is any simplicial approximation to the identity map of |M| then
6(v) = v. But the homology class of (v) generates both Hy(M) and
Ho(M'). Tt follows that 6,: Hy(M') — Ho(M) is an isomorphism, and
thus vy Hy(M') — H,(M) is an isomorphism for all g.

We now use induction on the number of simplices in K to prove the
theorem in the general case. It therefore suffices to prove that the
required result holds for a simplicial complex K under the additional
assumption that the result is valid for all proper subcomplexes of K.

Let o be a simplex of K whose dimension equals the dimension of K.
Then o is not a face of any other simplex of K, and therefore K \ {o}
is a subcomplex of K. Let M be the subcomplex of K consisting of the
simplex o, together with all of its faces. We have already proved the
result in the special case when K = M. Thus we only need to verify
the result in the case when M is a proper subcomplex of K.

Let (: K’ — K be a simplicial approximation to the identity map of
|K|. Then the restrictions (|L’, (|M" and {|L' N M" of ( to L', M’ and
L' N M’ are simplicial approximations to the identity maps of |L|, | M|
and |L| N |M| respectively. Therefore the diagram

0—Cq(L'NM")—Cq(L")BCq(M") — Cq(K')—0
¢lL'nmM’ l(C\L’)GB(CIM’) lé‘
0— Cq(LNM) — Cyq(L)®Cq(M) — Cy(K)—0

commutes, and its rows are short exact sequences. But the restrictions
C|L, ¢|M" and ¢|L' N M'" of ¢ to L', M" and L' N M’ are simplicial
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approximations to the identity maps of |L|, |M| and |L| N |M]| respec-
tively, and therefore induce the natural homomorphisms vy, vy, and
vrnm- We therefore obtain a commutative diagram

Hq(L’ﬁM’)—>Hq(L’)@HQ(M’)HHq(K’)qu_l(L’ﬁM’)—>Hq_1(L’)EBHq_l(M’)
lVLﬂJ\/I v ®vym VK VLnM v Ovy

Hy(LNM) — Hy(L)®Hy(M) — Hy(K) ~% H, 1 (LOM) — Hy_1(L)&H, 1 (M)

in which the rows are exact sequences, and are the Mayer-Vietoris
sequences corresponding to the decompositions K = LU M and K’ =
L'"U M’ of K and K’. But the induction hypothesis ensures that the
homomorphisms vy, vy, and vpny are isomorphisms, since L, M and
LN M are all proper subcomplexes of K. It now follows directly from
the Five-Lemma that v Hy(K') — H,(K) is also an isomorphism, as
required.
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