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Course Type

This examination does not relate to any course of lectures given in the current
academic year. Instead ‘Course 421’ is a reading course, and candidates are
examined on the majority of the material on the course notes dating from the
time the course was last taught, in the academic year 2004-05, and also on
material on the topological classification of closed surfaces, that was included
in the course in previous years.

In consequence, there is an even greater proportion of ‘bookwork’” in the
examination. (Note that, in particular, the students will not have had the
tutorials on, for example, applications of the Mayer-Vietoris Exact Sequence
that students in previous years would have received.)

Course Website

The course website, with online lecture notes, problem sets. etc. is located
at

http://www.maths.tcd.ie/ dwilkins/Courses/421/
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Style of questions
1. (a), (b) and (¢) bookwork, (¢) not bookwork.

2. Bookwork
3. Bookwork
4. Bookwork.
5. (a) and (b) bookwork, (c¢) and (d) not bookwork.
6. Bookwork.
7. Bookwork.
8. Bookwork.

9. Candidates to select suitable material relevant to the topological clas-
sification of closed surfaces (almost certainly utilizing material from
printed lecture notes).



1. (a) [From printed lecture notes.] Let X and X be topological spaces
and let p: X — X be a continuous map. An open subset U of X
is said to be evenly covered by the map p if and only if p~1(U)
is a disjoint union of open sets of X each of which is mapped
homeomorphically onto U by p. The map p: X — X is said to be
a covering map if p: X — X is surjective and in addition every
point of X is contained in some open set that is evenly covered by
the map p.

(b) [From printed lecture notes.] The map p: C — C\ {0} defined by
p(z) = exp(z) is a covering map. Indeed, given any 6 € [—m, 7]
let us define

Up={ze€ C\{0}:arg(—z) # 6}.
Then p~!(Up) is the disjoint union of the open sets
{z€eC:|Imz—0—-27mn| <7},

for all integers n, and p maps each of these open sets homeomor-
phically onto Uy. Thus Uy is evenly covered by the map p.

(c) [From printed lecture notes.] Let Zy = {z € Z : g(2) = h(2)}.
Note that Z, is non-empty, by hypothesis. We show that Zj is
both open and closed in Z.

Let z be a point of Z. There exists an open set U in X containing
the point p(g(z)) which is evenly covered by the covering map p.
Then p~'(U) is a disjoint union of open sets, each of which is
mapped homeomorphically onto U by the covering map p. One of
these open sets contains ¢(z); let this set be denoted by U. Also
one of these open sets contains h(z); let this open set be denoted
by V. Let N, = ¢g-(U) N h~Y(V). Then N, is an open set in Z
containing z.

Consider the case when z € Zy. Then g(z) = h(z), and therefore
V = U. It follows from this that both 1 g and h map the open set IV,
into U. But po g=poh, and p|U U — U is a homeomorphism.
Therefore g|N, = h|N,, and thus N, C Z;. We have thus shown
that, for each z € Zj, there exists an open set N, such that z € NV,
and N, C Zy. We conclude that Z; is open.

Next consider the case when z € Z \ Zy. In this case UNV = 0,
since g(z) # h(z). But g(N.) € U and h(N.) C V. Therefore
g(Z') # h(2') for all 2/ € N,, and thus N, C Z \ Z,. We have thus



shown that, for each z € Z'\ Zj, there exists an open set N, such
that z € N, and N, C Z \ Zy. We conclude that Z \ Z, is open.

The subset Zy of Z is therefore both open and closed. Also Z
is non-empty by hypothesis. We deduce that Zy = Z, since Z is
connected. Thus g = h, as required.

(d) This is not a covering map. Let £ = S?N{(x,y,2) € R®: z = 0}.
Then no point of E has an open neighbourhood evenly covered by
the map p. One way to see this is to note that the map p violates
the conclusions of the path-lifting theorem. If ~:[a,b] — D? is
a path with vy(a) € E, if 3:[a,b] — S? is a lift of v satisfying
pod =7, and if p:R?® — R? is the map sending (z,y,2) € R3
to (z,y,—z), then po# is also a lift of 7. Thus if v([a, b]) is not
wholly contained in the set E then 4 and p o are distinct lifts of
~. This could not happen were p: S? — D? a covering map.



2. (a) A topological space X is said to be simply-connected if it is path-
connected, and any continuous map f:0D — X mapping the
boundary circle 9D of a closed disc D into X can be extended
continuously over the whole of the disk.

(b) [From printed lecture notes, with U and V' replaced by V' and
W respectively.] We must show that any continuous function
f:0D — X defined on the unit circle D can be extended continu-
ously over the closed unit disk D. Now the preimages f~*(V) and
S7HW) of V and W are open in D (since f is continuous), and
oD = f~Y{V)Uf~1(W). Tt follows from the Lebesgue Lemma that
there exists some ¢ > 0 such that any arc in 0D whose length is
less than ¢ is entirely contained in one or other of the sets f~(V)
and f~1(W). Choose points 21, 29, ..., 2, around dD such that
the distance from z; to z;y; is less than § for i = 1,2,...,n — 1
and the distance from z, to z; is also less than 0. Then, for each 7,
the short arc joining z; ; to z; is mapped by f into one or other
of the open sets V and W.

Let xg be some point of VNW. Now the sets V', W and VNW are
all path-connected. Therefore we can choose paths a;: [0,1] — X
for i = 1,2,...,n such that o;(0) = zo, a;(1) = f(2), a4([0,1]) C
V whenever f(z;) € V, and «;([0,1]) C W whenever f(z;) € W.

For convenience let oy = av,.

Now, for each i, consider the sector T; of the closed unit disk
bounded by the line segments joining the centre of the disk to the
points z;_1 and z; and by the short arc joining z; 1 to z;. Now this
sector is homeomorphic to the closed unit disk, and therefore any
continuous function mapping the boundary 97; of T; into a simply-
connected space can be extended continuously over the whole of
T;. In particular, let F; be the function on 07; defined by

f(2) if ze T, NOD,
Fi(z) = ¢ a;_1(t) if z =tz for any t € [0, 1],
a;(t)  if z =tz for any ¢ € [0, 1],

Note that F;(0T;) C V whenever the short arc joining z;_; to z;
is mapped by f into V, and F;(0T;) C W whenever this short arc
is mapped into W. But V and W are both simply-connected. It
follows that each of the functions F; can be extended continuously
over the whole of the sector T;. Moreover the functions defined in
this fashion on each of the sectors T; agree with one another wher-
ever the sectors intersect, and can therefore be pieced together to
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yield a continuous map defined over the the whole of the closed
disk D which extends the map f, as required.

(c) [From printed lecture notes, with U and V replaced by V' and W
respectively.] The n-dimensional sphere S™ is simply-connected
for all n > 1, where S™ = {x € R""! : |x| = 1}. Indeed let
V={xeS" a1 >—-2}and W ={x€5": 2,41 < 3i}. Then
V and W are homeomorphic to an n-dimensional ball, and are
therefore simply-connected. Moreover V N W is path-connected,
provided that n > 1. It follows that S™ is simply-connected for
all n > 1.



3. [Based on lecture notes.] Let X be a topological space, and let
and x; be points of X. A path in X from xq to x; is defined to be a
continuous map v:[0,1] — X for which y(0) = zo and (1) = z;. A
loop in X based at z; is defined to be a continuous map v:[0,1] — X
for which v(0) = (1) = .

We can concatenate paths. Let 7;:[0,1] — X and v,:[0,1] — X be
paths in some topological space X. Suppose that v;(1) = ~2(0). We
define the product path v1.72:[0,1] — X by

— N

() = §

v (2t) if 0
(2t —1) if L
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Ifv:[0,1] — X is a path in X then we define the inverse path v~*: [0,1] —
X by y7Ht) =y(1 ).

Let X be a topological space, and let g € X be some chosen point
of X. We define an equivalence relation on the set of all (continuous)
loops based at the basepoint zy of X, where two such loops vy and 7, are
equivalent if and only if 79 ~ 7 rel {0,1}. We denote the equivalence
class of a loop 7:[0,1] — X based at g by [y]. This equivalence class

is referred to as the based homotopy class of the loop 7. The set of
equivalence classes of loops based at zg is denoted by (X, x).

Let X be a topological space, let zy be some chosen point of X, and
let 71 (X, o) be the set of all based homotopy classes of loops based at
the point zq. We show (X, z¢) is a group, the group multiplication
on (X, zg) being defined according to the rule [y1][ys] = [71.72] for
all loops 7; and 7, based at zy. This group is the fundamental group
of the topological space X based at xg.

First we show that the group operation on (X, zg) is well-defined.
Let 71, 74, 2 and ~4 be loops in X based at the point xg. Suppose
that [71] = [y1] and [y2] = [74]. Let the map F:[0,1] x [0,1] — X be
defined by

Fy(2t,7) if0<t<3,

B2t—1,7) ifi<t<1,

Fitr) = {

where F7:]0,1]x [0, 1] — X is a homotopy between v, and ], F»: [0, 1] X
[0,1] — X is a homotopy between 7, and 74, and where the homotopies
F; and Fy map (0,7) and (1,7) to g for all 7 € [0,1]. Then F is itself
a homotopy from ;.73 to 7;.75, and maps (0,7) and (1, 7) to z for all



7 € [0,1]. Thus [y1.72] = [71.75], showing that the group operation on
1 (X, xg) is well-defined.

Next we show that the group operation on (X, o) is associative.
Let 71, 72 and 73 be loops based at xg, and let o = (71.72).73. Then
7-(72.73) = a0 0, where

=
~+
—

Ot) =< t—1
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~
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Thus the map G:[0,1] x [0,1] — X defined by G(¢,7) = a((1 — 7)t +
70(t)) is a homotopy between (71.72).73 and v;.(72.73), and moreover
this homotopy maps (0,7) and (1,7) to xo for all 7 € [0,1]. It fol-
lows that (y1.72).73 ~ 71.(72.73) rel {0,1} and hence ([v1][1e])[s] =
[71]([v2][3]). This shows that the group operation on (X, o) is as-
sociative.

Let €:]0,1] — X denote the constant loop at x¢, defined by (t) = zg
for all t € [0,1]. Then e.y = y068, and 7. = yo0#, for any loop ~y based
at xg, where

{0 ifo<t<l (2t o
90<t)_{2t—1 if 1 1 91(”_{1 if 1

for all ¢ € [0,1]. But the continuous map (t,7) — y((1 — 7)t + 76;(t))
is a homotopy between v and vy o 6; for j = 0,1 which sends (0, 7) and
(1,7) to xy for all 7 € [0,1]. Therefore ey ~ v ~ ~.c rel {0, 1}, and
hence [e][v] = [v] = [7]le]. We conclude that [¢] represents the identity
element of m (X, zy).

N

I/\ I/\
I/\ I/\

It only remains to verify the existence of inverses. Now the map
K:[0,1] x [0,1] — X defined by

~(27t) if0<t

< L
—
v@2r(1—1t) ifi<t<1

K(t,7) = {

is a homotopy between the loops 7.7~! and ¢, and moreover this ho-

motopy sends (0,7) and (1,7) to xy for all 7 € [0,1]. Therefore
vy~ =~ erel{0,1}, and thus [y][y™'] = [y.77'] = [g]. On replacing
v by 771, we see also that [y~ ![4] = [¢], and thus [y7!] = [y]7}, as
required.
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4. (a) [From printed lecture notes.] Let K be a simplicial complex which
is a subdivision of some n-dimensional simplex A. We define a
Sperner labelling of the vertices of K to be a function, labelling
each vertex of K with an integer between 0 and n, with the fol-
lowing properties:—

e for each j € {0,1,...,n}, there is exactly one vertex of A
labelled by j,

e if a vertex v of K belongs to some face of A, then some vertex
of that face has the same label as v.

(b) [From printed lecture notes.] Sperner’s Lemma. Let K be
a simplicial complex which is a subdivision of an n-simpler A.
Then, for any Sperner labelling of the vertices of K, the number
of n-simplices of K whose vertices are labelled by 0,1, ... ,n is odd.

Given integers i, i1, ...,1, between 0 and n, let N(ig,iy,...,1,)
denote the number of ¢g-simplices of K whose vertices are labelled
by io,1,...,%, (where an integer occurring k times in the list
labels exactly k vertices of the simplex). We must show that
N(0,1,...,n) is odd.

We prove the result by induction on the dimension n of the sim-
plex A; it is clearly true when n = 0. Suppose that the result
holds in dimensions less than n. For each simplex o of K of di-
mension n, let p(o) denote the number of (n—1)-faces of o labelled
by 0,1,...,n — 1. If o is labelled by 0,1,...,n then p(o) = 1; if
o is labelled by 0,1,...,n — 1, j, where j < n, then p(c) = 2; in
all other cases p(c) = 0. Therefore

di;eafin j:0

Now the definition of Sperner labellings ensures that the only (n—
1)-face of A containing simplices of K labelled by 0,1,...,n — 1
is that with vertices labelled by 0,1,...,n — 1. Thus if M is the
number of (n—1)-simplices of K labelled by 0, 1,...,n—1 that are
contained in this face, then N(0,1,...,n — 1) — M is the number
of (n — 1)-simplices labelled by 0,1,...,n — 1 that intersect the
interior of A. It follows that

> plo) =M +2(N(0,1,...,n—1) = M),

oceK
dim o=n

11



since any (n—1)-simplex of K that is contained in a proper face of
A must be a face of exactly one n-simplex of K, and any (n — 1)-
simplex that intersects the interior of A must be a face of exactly
two n-simplices of K. On combining these equalities, we see that
N(0,1,...,n)—M is an even integer. But the induction hypothesis
ensures that Sperner’s Lemma holds in dimension n — 1, and thus
M is odd. It follows that N(0,1,...,n) is odd, as required.

(c) [From printed lecture notes.] Suppose that such a map r: A — JA
were to exist. It would then follow from the Simplicial Approxima-
tion Theorem that there would exist a simplicial approximation
s: K — L to the map r, where L is the simplicial complex consist-
ing of all of the proper faces of A, and K is the jth barycentric
subdivision, for some sufficiently large j, of the simplicial complex
consisting of the simplex A together with all of its faces.

If v is a vertex of K belonging to some proper face ¥ of A then
r(v) = v, and hence s(v) must be a vertex of ¥, since s: K — L is
a simplicial approximation to r: A — 0A. In particular s(v) = v
for all vertices v of A. Thus if v — m(v) is a labelling of the
vertices of A by the integers 0,1,...,n, then v — m(s(v)) is a
Sperner labelling of the vertices of K. Thus Sperner’s Lemma
guarantees the existence of at least one n-simplex o of K labelled
by 0,1,...,n. But then s(0) = A, which is impossible, since A
is not a simplex of L. We conclude therefore that there cannot
exist any continuous map 7 A — 0A satisfying r(x) = x for all

x € 0A.

12



5. (a) [From printed lecture notes.|

0y (Vo, Vi, vg)) = > (=1 (vo, ..., ¥j, ..., vg)

J=0

We show that 9,1 0 9, = 0 when 2 < ¢ < dim K.
Let vo,vy,..., Vv, be vertices spanning a simplex of K. Then

Dy10, (Vo, V1, ..., V) = Z(—waq,l<<v0,...,oj,...,vq>)

7=0
qg Jj—1
= <_1)]+k<V07 » Vi, » Vi,
7=0 k=0
q q
+Z Z (_1>j+k71<V07 7V]7 s Vg,
7=0 k=j+1
= 0

(since each term in this summation over j and k cancels with
the corresponding term with j and k interchanged). The result
now follows from the fact that the homomorphism d,_; o 9, is
determined by its values on all oriented g-simplices of K. |}

(b) [From printed lecture notes.] Let K be a simplicial complex. A
g-chain z is said to be a g-cycle if 9,2 = 0. A g-chain b is said
to be a g-boundary if b = 0,41¢ for some (¢ + 1)-chain ¢. The
group of g-cycles of K is denoted by Z,(K), and the group of ¢-
boundaries of K is denoted by B,(K). Thus Z,(K) is the kernel of
the boundary homomorphism 9d,: Cy(K) — C,_1(K), and B,(K)
is the image of the boundary homomorphism 0,.: Cyy1(K) —
Cy(K). However 0, 0 0,41 = 0. Therefore B,(K) C Z,(K).
But these groups are subgroups of the Abelian group C,(K). We
can therefore form the quotient group H,(K), where H,(K) =
Z,(K)/By(K). The group H,(K) is referred to as the gth homol-
ogy group of the simplicial complex K. Note that H,(K) = 0 if
g < 0orgq>dimK (since Z,(K) = 0 and B,(K) = 0 in these
cases). It can be shown that the homology groups of a simpli-
cial complex are topological invariants of the polyhedron of that
complex.

(c) Let p be this chain. Then
hp = a((vavy) = (vivy) + (v1v2))
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+b((v3vy) — (vavy) + (vav3))
+c((viva) — (V3 Vva) + (v3 V1))
+d ({vavs) — (viVs) + (viVa))
+e((vavs) — (Vo vs) + (vav3))
+ f ({(vivs) = (vavs) + (v3v1))

= (a+d){(viva)+ (b+e){vavs) + (c+ f){vzvy)
+ (c—a){vivy) + (a —b)(vavy) + (b—c)(v3Vvy)
+ (f = d)(vivs) + (d — e)(vavs) + (e = [)(V3 Vs5)

(d) Let p be the 2-chain of ¢. Then dsp = 0 if and only if a = b =c =
—d=—e=—f. But a, b, ¢, d, e and f are integers. It follows
that Oyp = 0 if and only if p = mz for some integer m. Thus
Zy(K) = {mz : m € Z}. There are no 3-chains, and therefore
Bo(K) = 0. Tt follows that Hy(K) = Zy(K)/Ba(K) = Zo(K) =
Z, as required.

14



6. (a) [Quoted from lecture notes.] Let K be a simplicial complex, and let
y and z be vertices of K. We say that y and z can be joined by an

edge path if there exists a sequence vy, vy, ..., v, of vertices of K
with vog = y and v,,, = z such that the line segment with endpoints
v,_1 and v; is an edge belonging to K for j =1,2,...,m.

(b) [Quoted from lecture notes.] It is easy to verify that if any two
vertices of K can be joined by an edge path then |K| is path-
connected and is thus connected. (Indeed any two points of |K|
can be joined by a path made up of a finite number of straight
line segments.)

We must show that if | K| is connected then any two vertices of K
can be joined by an edge path. Choose a vertex v of K. It suffices
to verify that every vertex of K can be joined to vy by an edge
path.

Let Ky be the collection of all of the simplices of K having the
property that one (and hence all) of the vertices of that simplex
can be joined to vy by an edge path. If ¢ is a simplex belonging
to Ky then every vertex of o can be joined to vy by an edge
path, and therefore every face of o belongs to Ky. Thus Kj is
a subcomplex of K. Clearly the collection K7 of all simplices
of K which do not belong to Kj is also a subcomplex of K. Thus
K = Ky U K;, where Ky N K = (), and hence |K| = |Ky| U |K;],
where |Ko|N|K;| = 0. But the polyhedra |Ky| and |K;| of K, and
K, are closed subsets of |K|. It follows from the connectedness
of |K| that either |Ky| = 0 or |K;| = (. But vo € Ky. Thus
K, = () and Ky = K, showing that every vertex of K can be
joined to vy by an edge path, as required.

(c) [Quoted from lecture notes.] Let uj, us, ..., u, be the vertices of
the simplicial complex K. Every 0O-chain of K can be expressed
uniquely as a formal sum of the form

ni{uy) + ng(ug) + -+ + n.(u,)

for some integers ni,ns,...,n,. It follows that there is a well-
defined homomorphism e: Cy(K) — Z defined by

e (ni{uy) +no(ug) + - +n.(0.)) =ng +no+ -+ +n,.

Now €(01((y,z))) = £((z) — (y)) = 0 whenever y and z are end-
points of an edge of K. It follows that € o 9; = 0, and hence
By(K) C kere.

15



Let vg,Vvy,...,v,, be vertices of K determining an edge path.
Then

(Vin) = (vo) = 01 (Z(W—h"ﬂ) € By(K).
j=1
Now |K| is connected, and therefore any pair of vertices of K
can be joined by an edge path. We deduce that (z) — (y) €
By(K) for all vertices y and z of K. Thus if ¢ € kere, where
c= Y, n;(u;), then Y n; =0, and hence ¢ = > n;((u;) — (u1)).

=1 =1 =2

But (u;) — (u1) € By(K). It follows that ¢ € By(K). We conclude
that kere C By(K), and hence kere = By(K).

Now the homomorphism e: Cy(K) — Z is surjective and its kernel
is By(K). Therefore it induces an isomorphism from Cy(K')/By(K)
to Z. However Zy(K) = Cy(K) (since dy = 0 by definition). Thus
Hy(K) = Cy(K)/By(K) = Z, as required.
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7. (a) [From printed lecture notes.] A sequence F—-G—H of Abelian
groups and homomorphisms is said to be ezact at G if and only
if image(p: F¥ — G) = ker(¢:G — H). A sequence of Abelian
groups and homomorphisms is said to be exact if it is exact at each
Abelian group occurring in the sequence (so that the image of each
homomorphism is the kernel of the succeeding homomorphism).

(b) pothy =1pa00

(c) [Based on printed lecture notes.| First we prove that if ¢ and
14 are monomorphisms and if v is a epimorphism then 13 is
an monomorphism, Suppose that 15 and 14 are monomorphisms
and that ; is an epimorphism. We wish to show that 3 is a
monomorphism. Let © € G5 be such that ¥3(z) = 0. Then
¥y (05()) = ¢3(¢3(x)) = 0, and hence 5(x) = 0. But then

x = 05(y) for some y € Gy, by exactness. Moreover

B2 (V2(y)) = 3 (O2(y)) = 3(x) = 0,

hence ¥9(y) = ¢1(z) for some z € Hi, by exactness. But z =
i (w) for some w € Gy, since 1 is an epimorphism. Then

Yo (01(w)) = 1 (Y1 (w)) = Ya(y),

and hence 6, (w) = y, since 13 is a monomorphism. But then
= Oy(y) = 02 (61 (w)) = 0

by exactness. Thus 13 is a monomorphism.

Next we prove that if ¢y and v, are epimorphisms and if 5 is
a monomorphism then 3 is an epimorphism. Thus suppose that
1y and 1, are epimorphisms and that 15 is a monomorphism. We
wish to show that 13 is an epimorphism. Let a be an element
of Hs. Then ¢3(a) = 14(b) for some b € Gy, since 1, is an
epimorphism. Now

5 (04(b)) = ¢4 (¥4(b)) = ¢a (93(a)) = 0,

hence 64(b) = 0, since 5 is a monomorphism. Hence there exists
¢ € G5 such that 65(c) = b, by exactness. Then

@3 (¥3(c)) = 4 (03(c)) = ¥a(b),

hence ¢3(a — Y3(c)) = 0, and thus a — ¥3(c) = ¢o(d) for some
d € H,, by exactness. But 1), is an epimorphism, hence there
exists e € Gy such that 19(e) = d. But then

s (02(€)) = 2 (1h2(€)) = a — ts(c).
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Hence a = 13 (¢ + 6(e)), and thus a is in the image of 1)3. This
shows that 3 is an epimorphism.

It follows that if v, 15, ¥4 and 5 are isomorphisms, then so is

V3.
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8. (a) [Quoted from from printed lecture notes.]| Two simplicial maps
s: K — L and t: K — L between simplicial complexes K and L
are said to be contiguous if, given any simplex o of K, there exists
a simplex 7 of L such that s(v) and t(v) are vertices of 7 for each
vertex v of o.

(b) [Quoted from from printed lecture notes.] Let x be a point in the
interior of some simplex o of K. Then f(x) belongs to the interior
of a unique simplex 7 of L, and moreover s(x) € 7 and t(x) € T,
since s and t are simplicial approximations to the map f. But
s(x) and t(x) are contained in the interior of the simplices s(o)
and t(o) of L. It follows that s(o) and ¢(o) are faces of 7, and
hence s(v) and t(v) are vertices of 7 for each vertex v of o, as
required.

(c) [Quoted from from printed lecture notes.] Choose an ordering of
the vertices of K. Then there are well-defined homomorphisms
D, Cy(K) — Cys1(L) characterized by the property that

q

D,((vo,v1,...,vy)) = Z(—l)j(s(VO), cey S(V) (), t(vg))-

j=0

whenever vg, vy, ... v, are the vertices of a ¢g-simplex of K listed
in increasing order (with respect to the chosen ordering of the
vertices of K). Then

O (Do((v))) = h((s(v),t(v))) = (t(v)) = (s(v)),

and thus 0 o Dy = tg — s¢. Also
Dy1(04((vo, -, Vvqg)))

= Z(—l)iDq_1(<Vo, oy Viy ey V)

=) ._ (1) (5(Vo), .o, S(V;) H(VS), oo E(VE)s o (V)
DI (1) US(Vo)s oy (VD) ooy 8V, (V) - (V)
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- ; j::< D (5(v0)s oy 8(V)s s 5(v5), H(V), - H(V,)
+{t(vo), .. ., t(vq))—l—;(s(vo) ..... $(vj—1),t(v;), .., (V)
_:@(VO) ..... SOV, t(Vig1), - 1 (vg)) = (5(Vo), .., 5(v,))
+z: :z:( 1) 5(V0)s oy 8(V), (V) oo E(Ve), o, E(v))

and thus
Og+10 Dy + Dy_100; =1t — 84

for all ¢ > 0. It follows that t,(z) — s,(2) = Oyt1 (Dy(2)) for any
g-cycle z of K, and therefore s.([z]) = t.([z]). Thus s, = t,. as
homomorphisms from H,(K) to H,(L), as required.
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