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11 Periodic Functions and Fourier Series

Definition A function f:R — R is said to be periodic if there exists some
positive real number [ such that f(z 4+ () = f(z) for all real numbers z.
The smallest real number [ with this property is the period of the periodic
function f.

A periodic function f with period [ satisfies f(x+ml) = f(z) for all real
numbers x and integers m.

The period [ of a periodic function f is said to divide some positive real
number K if K/l is an integer. If the period of the function f divides a
positive real number K then f(x +mK) = f(x) for all real numbers x and
integers m.

Mathematicians have proved that if f:R — R is any sufficiently well-
behaved function from R to R with the property that f(xz + 27) = f(z) for
all real numbers x then f may be represented as an infinite series of the form

f(x) = %ao+ Z a, cos nx + Z b, sin nx. (33)

n=1 n=1

In particular it follows from theorems proved by Dirichlet in 1829 that a
function f:R — R which satisfies f(x + 27) = f(z) for all real numbers x
can be represented as a trigonometrical series of this form if the function is
bounded, with at most finitely many points of discontinuity, local maxima
and local minima in the interval [—m, 7], and if

o) =4 (i, S+ iy fo 1)

at each value x at which the function is discontinuous (where hli%l f(x+h)
—0+

and hh%l+ f(x — h) denote the limits of f(x + h) and f(x — h) respectively as

h tends to 0 from above).

Fourier in 1807 had observed that if a sufficiently well-behaved function
could be expressed as the sum of a trigonometrical series of the above form,
then

ag = l/_7r f(z) dz, (34)

m
1 ™

a, = —/ f(z) cosnz dx, (35)
™ —T
1 /" )

b, = —/ f(z)sinnz dx (36)
T J_x
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for each positive integer n. These expressions for the coefficients a, and
b, may readily be verified on substituting the trigonometic series for the
function f (equation (33)) into the integrals on the right hand side of the
equation, provided that one is permitted to interchange the operations of
integration and summation in the resulting expressions.

Now it is not generally true that the integral of an infinite sum of functions
is necessarily equal to the sum of the integrals of those functions. However
if the function f is sufficiently well-behaved then the trigonometric series
for the function f will converge sufficiently rapidly for this interchange of
integration and summation to be valid, so that

T o 00 T
/ amcosme | dx = E Am / cosmx dx etc.
- =1 m=1 -

m=

If we interchange summations and integrations in this fashion and make use
of the trigonometric integrals provided by Theorem 10.1, we find that

/ flz)dx = a07r+/ (Zamcosmx> d:c—l—/ < bmsinma:> dx
—T - - m=1

m=1
S T oo s
= a07r+2am/ cosmxdx—i—me/ sinmz dx
m=1 - m=1 -
= QaqT,

Also

/ f(x)cosnx dx
= %ao/ cosn:vdas+/ (Z Uy, COS MU COS?”L$> dx

- T \m=1

+ / ( by, sinmax cos nx) dx

m=1

o0 T o0 T
= E Am / cosmx cosnx dxr + E b / sin mx cosnx dx
m=1 -T m=1 -7

= a,,

/7T f(z)sinnx dx

™ ™
= %ao/ sinnxch—i—/ (g Gy COS MT sinnx) dx

T T \m=1
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+/ ( by, sin mx sin nx) dx

m=1
00 T 00 T
= Z am/ cosmx sinnx dx + Z bm/ sin mx sin nx dx
m=1 - m=1 -7
= b,.

A trigonometric series of the form (33) with coefficients a,, and b, given by
the integrals (34), (35) and (36) is referred to the Fourier series for the
function f. The coefficients defined by the integrals (34), (35) and (36) are
referred to as the Fourier coefficients of the function f.

Example Consider the function f:R — R defined by

if x = mm for some integer m;
if 2mm < & < (2m + 1)7 for some integer m;
if (2m — 1) < & < 2mm for some integer m.

fz) =

O ol

This function f has the property that f(x) = f(x + 2mm) for all real num-
bers x and integers m, and can be represented by a Fourier series. The
coefficients a,, and b,, of the Fourier series are given by the formulae

1 s

ay = — f(l') dl‘,
T™J %
1 s

a, = - f(z)cosnz dx (n > 0),
™ —T
1 [7 )

b, = — f(z)sinnz dx (n > 0),
™ —T

Now f(z) =0if —7 < 2 <0, and f(z) = 1if 0 < x < 7. Therefore qy = 1,
and

T 1
a, = —/ cosnz dr = — [sinnzx];
T Jo nm
=0 (n>0),
[ . 1 n
b, = —/ sinnx dv = — [— cosnz];
T Jo nm
~ (1= cosnm) = (1 - (~1)")
= —(1l—cosnm)=—(1—(—
nm nm
2
_ {— if n is odd and n > 0,
= qnm
0 if n is even and n > 0,
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(We have here made use of the fact that sinnm = 0 and cosnm = (—1)" for
all integers n.) Thus

flz) = %—i— Z iSinnx

nm
n odd
n>0
[e.e]

— % + Z @ - 1r 3 T sin ((2k — 1)x)

k=1

11.1 Fourier Series of Even and Odd Functions

Definition A function f:R — R is said to be even if f(z) = f(—=x) for all
real numbers z. A function f:R — R is said to be odd if f(z) = — f(—=z) for
all real numbers .

Let f:R — R be an integrable function. Then

0 ™
fayds = [ fi=a)de (37)
0 o ™
f(z)cosnxdr = / f(—x)cosnz dx, (38)
- 0
0 T
f(x)sinnxdr = —/ f(—z)sinnx dx (39)
- 0

(The first of these identities may be verified by making the substitution
x +— —x and then interchanging the two limits of integration. The second
and the third follow from the first on replacing f(x) by f(x)cosnz and
f(x)sinnx and noting that cos(—nz) = cosnzx and sin(—nz) = —sinnz.) It
follows that the Fourier coefficients of f are given by the following formulae:

w = = [ s@d= [ @+ o) (40)
a, = %/j f(z)cosnzdx = %/Oﬂ(f(x) + f(—x))cosnxdz, (41)
b, = %/_ﬁ f(z)sinnx dx = %/ (f(x) — f(—z))sinnzdr  (42)

0
for all positive integers n.

Of course f(x) + f(—z) = 2f(z) and f(z) — f(—x) = 0 for all real
numbers x if the function f:R — R is even, and f(z) + f(—z) = 0 and
f(x) = f(—z) = 2f(x) if the function f:R — R is odd. The following results
follow immediately,
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Theorem 11.1 Let f:R — R be an even periodic function whose period
divides 2mw. Suppose that the function f may be represented by a Fourier
series. Then the Fourier series of f is of the form

f(x) = %ao+ Z a,, COS NT,

n=1

ag = %/0 f(z)dx

2 s
a, = —/ f(z) cosnz dx
T Jo

for all positive integers n.

where

and

Theorem 11.2 Let f:R — R be an odd periodic function whose period di-
wides 2m. Suppose that the function f may be represented by a Fourier series.
Then the Fourier series of f is of the form

f(z) = Z b, sinnz,
n=1
where

2 K
b, = —/ f(x)sinnx dx
T Jo

for all positive integers n.

11.2 Fourier Series for General Periodic Functions

Let f:R — R be a periodic function whose period divides [, where [ is some
positive real number. Then f(x + 1) = f(x) for all real numbers z. Let

o0 =1 (55) sothar fia) =g (7).

Then ¢:R — R is a periodic function, and g(x + 27) = g(z) for all real
numbers z. If the function f is sufficiently well-behaved (and, in particular,
if the function f is bounded, with only finitely many local maxima and
minima and points of discontinuity in any finite interval, and if f(z) at each
point of discontinuity is the average of the limits of f(z + h) and f(z — h)
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as h tends to zero from above) then the function g may be represented by a
Fourier series of the form

oo o0
_ 1 )
g(x) = 500 + g a, Cos Nx + E b, sin nx.

The coefficients of this Fourier series are then given by the formulae

1 T
ay = —/ g(u) du,

™ —T
1 ™

a, = —/ g(u) cos nu du,
™ —T
1 /" )

b, = —/ g(u) sinnu du
™ —T

2rx
for each positive integer n. If we make the substitution u = - in these

integrals, we find that

f(x) = 3a0+ ;an cos (inm:) + ;bn sin (QHZHE) ; (43)

where

2
2/51 (27rx) <2n7m:)
a, = = g| —— | cos dx
l _L l l

for all positive integers n. Note that these integrals are taken over a single
period of the function, from —%l to —I—%l. It follows from the periodicity of
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the integrand that these integrals may be replaced by integrals from ¢ to ¢+1
for any real number ¢, and thus

c+l
ag = %/ f(x)dx, (44)

c+l
a, = %/ i f(z) cos (anmc) dx, (45)
b, = %/CH f(z)sin <2nl7m:) dx (46)

for all positive integers n. (Indeed, if h:R — R is any integrable function
with the property that h(z + ) = h(x) for all real numbers x, and if p and ¢
are real numbers with p < ¢ < p+1[ then

/pp+lh(x)da; _ /p " h(z) do + /qp+lh(x)dx
::/WM@M+/WmmM:/WM@M

+1

Repeated applications of this identity show that

/ " h(z)dz = / " h(z) dz

for all real numbers p and q.)

Example Let k be a positive real number. Consider the function f:R — R
defined by

f(z) = e if m < x <m + 1 for some integer m;
~ | 3(eF+1) if zis an integer.

k(z—m)

This function is periodic, with period 1, and may be expanded as a Fourier
series

f(x) = 3a0+ Z a, cos 2nmx + Z b, sin 2nmx,

n=1 n=1

where

1

ag = 2/ f(z)dz,
1

a, = 2/ f(z) cos2nmz dx (n>0),
0
1

b, = 2/ f(z)sin2nmx dx (n>0).
0
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Note that f(z) = e if 0 < 2 < 1. We see therefore that

2/1 kz g 2[1@}1 2(k 1)
agp = edr=—|e = —(e" —1).
0 0 k 0 k
Now if £ and w a positive real numbers then
e* coswr dr = Lekm coswx + Lek”” sinwz + C
k? + w? k;2 + w2 ’
/6’” sinwzdr = Lekx sinwz — Lekm coswzx + C
k2 4+ w? k2 4+ w? ’

where C' is a constant of integration. (These identities may be verified by
differentiating the expressions on the right hand side.) We find therefore that

1
an = 2/ M cos 2nmx dx
0

1

2k ke dnm .
= me CoS 2nmx + me sin 2nrwx .
= = (F-1
k2 4+ 4n2n2 (c )

1
b, = 2/ ek® sin 2nmx de,
0

1

B 2k k- dnm .

= m@ sin 2nmwx — me CoS 2nmx .
dnm i

= TEraes Y

for each positive integer n, since cos2nm = 1 and sin2n7m = 0 when n is an
integer. Thus

o0

1 2k
ko _ k k
et = E(e -1)+ ngl [ 4n27r2(6 — 1) cos 2nmx

> dnm .
— Z m(@k — 1) sin 2nrwx
n=1

for all real numbers z satisfying 0 < z < 1.

11.3 Sine Series
Let f:[0,1] — R be a function defined on the interval [0,1], where [0,]] =

{r € R:0 <z <I}. Suppose that f(0) = f(I) = 0. Let f:R — R be the
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function defined such that

flz) = f(xz —2nl) if 2nl < x < (2n + 1)] for some integer n

and

flz)=—=f(2n+2)l —x) if 2n+ 1)l <z < (2n + 2)] for some integer n.

The function f :R — R is an odd function with the property that f (x+21) =
f(x) for all real numbers z. Indeed it is easily seen that f:R — R is the
unique odd function with this property which agrees with the function f on
the interval [0, ].

If the function f is sufficiently well-behaved (and, in particular, if the
function f is bounded, with at most finitely many local maxima and minima
and points of discontinuity, and has the property that f(z) at each point of
discontinuity is the average of the limits of f(z+ h) and f(z — h) as h tends
to zero from above) then the function f may be represented as a Fourier

series. This Fourier series is of the form
~ ZOO nwT
f(x) 2 sin { —
where

b, = %/ll f(x)sin (?) dx

= %/Olf(x)sin (nlﬁ) dx

for all positive integers n. (This follows from equations (43) and (46) on
replacing [ by 2[, and then using the fact that f(—z) = —f(z) for all real
numbers z.)

Therefore every sufficiently well-behaved function f:[0,!] — R which sat-
isfies f(0) = f(I) = 0 may be represented in the form

flz) = i by, sin <?> : (47)

where z
by — % /0 Flaysin () da (48)

for each positive integer n.
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Example Let [ be a positive real numbers, and let f:[0,/] — R be the
function defined by f(x) = z(l — x) (where 0 < z <). This function can be
expanded in a sine series of the form

flx) = ibn sin <@> ;

where z
2
b, = —/ f(x) sin " o,
L Jo l

Using the method of integration by parts, and the result that sinnm = 0 and
cosnm = (—1)" for all integers n, we find then

2 [ 2 [
b, = —/ x(l—x)sin@dx: —— x(l—x)i <cos@> dx
; l d

l nm J, x l
2 L2t
= —— [x(l—@cosw} +—/(l—2x)cos@d:r
nm [ 1o nm )/ l
2 l
= — (l—2£L‘)COS@dQ}
nm Jo l

n2m2 0o n2m? [
41 L onmx 412 nrx!
= sin wE T = ~53 [cos E L
AP AP .
= n37r3(1 —cosnm) = n37r3( — (="
82
_ { -— ifnisodd;
ndm
0 if n is even.

Thus

or (setting n = 2k — 1 for each positive integer k),

z(l—z) = f: ( s sin (2k = )mz (0<x <.

k=1
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11.4 Cosine Series

Let f:[0,1] — R be a function defined on the interval [0,1], where [0,{] =
{reR:0<xz<I}. Let g:R — R be the function defined by

g(x) = f(x —2nl) if 2nl <z < (2n + 1)l for some integer n
and
g(x) = f(2n+2)l —z) if 2n+ 1)l <z < (2n + 2)[ for some integer n.

The function §: R — R is an even function with the property that g(z+2l) =
g(x) for all real numbers . Indeed it is easily seen that g:R — R is the
unique even function with this property which agrees with the function f on
the interval [0, [].

If the function f is sufficiently well-behaved then the function g may be
represented as a Fourier series. This Fourier series is of the form

g(z) = a9+ ; Q,, COS (#) ;

where

a, = %/l g(x) cos (nlﬂ> dx
1
= %/Olg(:c) cos (Tllﬂ) dx

for all non-negative integers n. (This follows from equations (43), (44) and
(45) on replacing | by 2[, and then using the fact that §(—z) = g(z) for all
real numbers z.)

Therefore every sufficiently well-behaved function f:[0,/] — R may be
represented in the form

. - nnx
f(z) = 3a0 + ; ay, COS (T) (49)
where

ay, = %/Ol f(z) cos (Tllﬂ> dx (50)

for each positive integer n.
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Example Consider the function f:[0,1] — R defined by
flzy=2 if0<z<1.

This function may be represented as a cosine series of the form

f(x) = 3a0+ Z Qy, COSNTTL

n=1

1 1
a0:2/ f(x)dx:2/ xdr =1,
0 0

1
a, = 2/ f(z)cosnrz dx
0

for all positive integers n. Using the method of integation by parts, and
making use of the fact that sinnm = 0 and cosnm = (—1)" for all integers n,
we find that

where

and where

1 1
d
a, = 2/ zecosnmrdr = — | x— (sinnmz) do
0 nr J, dx
2 2 2 [
= — [zsinnmz], — — [ sinnmrdr=—— [ sinnmrzdx
nm nm J, nm Jo
2 2 .
= n2m2 [COS?”L?THZ'}O = _n27r2 ( - (_1> )
4
_ { g if n is odd;
0 if n is even.

Thus

1 4
:E:§— Z 33 cosnmxr when 0 <z < 1.

1 4
g(x) = 5 Z 33 COSTUTT

n odd
n>0

for all real numbers z is an even periodic function, with period equal to 2,
which coincides with the function f:[0,1] — R on the interval [0, 1], where
f(z) = x for all real numbers x satisfying 0 < z < 1. It follows that

g(x) = |x —2m| whenever m is an integer and 2m — 1 < x < 2m + 1.
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Remark Setting x = 1 in the identity

1 4
T = Z cosnmr when 0 <z <1,

5 N n odd n2ﬂ-2
n>0
we find that 1 4 ] 4
125—7%”2%200871?:54‘7;”2%2
n>0 n>0
and thus
1 B w2
n2 8
n odd
n>0
But
1 21 = 1 Ne=1 31
- = - _ =(1-2 — == -
= Ya-Yar-(-1) w1 s
n odd n=1 n=1 n=1 n=1
n>0
Therefore
<1 72
o T a
—n 6
Problems

1. Let f:R — R be the periodic function with period 27 given for real

numbers x satisfying —m < x < 7 by the formula

2|

fx) = G

0 if—wﬁxﬁ—%wor%w§$§m

e 1 1.
if —gm <x < 35m;

(Here |z|, the absolute value of z, is defined by |z| = x if z > 0, and
|z| = —z if x < 0.) The function f can be expanded as a Fourier series

of the form

f(x) = 3a0+ Zan cos nz.

n=1

(The terms involving sinnx are zero since the given function is even.)
Find the coefficients a,, of this series, and hence write down the Fourier

series for the function f.
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2. Calculate the Fourier series of the function f:R — R which is periodic,
with period 27, and which is defined on the interval —m < x < 7 by
the following formulae:

24 — 1f—7r<:v§—%,
T
flx)y=<¢1 if —ir <z <im
2 — — if%ﬂ§x<7r

3. Let f:R — R be defined such that
f(x) =4(z —m) if m <z < m+ 1 for some integer m;

f(@)=4(m+1—z)if m+ 3 <z <m+ 1 for some integer m.

Express the function f as a Fourier series of the form

1

f(x) = 200 + ; A, COS 2TTNT.
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