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6 Homotopies and Covering Maps

6.1 Homotopies

Definition Let f: X — Y and ¢: X — Y be continuous maps between
topological spaces X and Y. The maps f and g are said to be homotopic if
there exists a continuous map H: X x [0,1] — Y such that H(x,0) = f(x)
and H(z,1) = g(z) for all z € X. If the maps f and g are homotopic then
we denote this fact by writing f ~ g. The map H with the properties stated
above is referred to as a homotopy between f and g.

Continuous maps f and g from X to Y are homotopic if and only if it is
possible to ‘continuously deform’ the map f into the map g.

Lemma 6.1 Let X and Y be topological spaces. The homotopy relation =~
is an equivalence relation on the set of all continuous maps from X to Y.

Proof Clearly f ~ f, since (x,t) — f(x) is a homotopy between f and
itself. Thus the relation is reflexive. If f ~ ¢ then there exists a homotopy
H:X x[0,1] = Y between f and g (so that H(z,0) = f(x) and H(z,1) =
g(z) for all x € X). But then (z,t) — H(z,1 —t) is a homotopy between
g and f. Therefore f ~ g if and only if ¢ ~ f. Thus the relation is
symmetric. Finally, suppose that f ~ g and g ~ h. Then there exist
homotopies Hy: X x [0,1] — Y and Hy: X x [0,1] — Y such that Hy(z,0) =
f(z), Hi(z,1) = g(x) = Ha(x,0) and Hy(x,1) = h(z) for all x € X. Define
H:X x[0,1] =Y by

if
Hw,t) = {Hg(x,%— 1) if

Now H|X x[0,1] and H|X x [1,1] are continuous. It follows from elementary
point set topology that H is continuous on X x [0,1]. Moreover H(z,0) =
f(z) and H(z,1) = h(x) for all z € X. Thus f ~ h. Thus the relation is
transitive. The relation ~ is therefore an equivalence relation. |
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Definition Let X and Y be topological spaces, and let A be a subset of X.
Let f: X — Y and g: X — Y be continuous maps from X to some topological
space Y, where f|A = g|A (i.e., f(a) = g(a) for alla € A). We say that f and
g are homotopic relative to A (denoted by f ~ g rel A) if and only if there
exists a (continuous) homotopy H: X x [0,1] — Y such that H(z,0) = f(x)
and H(z,1) = g(z) for all z € X and H(a,t) = f(a) = g(a) for all a € A.

Homotopy relative to a chosen subset of X is also an equivalence relation
on the set of all continuous maps between topological spaces X and Y.
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6.2 Covering Maps

Definition Let X and X be topological spaces and let p: X — X be a
continuous map. An open subset U of X is said to be evenly covered by the
map p if and only if p~1(U) is a disjoint union of open sets of X each of which
is mapped homeomorphically onto U by p. The map p: X — X is said to be
a covering map if p: X — X is surjective and in addition every point of X is
contained in some open set that is evenly covered by the map p.

If p: X — X is a covering map, then we say that Xisa covering space of X.

Example Let S! be the unit circle in R%2. Then the map p: R — S* defined
by

p(t) = (cos 27t sin 27t)
is a covering map. Indeed let n be a point of S'. Consider the open set U
in S containing n defined by U = S'\ {—n}. Now n = (cos 27y, sin 27t)
for some ty € R. Then p~*(U) is the union of the disjoint open sets J, for
all integers n, where

Jo={teR:tg+n—35<t<ty+n+3}
Each of the open sets J,, is mapped homeomorphically onto U by the map p.

This shows that p: R — S! is a covering map.

Example The map p:C — C\ {0} defined by p(z) = exp(z) is a covering
map. Indeed, given any 0 € [—m, 7| let us define

Up={z¢€ C\{0}:arg(—=2) # 6}.
Then p~!(Up) is the disjoint union of the open sets
{z€eC:|lmz—-0—2mn| <7},

for all integers n, and p maps each of these open sets homeomorphically onto
Uy. Thus Uy is evenly covered by the map p.

Example Consider the map a: (—2,2) — S, where a(t) = (cos 2t, sin 27t)
for all t € (—2,2). It can easily be shown that there is no open set U
containing the point (1,0) that is evenly covered by the map «. Indeed
suppose that there were to exist such an open set U. Then there would exist
some ¢ satisfying 0 < § < % such that Us C U, where

Us = {(cos 2mt,sin27t) : —§ < t < §}.

The open set Us would then be evenly covered by the map o. However the
connected components of a~!(Us) are (—2,—2+94), (=1 —46,—1+4), (—4,0),
(1—9,146) and (2—4,2), and neither (—2, —2+§) nor (2 — 4, 2) is mapped
homeomorphically onto Us by «.



Lemma 6.2 Let p: X — X be a covering map. Then p(V) is open in X
for every open set V in X. In particular, a covering map p: X — X is a
homeomorphism if and only if it is a bijection.

Proof Let V be open in X, and let € p(V). Then = = p(v) for some
v € V. Now there exists an open set U containing the point x which is
evenly covered by the covering map p. Then p~!(U) is a disjoint union of
open sets, each of which is mapped homeomorphically onto U by the covering
map p. One of these open sets contains v; let U be this open set, and let
N, = p(VNU). Now N, is open in X, since VN U is open in U and p|U is a
homeomorphism from U to U. Also z € N, and N, C p(V). It follows that
p(V') is the union of the open sets NV, as x ranges over all points of p(V),
and thus p(V') is itself an open set, as required. The result that a bijective
covering map is a homeomorphism then follows directly from the fact that a
continuous bijection is a homeomorphism if and only if it maps open sets to
open sets. |}

6.3 Path Lifting and the Monodromy Theorem

Let p: X — X be a covering map over a topological space X. Let Z be a
topological space, and let f: Z — X be a continuous map from Z to X. A
continuous map f:Z — X is said to be a lift of the map f:Z — X if and
only if po f = f. We shall prove various results concerning the existence and
uniqueness of such lifts.

Proposition 6.3 Let p: X — X be a covering map, let Z be a connected
topological space, and let g:Z — X and h:Z — X be continuous maps.
Suppose that po g = poh and that g(z) = h(z) for some z € Z. Then g = h.

Proof Let Zy = {z € Z : g(z) = h(z)}. Note that Z; is non-empty, by
hypothesis. We show that Z; is both open and closed in Z.

Let z be a point of Z. There exists an open set U in X containing the
point p(g(z)) which is evenly covered by the covering map p. Then p~!(U)
is a disjoint union of open sets, each of which is mapped homeomorphically
onto U by the covering map p. One of these open sets contains g(z); let this
set be denoted by U. Also one of these open sets contains h(z); let this open
set be denoted by V. Let N, = g~(U) N A~ (V). Then N, is an open set
in Z containing z.

Consider the case when z € Zy. Then g(z) = h(z), and therefore V = U.
It follows from this that both g and h map the open set N, into U. But
pog=poh,and p|U:U — U is a homeomorphism. Therefore g|N, = h|N,,



and thus N, C Z;. We have thus shown that, for each z € Z,, there exists
an open set N, such that z € N, and N, C Z;. We conclude that Z; is open.

Next consider the case when 2z € Z\ Zy. In this case UNV =, since
g(z) # h(z). But g(N,) € U and h(N,) C V. Therefore g(2') # h(Z') for all
2 € N, and thus N, C Z\ Zy. We have thus shown that, for each z € Z\ Zy,
there exists an open set N, such that z € N, and N, C Z\ Z,. We conclude
that Z \ Zy is open.

The subset Z; of Z is therefore both open and closed. Also Z; is non-
empty by hypothesis. We deduce that Z; = Z, since Z is connected. Thus
g = h, as required. |}

Lemma 6.4 Let p: X — X be a covering map, let Z be a topological space,
let A be a connected subset of Z, and let f:Z — X and g:A — X be
continuous maps with the property that pog = f|A. Suppose that f(Z) C U,
where U is an open subset of X that is evenly covered by the covering map p.
Then there ezists a continuous map f:Z — X such that f|A g and po f =

f-

Proof The open set U is evenly covered by the covering map p, and therefore
p~}(U) is a disjoint union of open sets, each of which is mapped homeomor-
phically onto U by the covering map p. One of these open sets contains g(a)
for some a € A; let this set be denoted by U. Let 0: U — U be the inverse
of the homeomorphism p[U U—U,andlet f =cof. Thenpo f = f.
Also po fl[A=pogand f(a) = g(a ) It follows from Proposition 6.3 that
f |A = g, since A is connected. Thus f:Z — X is the required map. |

Theorem 6.5 (Path Lifting Theorem) Let p: X > Xbea covering map, let
v:[0,1] — X be a continuous path in X, and let w be a point of X satisfying
p(w) = 7(0). Then there exists a unique continuous path 7:[0,1] — X such
that 5(0) = w and po 7y = 7.

Proof The map p: X — X is a covering map; therefore there exists an open
cover U of X such that each open set U belonging to X is evenly covered
by the map p. Now the collection consisting of the preimages v~ (U) of the
open sets U belonging to U is an open cover of the interval [0, 1]. But [0, 1] is
compact, by the Heine-Borel Theorem. It follows from the Lebesgue Lemma
that there exists some 0 > 0 such that every subinterval of length less than ¢
is mapped by 7 into one of the open sets belonging to U. Partition the interval
[0, 1] into subintervals [t;_1,t;], where 0 =to <t; < -+ <t,_1 <t, =1, and
where the length of each subinterval is less than . Then each subinterval
[ti—1,t;] is mapped by 7 into some open set in X that is evenly covered by the



map p. It follows from Lemma 6.4 that once 7(¢;_;) has been determined,
we can extend 4 continuously over the ith subinterval [¢t;_i,%;]. Thus by
extending 7 successively over [to, 1], [t1,t2],. . -, [tn—1,tn], We can lift the path

v:[0,1] — X to a path 4:[0,1] — X starting at w. The uniqueness of ¥
follows from Proposition 6.3. |}

Theorem 6.6 (The Monodromy Theorem) Let p: X — X be a covering
map, let H:[0,1] x [0,1] — X be a continuous map, and let w be a point
of X satisfying p(w) = H(0,0). Then there exists a unique continuous map
H:[0,1] x [0,1] — X such that H(0,0) = w and po H = H.

Proof The unit square [0, 1] x [0, 1] is compact. By applying the Lebesgue
Lemma to an open cover of the square by preimages of evenly covered open
sets in X (as in the proof of Theorem 6.5), we see that there exists some
d > 0 with the property that any square contained in [0, 1] x [0, 1] whose
sides have length less than ¢ is mapped by H into some open set in X which
is evenly covered by the covering map p. It follows from Lemma 6.4 that if
the lift H of H has already been determined over a corner, or along one side,
or along two adjacent sides of a square whose sides have length less than ¢,
then H can be extended over the whole of that square. Thus if we subdivide
[0,1] x [0, 1] into squares S;j, where

Jg—1
n

Sik = {(Sat) €[0,1] x [0,1] : n n

' k—1 k
§s§land §t<—},
n

and 1/n < d, then we can extend the map g to a lift H of H by successively
extending H in turn over each of these smaller squares. (Indeed the map H
can be extended successively over the squares

Sl,l; SLQ, ceey Sl,na 5271, 5272, . 752,717 8371, ooy Snfl’n, ceey Sn,h Smg, . 7Sn,n')

The uniqueness of H follows from Proposition 6.3. [



7 Winding Numbers

7.1 Winding Numbers of Closed Curves

Let 74:[0,1] — C be a continuous closed curve in the complex plane which is
defined on some closed interval [0,1] (so that y(0) = (1)), and let w be a
complex number which does not belong to the image of the closed curve ~. It
then follows from the Path Lifting Theorem (Theorem 6.5) that there exists
a continuous path 4:[0,1] — C in C such that v(t) — w = exp(7(t)) for all
t €10,1]. Let us define

n(y,w) = 1

Now exp(3(1)) = v(1) —w = 7(0) —w = exp(5(0)) (since 7 is a closed curve).
It follows from this that n(vy,w) is an integer. This integer is known as the
winding number of the closed curve v about w.

Lemma 7.1 The value of the winding number n(y,w) does not depend on
the choice of the lift 4 of the curve 7.

Proof Let 0:[0,1] — C be a continuous curve in C with the property that
exp(a(t)) = v(t) —w = exp(§(t)) for all ¢ € [0, 1]. Then

is an integer for all ¢ € [0, 1]. But the map sending ¢ € [0,1] to o(t) — ¥(¢)
is continuous on [0,1]. This map must therefore be a constant map, since
the interval [0, 1] is connected. Thus there exists some integer m with the
property that o(t) = J(t) + 2mim for all ¢ € [0,1]. But then

o(1) = o(0) = 7(1) = 7(0).

This proves that the value of the winding number n(v,w) of the closed curve
v about w is indeed independent of the choice of the lift 7 of v. |}

A continuous curve is said to be piecewise C! if it is made up of a fi-
nite number of continuously differentiable segments. We now show how the
winding number of a piecewise C* closed curve in the complex plane can be
expressed as a contour integral.



Proposition 7.2 Let 7:[0,1] — C be a piecewise C' closed curve in the
complex plane, and let w be a point of C that does not lie on the curve ~.
Then the winding number n(vy,w) of v about w is given by

( ) 1 / dz
n(v,w) = — .
i 2mi ), 2 —w

Proof By definition
n(y,w) =

where ¢:[0,1] — C is a path in C such that v(t) — w = exp(c(t)) for all
t € [0, 1]. Taking derivatives, we see that

V() = explo(t)o/(t) = (1(1) — w)o'(1).
Thus

nszzﬁig—LAﬂWt

2mi - 2mi
1 [ y@dt 1 dz
2mi Jo y(t) —w  2mi ) z—w

One of the most important properties of winding numbers of closed curves
in the complex plane is their invariance under continuous deformations of the
closed curve.

Proposition 7.3 Let w be a complex number and, for each 7 € [0,1], let
Y-:10,1] — C be a closed curve in C which does not pass through w. Suppose
that the map sending (t,7) € [0, 1] x [0,1] to v-(t) is a continuous map from
[0,1] x [0,1] to C. Then n(y,, w) = n(vo,w) for all T € [0,1]. In particular,
n(717 ’LU) = n(f)/O? w)

Proof Let H:[0,1] x [0,1] — C\ {0} be defined by H(t,7) = ~.(t) — w.
It follows from the Monodromy Theorem (Theorem 6.6) that there exists a
continuous map H:[0,1] x [0, 1] — C such that H = expoH. But then

H(l,7)— H(0,7) = 2min(y,, w)

for all 7 € [0,1], and therefore the function 7 — n(v,,w) is a continuous
function on the interval [0, 1] taking values in the set Z of integers. But such
a function must be constant on [0, 1], since the interval [0, 1] is connected.
Thus n(vy, w) = n(vy,w), as required. |



Corollary 7.4 Let vy:[0,1] — C and 7:10,1] — C be continuous closed
curves in C, and let w be a complex number which does not lie on the images
of the closed curves vy and ~y,. Suppose that |y1(t) — vo(t)] < |w — vo(t)| for
all t € [0,1]. Then n(y, w) = n(y, w).

Proof Let v, (t) = (1 —7)y0(t) + 77(t) for all ¢t € [0,1] and 7 € [0, 1]. Then

() = @) = 7|7 (t) — ()] < Jw —(t)],

for all t € [0,1] and 7 € [0, 1], and thus the closed curve =, does not pass
through w. The result therefore follows from Proposition 7.3. |}

Corollary 7.5 Let :[0,1] — C be a continuous closed curve in C, and let
0:10,1] — C be a continuous path in C whose image does not intersect the
image of v. Then n(vy,0(0)) = n(v,0(1)). Thus the function w — n(y,w) is
constant over each path-component of the set C\ ([0, 1]).

Proof For each 7 € [0,1], let 7,:[0,1] — C be the closed curve given by
Y-(t) = v(t) — (7). Then the closed curves 7, do not pass through 0 (since
the curves v and o do not intersect), and the map from [0, 1] x [0, 1] to C
sending (t,7) to v,(t) is continuous. It follows from Proposition 7.3 that

n(v,0(0)) = n(v,0) = n(1,0) = n(y,0(1)),

as required. |}

7.2 The Fundamental Theorem of Algebra

Theorem 7.6 (The Fundamental Theorem of Algebra) Let P:C — C be a
non-constant polynomial with complex coefficients. Then there exists some
complex number zy such that P(zy) = 0.

Proof The result is trivial if P(0) = 0. Thus it suffices to prove the result
when P(0) # 0.

For any r» > 0, let the closed curve o, denote the circle about zero of
radius r, traversed once in the anticlockwise direction, given by o.(t) =
rexp(2mit) for all t € [0,1]. Consider the winding number n(P o o,,0) of
Poo, about zero. We claim that this winding number is equal to m for large
values of r, where m is the degree of the polynomial P.

Let P(z) = ap + a1z + -+ + a,, 2™, where ay,as,...,a, are complex
numbers, and where a,, # 0. We write P(z) = P,(z) + Q(z), where
Po(2) = anz™ and Q(2) = ag+ a12 + -+ + @y 12™ L. Let

R ]
’am‘
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If |z| > R then

Q(2)
P(2)

1

N |amz|

Qo ai

o | < 1,

Zm—l Zm—2

since R > 1, and thus |P(z) — P,,(2)| < |Pn(2)]. It follows from Corollary 7.4
that n(P o 0,,0) = n(P,, 0 0,,0) =m for all r > R.

Given r > 0, let v, = P oo, for all 7 € [0,1]. Then n(y,,0) = 0,
since 7y is a constant curve with value P(0). Thus if the polynomial P
were everywhere non-zero, then it would follow from Proposition 7.3 that
n(y1,0) = n(y,0) = 0. But n(y1,0) = n(P oo,.,0) = m for all r > R,
and m > 0. Therefore the polynomial P must have at least one zero in the
complex plane. ||

The proof of the Fundamental Theorem of Algebra given above depends
on the continuity of the polynomial P, together with the fact that the winding
number n(P o g,,0) is non-zero for sufficiently large r, where o, denotes the
circle of radius r about zero, described once in the anticlockwise direction. We
can therefore generalize the proof of the Fundamental Theorem of Algebra in
order to obtain the following result (sometimes referred to as the Kronecker
Principle).

Proposition 7.7 Let f: D — C be a continuous map defined on the closed
unit disk D in C, and letw € C\ f(D). Thenn(foo,w) =0, where o:[0,1] —
C is the parameterization of unit circle defined by o(t) = exp(2wit), and
n(f oo, w) is the winding number of f oo about w.

Proof Define 7, (t) = f(rexp(2mit)) for all t € [0,1] and 7 € [0,1]. Then
none of the closed curves 7, passes through w, and =, is the constant curve
with value f(0). It follows from Proposition 7.3 that

n(foo,w) =n(yn,w) =n(yp,w) =0,

as required. |

7.3 The Brouwer Fixed Point Theorem

We now use Proposition 7.7 to show that there is no continuous ‘retraction’
mapping the closed unit disk onto its boundary circle.

Corollary 7.8 There does not exist a continuous map r: D — 0D with the
property that r(z) = z for all z € 0D, where 0D denotes the boundary circle
of the closed unit disk D.

10



Proof Let ¢:][0,1] — C be defined by o(t) = exp(2wit). If a continuous
map r: D — 9D with the required property were to exist, then r(z) # 0 for
all z € D (since (D) C 9dD), and therefore n(o,0) = n(r o g,0) = 0, by
Proposition 7.7. But o = expod, where 6(t) = 2mit for all t € [0,1], and
thus

(1) — a(0)

271

n(o,0) = =1

This shows that there cannot exist any continuous map r with the required
property. |}

Theorem 7.9 (The Brouwer Fixed Point Theorem in Two Dimensions) Let
f:D — D be a continuous map which maps the closed unit disk D into itself.
Then there exists some zy € D such that f(z9) = zo.

Proof Suppose that there did not exist any fixed point zg of f: D — D. Then
one could define a continuous map r: D — 9D as follows: for each z € D, let
r(z) be the point on the boundary 0D of D obtained by continuing the line
segment joining f(z) to z beyond z until it intersects D at the point r(z).
Then r: D — 9D would be a continuous map, and moreover r(z) = z for all
z € 0D. But Corollary 7.8 shows that there does not exist any continuous
map r: D — dD with this property. We conclude that f: D — D must have
at least one fixed point. |]

Remark The Brouwer Fixed Point Theorem is also valid in higher dimen-
sions. This theorem states that any continuous map from the closed n-
dimensional ball into itself must have at least one fixed point. The proof of
the theorem for n > 2 is analogous to the proof for n = 2, once one has
shown that there is no continuous map from the closed n-dimensional ball
to its boundary which is the identity map on the boundary. However wind-
ing numbers cannot be used to prove this result, and thus more powerful
topological techniques need to be employed.

7.4 The Borsuk-Ulam Theorem

Lemma 7.10 Let f:S' — C\ {0} be a continuous function defined on S*,
where S = {z € C : |z| = 1}. Suppose that f(—z) = —f(2) for all z € S*.
Then the winding number n(foo,0) of foo about 0 is odd, where o:[0,1] —
St is given by o(t) = exp(2mit).

Proof It follows from the Path Lifting Theorem (Theorem 6.5) that there
exists a continuous path 7: [0, 1] — C in C such that exp(5(t)) = f(o(t)) for
all t € [0,1]. Now f(o(t+3)) = —f(o(t)) for all t € [0, 1], since o(t + 1) =

11



—o(t) and f(—z) = —f(z) for all z € C. Thus exp(y(t+3)) = exp(F(¢t) +mi)
for all t € [0,3]. It follows that %(t + 3) = F(¢) + (2m + 1)mi for some
integer m. (The value of m for which this identity is valid does not depend
on t, since every continuous function from [0,1] to the set of integers is

12
necessarily constant.) Hence

(1) =300) (1) =A(
n(foo ) === = =t 55

Thus n(f o 0,0) is an odd integer, as required. |

We shall identify the space R? with C, identifying (x,y) € R? with the
complex number x + iy € C for all z,y € R. This is permissible, since we
are interested in purely topological results concerning continuous functions
defined on appropriate subsets of these spaces. Under this identification the
closed unit disk D is given by

D ={(r,y) e R*: 2* +y* < 1}.
As usual, we define
S? ={(z,y,2) €R® : 2 + 9> + 2* = 1}.

Lemma 7.11 Let f: 5% — R? be a continuous map with the property that
f(—m) = —f(n) for alln € S?. Then there exists some point ng of S? with
the property that f(ny) = 0.

Proof Let p: D — S? be the map defined by

(,D(l’,y) = (x,y,+ 1—x2—y2).

(Thus the map ¢ maps the closed disk D homeomorphically onto the upper
hemisphere in R?.) Let o: [0, 1] — S? be the parameterization of the equator
in S? defined by

o(t) = (cos 2mt, sin 27t, 0)

for all t € [0,1]. Let f:S? — R? be a continuous map with the property
that f(—m) = —f(n) for all n € S If f(o(ty)) = 0 for some ty € [0,1]
then the function f has a zero at o(tp). It remains to consider the case
in which f(o(t)) # 0 for all ¢ € [0,1]. In that case the winding number
n(foo,0) is an odd integer, by Lemma 7.10, and is thus non-zero. It follows
from Proposition 7.7, applied to f o p: D — R? that 0 € f(¢(D)), (since
otherwise the winding number n(f o ¢,0) would be zero). Thus f(ng) = 0
for some ng = (D), as required. |}

12



Theorem 7.12 (Borsuk-Ulam) Let f:S? — R? be a continuous map. Then
there exists some point n of S? with the property that f(—n) = f(n).

Proof This result follows immediately on applying Lemma 7.11 to the con-
tinuous function g: S* — R? defined by g(n) = f(n) — f(-n). |

Remark It is possible to generalize the Borsuk-Ulam Theorem to n dimen-
sions. Let S™ be the unit n-sphere centered on the origin in R”. The Borsuk-
Ulam Theorem in n-dimensions states that if f: S™ — R is a continuous map
then there exists some point x of S™ with the property that f(x) = f(—x).

13



8 The Fundamental Group

Definition Let X be a topological space, and let xy and z; be points of X.
A path in X from z( to z; is defined to be a continuous map 7:[0,1] — X
for which v(0) = x¢ and (1) = 1. A loop in X based at x, is defined to be
a continuous map v: [0, 1] — X for which v(0) = (1) = .

We can concatenate paths. Let v;:[0,1] — X and v,:[0,1] — X be paths
in some topological space X. Suppose that (1) = 72(0). We define the
product path ~;.79:[0,1] — X by

71 (2t) if

t
w2t —1) if 1<t

}—\ l\')l)—l

()t = §

o= O

IA A
IA A

(The continuity of 7.7, may be deduced from Lemma 6.1.)

If v:[0,1] — X is a path in X then we define the inverse path v~ ':[0,1] —
X by y71(t) = v(1—t). (Thus if 7y is a path from the point z, to the point x;
then v~! is the path from x; to zy obtained by traversing ~ in the reverse
direction.)

Let X be a topological space, and let xy € X be some chosen point of X.
We define an equivalence relation on the set of all (continuous) loops based
at the basepoint xy of X, where two such loops 7y and 7, are equivalent if
and only if 79 ~ = rel {0,1}. We denote the equivalence class of a loop
v:10,1] — X based at z by [y]. This equivalence class is referred to as the
based homotopy class of the loop . The set of equivalence classes of loops
based at xq is denoted by 7 (X, zg). Thus two loops vy and 7 represent the
same element of 7 (X, z¢) if and only if 79 ~ 71 rel {0,1} (i.e., there exists
a homotopy F: [0, 1] x [0,1] — X between vy and ~; which maps (0,7) and
(1,7) to xq for all 7 € [0,1]).

Theorem 8.1 Let X be a topological space, let xy be some chosen point of X,
and let m (X, xg) be the set of all based homotopy classes of loops based at the
point xg. Then m (X, x0) is a group, the group multiplication on m (X, x¢)
being defined according to the rule [y[v2] = [y1.72] for all loops v and 2
based at xg.

Proof First we show that the group operation on m (X, xq) is well-defined.
Let 1, 71, 72 and 74 be loops in X based at the point xg. Suppose that
[71] = [71] and [ys] = [74]. Let the map F:[0,1] x [0,1] — X be defined by

Fy(2t,7) ifo0<t¢t<1i,
B2t—1,7) ifi<t<1,

Pt ={
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where F;:[0,1] x [0,1] — X is a homotopy between v, and ~;, F5:[0,1] x
[0,1] — X is a homotopy between 7, and 5, and where the homotopies
Fy and F, map (0,7) and (1,7) to zo for all 7 € [0,1]. Then F is itself
a homotopy from ~;.7s to 1.7, and maps (0,7) and (1,7) to zo for all
7 € [0,1]. Thus [y1.7%2] = [71.7%), showing that the group operation on
(X, xg) is well-defined.

Next we show that the group operation on 71 (X, x¢) is associative. Let 71,
72 and 73 be loops based at ¢, and let a = (7;.72).73. Then ~;.(72.73) = ol
where

it ifo<t<i;
ot)y=qt—1 ifl<e<
20—1 if2<¢<1.

Thus the map G: [0, 1] x [0,1] — X defined by G(t,7) = a((1 —7)t+76(t)) is
a homotopy between (7y1.72).73 and 71.(72.73), and moreover this homotopy
maps (0,7) and (1,7) to o for all 7 € [0,1]. It follows that (y1.72).73 =~
7-(72:73) rel {0,1} and hence ([1][r2])[7s] = [1]([12][rs]). This shows that
the group operation on 7 (X, xg) is associative.

Let €:[0,1] — X denote the constant loop at xg, defined by e(t) = z( for
all t € [0,1]. Then e.y = v 06, and 7. = 0 6, for any loop « based at xy,

where
o ifo<t¢t<i, ~f2t ifo
%@)_{Qﬁ—l if § <t<1, &@)_{1 if 4
for all ¢ € [0,1]. But the continuous map (t,7) — ~((1 — 7)t + 76,(¢)) is
a homotopy between 7 and v o 6; for j = 0,1 which sends (0,7) and (1, 7)
to zo for all 7 € [0,1]. Therefore e.y >~ v =~ 5. rel {0,1}, and hence
ellv] = [v] = [v][e]- We conclude that [¢] represents the identity element of
1 (XJ ]30)-
It only remains to verify the existence of inverses. Now the map K: [0, 1] X
[0,1] — X defined by

[— I

I/\ I/\
I/\ I/\
I/\ I/\

v(27t) if0<t<3;

y(2r(1—t) if 3 <t<1

K@ﬂ:{

is a homotopy between the loops 7.7~ ! and e, and moreover this homotopy

sends (0,7) and (1,7) to zg for all 7 € [0,1]. Therefore .y~ ~ erel{0, 1},
and thus [y][y™!] = [y.7'] = [e]. On replacing v by 77!, we see also that
[y~[v] = [e], and thus [y~'] = [y]7", as required. |

Let xy be a point of some topological space X. The group 7 (X, z) is
referred to as the fundamental group of X based at the point x.
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Let f: X — Y be a continuous map between topological spaces X and Y,
and let z be a point of X. Then f induces a homomorphism fy: 7 (X, z9) —
m (Y, f(xg)), where fu([y]) = [f o~] for all loops ~:[0,1] — X based at x.
If xg, yo and zy are points belonging to topological spaces X, Y and Z, and
if X — Y and ¢:Y — Z are continuous maps satisfying f(z¢) = yo and
9(yo) = 2o, then the induced homomorphisms fu:m (X, x0) — m (Y, yo) and
gu:m(Y,20) — w1 (Z, 20) satisfy gy o fu = (9o f)u. It follows easily from
this that any homeomorphism of topological spaces induces a corresponding
isomorphism of fundamental groups, and thus the fundamental group is a
topological invariant.

8.1 Simply-Connected Topological Spaces

Definition A topological space X is said to be simply-connected if it is path-
connected, and any continuous map f: 9D — X mapping the boundary circle
0D of a closed disc D into X can be extended continuously over the whole
of the disk.

Example R" is simply-connected for all n. Indeed any continuous map
f:0D — R"™ defined over the boundary 0D of the closed unit disk D can
be extended to a continuous map F: D — R" over the whole disk by setting
F(rx) =rf(x) for all x € 9D and r € [0, 1].

Let E be a topological space that is homeomorphic to the closed disk D,
and let OF = h(9D), where 0D is the boundary circle of the disk D and
h: D — E is a homeomorphism from D to E. Then any continuous map
g:OF — X mapping OF into a simply-connected space X extends continu-
ously to the whole of £. Indeed there exists a continuous map F: D — X
which extends g o h: 9D — X, and the map F o h™': E — X then extends
the map g.

Theorem 8.2 A path-connected topological space X is simply-connected if
and only if m (X, x) is trivial for all v € X.

Proof Suppose that the space X is simply-connected. Let ~:[0,1] — X be
a loop based at some point x of X. Now the unit square is homeomorphic to
the unit disk, and therefore any continuous map defined over the boundary
of the square can be continuously extended over the whole of the square. It
follows that there exists a continuous map F:[0,1] x [0,1] — X such that
F(t,0) =~(t) and F(t,1) =z for all t € [0,1], and F(0,7) = F(1,7) = x for
all 7 € [0,1]. Thus v ~ e, rel{0, 1}, where ¢, is the constant loop at x, and
hence [y] = [e,] in 71 (X, z). This shows that m (X, z) is trivial.
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Conversely suppose that X is path-connected and 71 (X, x) is trivial for all
x € X. Let f:0D — X be a continuous function defined on the boundary
circle 9D of the closed unit disk D in R%. We must show that f can be
extended continuously over the whole of D. Let x = f(1,0). There exists a
continuous map G- [0, 1] x [0, 1] — X such that G(¢,0) = f(cos(27t), sin(27t))
and G(t,1) = x for all t € [0,1] and G(0,7) = G(1,7) = « for all 7 € [0, 1],
since m1 (X, x) is trivial. Moreover G(t1,7) = G(ta,72) whenever ¢(t1,71) =
q(t2,72), where

q(t,7) = ((1 — 7) cos(2nt) + 7, (1 — 7) sin(27t))

for all ¢,7 € [0,1]. It follows that there is a well-defined function F: D — X
such that F'oq = G. However ¢:[0,1] x [0,1] — D is a continuous surjection
from a compact space to a Hausdorff space and is therefore an identification
map. It follows that F': D — X is continuous (since a basic property of iden-
tification maps ensures that a function F: D — X is continuous if and only
if Foq:[0,1] x [0,1] — X is continuous). Moreover F: D — X extends the
map f. We conclude that the space X is simply-connected, as required. |}

One can show that, if two points x; and x5 in a topological space X
can be joined by a path in X then m (X, z1) and m (X, z5) are isomorphic.
On combining this result with Theorem 8.2, we see that a path-connected
topological space X is simply-connected if and only if (X, x) is trivial for
some r € X.

Theorem 8.3 Let X be a topological space, and let U and V' be open subsets
of X, with UUV = X. Suppose that U and V' are simply-connected, and that
U NV is non-empty and path-connected. Then X is itself simply-connected.

Proof We must show that any continuous function f:9D — X defined on
the unit circle 9D can be extended continuously over the closed unit disk D.
Now the preimages f~!(U) and f~!(V) of U and V are open in 9D (since
f is continuous), and 9D = f~YU) U f~1(V). It follows from the Lebesgue
Lemma that there exists some ¢ > 0 such that any arc in 0D whose length
is less than 4 is entirely contained in one or other of the sets f~'(U) and
f~H(V). Choose points z1, zs, . . ., 2, around 9D such that the distance from
2; t0 21 is less than  for i = 1,2, ..., n—1 and the distance from z, to z; is
also less than . Then, for each 7, the short arc joining z;_; to z; is mapped
by f into one or other of the open sets U and V.

Let ¢ be some point of UNV. Now the sets U, V and UNV are all path-
connected. Therefore we can choose paths a;:[0,1] — X for i =1,2,...,n
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such that «;(0) = xo, a;(1) = f(2), a;([0,1]) C U whenever f(z;) € U, and
@;([0,1]) C V whenever f(z;) € V. For convenience let ag = a,.

Now, for each 7, consider the sector T; of the closed unit disk bounded by
the line segments joining the centre of the disk to the points z;_; and z; and by
the short arc joining z; 1 to z;. Now this sector is homeomorphic to the closed
unit disk, and therefore any continuous function mapping the boundary 97;
of T; into a simply-connected space can be extended continuously over the
whole of T;. In particular, let F; be the function on 0T; defined by

f(z) it ze T, NoD,
Fi(z) =< a;_1(t) if z =tz for any t € [0,1],
a;(t)  if z =tz for any t € [0, 1],

Note that F;(9T;) C U whenever the short arc joining z;_; to z; is mapped
by f into U, and F;(0T;) C V whenever this short arc is mapped into V. But
U and V are both simply-connected. It follows that each of the functions
F; can be extended continuously over the whole of the sector T;. Moreover
the functions defined in this fashion on each of the sectors T; agree with one
another wherever the sectors intersect, and can therefore be pieced together
to yield a continuous map defined over the the whole of the closed disk D
which extends the map f, as required. |}

Example The n-dimensional sphere S™ is simply-connected for all n > 1,
where 5™ = {x € R"™ : |x| = 1}. Indeed let U = {x € S" : 2,41 > —3}
and V = {x € S" : x,; < %} Then U and V' are homeomorphic to an
n-dimensional ball, and are therefore simply-connected. Moreover U NV is
path-connected, provided that n > 1. It follows that S™ is simply-connected
for all n > 1.

8.2 The Fundamental Group of the Circle
Theorem 8.4 m(S',b) 2 Z for any b € S*.

Proof We regard S! as the unit circle in R%. Without loss of generality,
we can take b = (1,0). Now the map p:R — S which sends ¢t € R to
(cos 2mt, sin 27t) is a covering map, and b = p(0). Moreover p(t1) = p(ta) if
and only if ¢, — 5 is an integer; in particular p(t) = b if and only if ¢ is an
integer.

Let a and 3 be loops in S! based at b, and let & and (3 be paths in R that
satisfy poa = a and po B = (3. Suppose that a and [ represent the same
element of (S, b). Then there exists a homotopy F:[0,1] x [0,1] — S!
such that F(¢,0) = «a(t) and F(t,1) = §(¢t) for all t € [0, 1], and F(0,7) =
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F(,7) = b for all 7 € [0,1]. It follows from the Monodromy Theorem
(Theorem 6.6) that this homotopy lifts to a continuous map G: [0, 1] x [0, 1] —
R satisfying p o G = F. Moreover G(0,7) and G(1,7) are integers for all
7 € [0, 1], since p(G(0,7)) = b= p(G(1,7)). Also G(t,0) —a(t) and G(t,1) —
B(t) are integers for all t € [0,1], since p(G(t,0)) = a(t) = p(a(t)) and
p(G(t,1)) = B(t) = p(B(t)). Now any continuous integer-valued function
on [0, 1] is constant, by the Intermediate Value Theorem. In particular the
functions sending 7 € [0,1] to G(0,7) and G(1,7) are constant, as are the
functions sending ¢ € [0,1] to G(t,0) — &(t) and G(t,1) — 3(t). Thus

G(0,0)=G(0,1),  G(1,0)=G(1,1),

G(1,0) —a(1) = G(0,0) — a(0),  G(1,1) — (1) = G(0,1) — 3(0).

On combining these results, we see that

We conclude from this that there exists a well-defined function \: (S, b) —
Z characterized by the property that A([a]) = &(1)—a(0) for all loops « based
at b, where &:[0,1] — R is any path in R satisfying po & = «a.

Next we show that A is a homomorphism. Let v and (3 be any loops based
at b, and let & and (3 be lifts of o and 3. The element [a][3] of 7 (S, b) is
represented by the product path «.3, where

I/\ |/\
ke

<t
<t

@m0 ={ 50
Define a continuous path o:[0,1] — R by

a(2t) if0<t<i;
ﬂﬂ={5@p4j+ﬂw—5®)ﬁéétél

(Note that o(t) is well-defined when ¢ = 1.) Then po o = a.( and thus

if 0
if 5

Mlal[8]) = Aa.f) = (1) = 0(0) = &(1) — a(0) + 5(1) — 5(0)
= Aad) +A([6)-

Thus A: 71 (S, b) — Z is a homomorphism.
Now suppose that A([a]) = A([f]). Let F:[0,1] x [0,1] — S* be the
homotopy between o and 3 defined by

Fit,r) =p ((1=1a(t) +7B(1)) .
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where @ and B are the lifts of « and (3 respectively starting at 0. Now
B(1) = M[5]) = M[a]) = a(1), and (0) = &(0) = 0. Therefore F(0,7) =
b=p(a(l)) = F(1,7) for all 7 € [0,1]. Thus a ~ [ rel {0,1}, and therefore
[a] = [3]. This shows that \: (S, b) — Z is injective.

The homomorphism A is surjective, since n = \([7,]) for all n € Z, where
the loop 7,,:[0,1] — S! is given by 7,(t) = p(nt) = (cos2mnt, sin 27nt) for
all t € [0,1]. We conclude that \: 7y (S?,b) — Z is an isomorphism. [

We now show that every continuous map from the closed disk D to itself
has at least one fixed point. This is the two-dimensional version of the
Brouwer Fized Point Theorem.

Theorem 8.5 Let f:D — D be a continuous map which maps the closed
disk D into itself. Then f(x0) = Xo for some xq € D.

Proof Let 0D denote the boundary circle of D. The inclusion map i: 9D —
D induces a corresponding homomorphism iy: m (0D, b) — (D, b) of fun-
damental groups for any b € 9D.

Suppose that it were the case that the map f has no fixed point in D.
Then one could define a continuous map r: D — 0D as follows: for each
x € D, let r(x) be the point on the boundary 0D of D obtained by continuing
the line segment joining f(x) to x beyond x until it intersects D at the point
r(x). Note that r|0D is the identity map of 0D.

Let rg:m(D,b) — m(0D,b) be the homomorphism of fundamental
groups induced by D — 0D. Now (r oi)y:m(0D,b) — m(0D,b) is
the identity isomorphism of 71(0D,b), since r 0 i: 9D — 9D is the identity
map. But it follows directly from the definition of induced homomorphisms
that (roi)y = ry oiy. Therefore iy:m (0D,b) — m(D,b) is injective,
and rg:m(D,b) — m(0D,b) is surjective. But this is impossible, since
m(0D,b) =2 Z (Theorem 8.4) and (D, b) is the trivial group. This con-
tradiction shows that the continuous map f: D — D must have at least one
fixed point. |}
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