Course 311: 2001-02. Supplementary Notes
The Resolvent Cubic of a Quartic Polynomial

Let «, 3, v and ¢ be the roots of the quartic polynomial

zt — pa® —qr —r,

so that
(z —a)(z = B)(z =) (x —8) = 2" —pa® —qu — .
Equating coefficients of x, we find that

a+pB+y+d=0,

and
p = —(af+ay+ad+ By+F6+99),
= [B70+ ayd + afd + afby,
= —afy.
Let

A= (a4 P)(v+0)=—(a+p)’=—(y+9),
po= (a+7)(B+0)=—(a+7)"=-(F+0),
v o= (a+0)(B+7)=—(a+)*=—(3+7)"
We wish to express A+ pu+ v, pv + Av + A\p and Apv in terms of p, ¢ and r.

To do this we eliminate « from the above expressions using the identity
a+pF+v+9d=0. We find

p = B+v+0)(B+~v+08) —~0— 30— By

= B +77+ 6+ 8+ 05 + B,
q = [y —(B+v+0)(v0+ B+ BY)

= —(BPy+ 5 +B+770+ 6B+ 6%y) — 207,
r o= 3%y + 2B + §B7.

Then
Aptv = —((y+0°+(B+0)° +(8+7))

= —2(F+72+ 62 +76+ B0+ )
= _2pa



Nttt = (v 0+ (B4 0) + (B +7)!
= A 438 4 67202 + 483+ 4
+ B 4 4336 + 6320 4 435° + 54
+ B+ 4%y + 68797 + 489° + 4
= 2B+ + )+ AP+ B0+ B+ + 8B+ 6%)
+ 6(726% + B%6% + 242),
p2 — ﬁ4+74+54+3(7252+ﬁ252+6272)
(50 4700 + 8 )
+2(B%y + B+ 2B+ 420 + 6°B + 53).

Therefore
N2 +02 = 2p% —8(8%y5 + 230 + 82B)
= 2p° — 8.
But
4p* = AN+ pu+v)? = N+ 1 + 02+ 2(uv + v+ M)
Therefore

pr 4+ v+ A = 2p7 = SN+ 7 +07)
= p’+4r
Finally, we note that
2
Nav = =((v +0)(B+8)(8+7))"

Now
(Y+0)B+8)B+7) = By+B0+7B+70+86+ 6y +2670

Therefore

M = —(—q)* = —¢*.

Thus A, p and v are the roots of the resolvent cubic

23 2p2? + (p? + 4r)x + ¢2.



