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8 The Lebesgue Integral

8.1 Measurable Functions

Definition Let X be a set, let A be a o-algebra of subsets of X, and let
f: X — [—00,400] be a function on X with values in the set [—o0, +00] of
extended real numbers. The function f is said to be measurable with respect
to the o-algebra A if {z € X : f(x) < ¢} € A for all real numbers c.

Definition Let (X, .4, 1) be a measure space. A function f: X — [—o0, 0]
defined on X is said to be measurable if it is measurable with respect to the
o-algebra A of measurable subsets of X.

It follows from these definitions that a function f: X — [—o00, 00| defined
on a measure space (X, A, i) is measurable if and only if {z € X : f(x) < ¢}
is a measurable set for all real numbers c.

Proposition 8.1 Let X be a set, let A be a o-algebra of subsets of X, let
f: X — [—oo,00] be a function on X, with values in the set [—oo,00] of
extended real numbers, which is measurable with respect to the o-algebra A,
and let a, b and c be real numbers, where a < b. Then the following sets also
belong to the o-algebra A:

(i) {fzeX: f(z) 2}
(i) {r € X : f(z) <c};
(iii) {x € X : f(z) > c};
)

(iv) {z€ X :a< f(x) <b};
(v) {z € X :a< f(z)<b};
(vi) {z € X :a < f(x) <b};
(vii) {z € X :a < f(z) < b};

(viii) {z € X : f(x) =c};
(ix) {re X : f(zx) =
(x) {reX: f(x
(xi) {z € X : f(x
)

(xii) {x € X : f(z) > —o0};



(xiii) {z € X : f(x) € R}.

Proof The set {x € X : f(z) > ¢} is the complement of a set {x € X :
f(z) < ¢} belonging to the o-algebra A, and must therefore itself belong to
this o-algebra. This proves (i).

The set {z € X : f(x) < ¢} may be represented as a countable intersec-

tion
“+o00

ﬂ{xGX:f(x)<c+%}
n=1

of sets that are of the form {z € X : f(z) < ¢+ n~'} for some natural
number n. These sets belong to the o-algebra A, and any countable inter-
section of sets belonging to A must itself belong to this o-algebra. Therefore
{z € X : f(z) < ¢} belongs to the o-algebra. This proves (ii).

The set {x € X : f(x) > ¢} is the complement of aset {z € X : f(z) < ¢}
which belongs to the o-algebra A, and must therefore itself belong to A. This
proves (iii).

The set {xr € X : a < f(x) < b} is the intersection of sets {v € X :
f(z) > a} and {x € X : f(x) < b} that belong to the o-algebra A. It
follows that {x € X : a < f(z) < b} must itself belong to A. Similarly
{r € X :a < f(xz) < b} is the intersection of sets {z € X : f(z) > a} and
{zr e X: f(x) <b}, {xr € X :a < f(xr) < b} is the intersection of sets
{reX: f(x) >a}and {xr € X : f(x) <b},and {z € X : a < f(z) < b}
is the intersection of sets {x € X : f(z) > a} and {z € X : f(z) < b},
and therefore {x € X :a < f(x) < b}, {z € X : a < f(z) < b} and
{r € X :a < f(xz) < b} belong to A. This proves (iv), (v), (vi) and (vii).
Moreover (viii) is a special case of (iv).

The set {z € X : f(z) = —oo} may be represented as a countable
intersection
400
m{x € X: f(x) < —n}
n=1

of sets belonging to A, and must therefore itself belong to A. This proves

(ix).
Similarly the set {z € X : f(z) = +00} may be represented as a countable
intersection

ﬂ{xeX:f(x)Zn}

of sets belonging to A, and must therefore itself belong to A. This proves

(x)-



The set {x € X : f(z) < +o0} is the complement of the set specified in
(x), and must therefore belong to .A. Similarly the set {x € X : f(z) > —o0}
is the complement of the set specified in (ix), and must therefore belong to
A. This proves (xi) and (xii).

Finally we note that {x € X : f(z) € R} is the intersection of the sets
{re X : f(zr) <+oo} and {x € X : f(x) > —oo} specified in (xi) and (xii),
and must therefore belong to A, as required. |

Corollary 8.2 Let X be a set, let A be a o-algebra of subsets of X, let
[ X — [—o00,00] be a function on X, with values in the set [—oo, 0] of
extended real numbers, which is measurable with respect to the o-algebra A,
and let m be a real number. Then mf is measurable with respect to A.

Proof The result is immediate when m = 0. Let ¢ be a real number. If
m > 0 then

{reX mf(x)<c}={reX: f(x) <c/m},
and if m < 0 then
{reX mf(x)<c}={reX: f(x)>c/m}.

It then follows immediately from Proposition 8.1 and the definition of measur-
able functions that {x € X : mf(z) < ¢} € A. Therefore mf is measurable,
as required. |

Proposition 8.3 Let X be a set, let A be a o-algebra of subsets of X, let
f: X — [—00,00] and g: X — [—00, 0] be functions on X, with values in the
set [—00, 00| of extended real numbers, which are measurable with respect to
the o-algebra A. Suppose that f(x) + g(x) is defined for all x € X. Then
f + g is measurable with respect to A.

Proof Let ¢ be a real number, and let = be a point of X. Suppose that
f(z) + g(z) < ¢. Then there exists some real number § satisfying § > 0 for
which f(z) + g(x) < ¢ — 9, and there exists a rational number ¢ satisfying
f(z) < g < f(x)+46. Then f(z) > ¢—9, and g(x) < (c—=9)—(¢g—0) =c—q.
We conclude therefore that, given any point x of X for which f(z)+g(x) < ¢,
there exists some rational number ¢ such that f(z) < ¢ and g(z) < c—q. It
follows from this that

{reX:flz)+g(x) <ct= U{xeX:f(a:) < qand g(x) < c—q}.
q€Q



Now {z € X : f(z) < qgand g(z) < ¢ — ¢} is the intersection of the sets
{reX:f(r)<qgland{r e X :g(x) <c—q}. Also{r € X : f(z) <q} € A
and {r € X : g(x) < ¢—q} € A, because the functions f and g are
measurable. It follows that {z € X : f(z) < gand g(z) < ¢ — ¢} € A for
each rational number ¢. Also the set Q of rational numbers is countable. We
conclude therefore that the set {x € X : f(x)+ g(z) < ¢} can be represented
as a countable union of sets belonging to the o-algebra A, and must therefore
itself belong to \A. We conclude that the function f + ¢ is measurable, as
required. |

We recall that the sum of two extended real numbers is not defined when
one has the value +00 and the other has the value —oo.

Corollary 8.4 Let X be a set, let A be a o-algebra of subsets of X, let
f: X — [—00,00] and g: X — [—00, 0] be functions on X, with values in the
set [—00, 00| of extended real numbers, which are measurable with respect to
the o-algebra A. Then

{z € X : f(x)+ g(x) is defined and f(x) + g(z) <c} € A
for all real numbers c.

Proof Let Xo = {z € X : f(z)+g(z) is defined}. Then X \ X is the union
of the sets

{reX: fz)=40c}nN{zre X :g(xr)=—o0}

and
{reX: f(z)=—oc0}N{xre X:g(zr)=+o0},

and it follows from Proposition 8.1 that both these sets belong to A. It
follows that X \ Xy € A, and therefore X, € A.

Now let Ag be the collection of subsets of X consisting of all such subsets
that are of the form Xy N E for some E € A. It is a straightforward exercise
to verify that Ay is a o-algebra of subsets of X;. The restrictions of the
functions f and g to X are measurable with respect to the o-algebra Ag. It
follows from Proposition 8.3 that the restriction of f + g to Xy is measurable
with respect to Ay, and therefore {z € X, : f(z) + g(x) < ¢} € A for all
real numbers c. But Xy € A, and therefore every set belonging to Ay is the
intersection of two sets belonging to A, and must therefore itself belong to
A. Thus Ay C A. We conclude therefore that

{r e X : f(x)+ g(x) is defined and f(z) +g(zr) <c} € A

for all real numbers ¢, as required. |

b}



Corollary 8.5 Let X be a set, let A be a o-algebra of subsets of X, let
f: X — [—00,00] and g: X — [—00, 0] be functions on X, with values in the
set [—00, 00| of extended real numbers, which are measurable with respect to
the o-algebra A. Then f-g is measurable with respect to A, where (f-g)(z) =
f(z)g(z) forallx € X.

Proof Let Xo = {z € X : f(x) € Rand g(x) € R}. It follows from a
straightforward application of Proposition 8.1 that X, € A. If we then
define 4y = {XoNE : E € A}, then Ay is a o-algebra of subsets of X,, and
./40 c A.

Now if ¢ > 0 then

{reXy: flr)’<c}=XoN{r e X :—e< f(z) < e}

It follows from Proposition 8.1 that {x € X, : f(z)* < ¢} € A, for all
positive real numbers c. Also {x € Xy : f(z)?> < ¢} = 0 when ¢ < 0. Tt
follows from this that the restriction of the function f? to X, is measurable
with respect to the o-algebra 4. Similarly the restrictions of the functions
g% and (f + g)? to Xy are measurable with respect to Ay. Now

f@)g(x) = 5((f(2) + g(x))* = f(2)* — g()*)

for all z € Xy. It therefore follows from a straightforward appplication of
Proposition 8.3 that the restriction of f-¢g to Xy is measurable with respect to
the o-algebra Ag. Thus {z € Xy : f(x)g(z) < ¢} € A for all real numbers c.

Now if x € X \ Xy then either f(z) € {—o0, +00} or g(x) € {—o0, +00}.
It follows easily from this that if z € X \ X, then f(z)g(z) € {—00,0, +00},
and, by straightforward applications of the results in Proposition 8.1, it is
easy to show that the sets {x € X \ Xy : f(2)g(z) = —o0}, {z € X\ Xo :
f(z)g(z) = 0} and {z € X \ Xo : f(x)g(x) = 400} all belong to A. We
conclude that the intersection of {z € X : f(z)g(z) < ¢} with the sets X
and X \ X, belongs to A for all real numbers ¢, and therefore {z € X :
f(x)g(x) < ¢} € A for all real numbers c. Therefore f - g is measurable with
respect to the o-algebra A, as required. |

Lemma 8.6 Let X be a set, let A be a o-algebra of subsets of X, and let
f1, fay - oy fm be functions on X with values in the set [—oo, +00| of extended
real numbers. Suppose that each of the functions fi, fa, ..., fm is measurable
with respect to the o-algebra A. Then so are

max(f1, fo, -, fm) and min(f, fa, ..., fin)-



Proof Let ¢ be a real number. Then
{z € X :max(f1, fo,--, fm) <c}:ﬂ{x€X : filx) < ¢}
i=1

and
m

{r € X :min(fi, fo,..., fm) <c} = U{a: € X: fi(z) <c}.
i=1
It follows that {z € X : max(fi, fo,..., fm) < ¢} is a finite intersection
of sets belonging to A, and must therefore itself belong to A. Similarly
{z € X : min(fy, fo,..., fm) < ¢} is a finite union of sets belonging to A4,
and must therefore itself belong to A. The result follows. |}

Proposition 8.7 Let X be a set, let A be a o-algebra of subsets of X, and

let f1, fa, f3,... be an infinite sequence of functions on X with values in the
set [—00, +00| of extended real numbers. Suppose that each of the functions
f1, f2, f3, ... is measurable with respect to the o-algebra A. Then so are g

and h, where
g(x) =sup{fi(z) : 1 € N}, h(z) =inf{fi(x):ie N}
forallx € X.

Proof Let ¢ be a real number, and let « be a point of X. Then g(z) < ¢ if
and only if there exists some natural number n such that f;(z) < c—n"! for
all natural numbers 7. Therefore

{xeX:g(x)<C}:Uﬁo{xexzfi($)<c_%}

n=11i=1
+0o0 1
for all real numbers ¢. Now ﬂ {LE €eX: filr)y<ec— —} € A for each natu-
n
i=1

ral number n. It follows that {x € X : g(x) < ¢} € A for all real numbers c.

Thus the function g is measurable with respect to A.
Also

{:cEX:h(a:)<c}:U{x€X:fi(a:)<c}.

It follows that {x € X : h(z) < ¢} € A for all real numbers c. Thus the
function A is measurable with respect to A.



Corollary 8.8 Let X be a set, let A be a o-algebra of subsets of X, and

let f1, fa, f3,... be an infinite sequence of functions on X with values in the
set [—00, +00| of extended real numbers. Suppose that each of the functions
f1, f2, f3, ... is measurable with respect to the o-algebra A. Then so are f*

and f,, where

[ (x) =limsup f,(z), f«(z)=lminf f,(z)

n—-+o0 n—+00

forallz e X.

Proof It follows from the definition of the upper and lower limits that
[ (z) = lilil gn(z) = inf{g,(z) : n € N},

where g, (z) = sup{fi(z) : ¢ > n}. The measurability of f* therefore follows
directly on applying Proposition 8.7. Similarly

fulz) = liril hn(x) = sup{hy,(x) : n € N},
where h,(z) = inf{f;(x) : i > n}, and therefore f, is also measurable. |}

Let f1, f2, f3, - . . be an infinite sequence of functions defined on some set X
with values in the set [—o0, +00] of extended real numbers, and let z € X.
Then liIJP fn(z) is defined, and belongs to the set [—o00, +00] of extended

real numbers if and only if limsup f,,(z) = liminf, ., f.(x).

n—-+00
Corollary 8.9 Let X be a set, let A be a o-algebra of subsets of X, and
let f1, fa, f3,... be an infinite sequence of functions on X with values in the

set [—00, +00| of extended real numbers. Suppose that each of the functions
f1, f2, f3, ... is measurable with respect to the o-algebra A. Let

Xo={r e X: 11111 fn(x) is defined}

Then Xy € A. Moreover if f(x) = lirf fulz) for all x € Xy, then f is a

measurable function on X.
Proof Note that
Xo={z € X :limsup f,(z) — liminf f,(x) = 0}.

n—-+o0 n—+00
It follows from Proposition 8.1 that X, € A. Moreover the function f coin-

cides with the measurable functions f* on Xy, where f*(z) = limsup f,(x),
n—-+oo

and must therefore be a measurable function on X, as required. |}

We see therefore that if (X, A, 1) is a measure space then the limit of any
convergent sequence of measurable functions on X must itself be measurable.

8



8.2 Integrals of Measurable Simple Functions

Lemma 8.10 Let (X, A, n) be a measure space, and let Fy, Es, ..., E,, be
a finite collection of measurable subsets of X. Then there exists a finite
collection G1,Go,...,G, of pairwise disjoint measurable subsets of X such
that Ej = Uy Ge for 5 =1,2,...,m, where K(j) denotes the set of all
integers k between 1 and r for which Gy, C Ej.

Proof For each subset S of {1,2,...,m} let

Fg = (ﬂjes Ej) \ <Uj¢5 Ej) .

(Thus Fg is defined to be the set of all elements x of X that satisty =z € E;
for all j € Sand x ¢ E; for all j € {1,2,...,m} \ S.) Then each set Fyg is
measurable.

Given a point x € X let S(x) denote the set of all integers j between 1 and
m for which € E;. Then S(x) is the unique subset of {1, 2, ..., m} for which
r € Fg(. It follows that if S” and S” are distinct subsets of {1,2,...,m}
then S'NS” =(. Let S, Ss,...,S, be a list of subsets of {1,2,...,m} with
the property that every subset S of {1,2,...,m} for which Fg is non-empty
occurs exactly once in the list, and let G = Fs, for K = 1,2,...,7. Then
the sets G1, Go, ..., G, have the required properties. |

Let X be a set, and let E be a subset of X. The characteristic function
of E is defined to be the function yg: X — R defined so that

(z) = 1 ifxeFE,;
XEWEI =0 ifz ¢ E.

Lemma 8.11 Let (X, A, 1) be a measure space, and let f be a real-valued

function on X. Suppose that there exist measurable sets Fy, Es, ..., B, and
real numbers cq,ca, . .., ¢y Such that
m
f(z) = Z cixe; ()
j=1

Jor all x € X, where xg; denotes the characteristic function of the set L.
Then f is a measurable function on X, and {x € X : f(z) = ¢} is a mea-
surable set for all real numbers c.

Proof Lemma 8.10 ensures that there exists a finite collection G, Gs, ..., G,
of pairwise disjoint measurable subsets of X such that E; = | J,. k() G|, for

9



j=1,2,...,m, where K(j) denotes the set of all integers k between 1 and
r for which G, C E;. Then f = 3,_, dixa,, where each real number dj
denotes the sum of those real numbers ¢; for which G, C E;. Then, given
any real number b, the set {x € X : f(x) = b} is the union of those sets G
for which dj, = b, and is therefore a measurable set. It follows that, for each
real number ¢, the set {z € X : f(x) < ¢} is a finite union of measurable
sets, and is therefore a measurable set. Thus the function f is measurable,
as required. |}

Remark The above result also follows immediately on noting that the char-
acteristic function of a measurable set is measurable, any scalar multiple
of a measurable function is measurable, and any finite sum of measurable
functions is measurable. However the proof given above is more elementary
than the proof of the result that finite sums of measurable functions are
measurable.

Definition Let (X, A, ) be a measure space. A function f: X — R is
said to be a measurable simple function on X if there exist measurable sets
Ey,Es, ..., E, and real numbers ¢y, co, .. ., ¢, such that

flz) = Z CiXE; (2)

for all z € X, where xp, denotes the characteristic function of the set Ej.

Note that Lemma 8.11 guarantees that any real-valued function on X that
satisfies the definition of a measurable simple function on X is guaranteed
to be measurable.

It follows directly from the definition of measurable simple functions that
any constant multiple of a measurable simple function is a measurable simple
function, and the sum of any finite number of measurable simple functions
is a measurable simple function.

Lemma 8.12 Let (X, A, ) be a measure space, and let f: X — R be a
measurable simple function on X. Suppose that

flz) = Z cixe, () =Y dixp, ()

for all x € X, where E1, Es, ..., E,, and F\, Fs, ..., F, are measurable sets,

and ci,¢Co, ..., Cpm and dy,ds, ..., d, are real numbers. Then
> (B = diu(Fy).
j=1 k=1

10



Proof It follows on applying Lemma 8.10 to the finite collection consisting of
all the sets E1, Es, ..., E,,, F1, Fy, ..., F, that there exists a that there exists

a finite collection Gy, G, ..., G, of pairwise disjoint measurable subsets of
X such that E; = U,cq;) G for j = 1,2,...,m and Fy = Ucpp) Gs for
k=1,2,...,m, where S( ) denotes the set of all integers s between 1 and r

for which G, C E; and T'(k) denotes the set of all integers s between 1 and
r for which G4 C Fj. Then the additivity of the measure p ensures that

= ) (G,

s€S(5)
It follows that
DB =3 > aulG) =2 Y ulGs),
J=1 J=1 s5e5(j) s=1 jeU(s)

where U(s) denotes the set of all integers j between 1 and m for which

Gs C Ej. But clearly ) ¢; = g5, where g, denotes the value of the
JEU(s)
function f on G, for s =1,2,...,r. It follows that

;; }:%

Similarly

n

> dip(Fr) = gan(G
k=1 s=1
It follows that

Z ciu(Ey) =Y dp(Fy),

as required. |}

Definition Let (X, .4, 1) be a measure space, and let f: X — R be a measur-

able simple function on X. Then there exist measurable sets F, Fs, ..., E,,
and real numbers ¢y, ¢, ..., ¢, such that
m
f(z) = Z cixe; ()
j=1

for all x € X, where xp, denotes the characteristic function of the set £j.
We define

/ fdp="" c;n(E)).
X s

11



This quantity [, fdu is referred to as the integral of f on X with respect to
the measure pu.

Lemma 8.12 ensures that the integral [ « fdp of a measurable func-
tion is well-defined, and does not depend on the choice of measurable sets

m
By, Es, ..., Ey and real numbers cy, ¢y, . . ., ¢, for which f = 3 ¢;xg;.
i=1

Proposition 8.13 Let (X, A, 1) be a measure space, let f and g be measur-
able simple functions on X, and let ¢ be a real number. Then

/XCfdMZC/deM,
J o= [ saus [ gan

Proof The result follows immediately from the definition of the integral of
a measurable simple function. |

and

Lemma 8.14 Let (X, A,u) be a measure space, and let f: X — R and
g: X — R be measurable simple functions on X. Suppose that f(z) < g(x)

forallz € X. Then
[ ran< [ gan
X b's

F@) =Y e, (@) and g@) = > dixn, (@)

Proof Let

for all x € X, where F, Es, ..., E,, and Fi, F;, ... F, are measurable sets,
and cy,¢o,...,¢p and dy,ds, ..., d, are real numbers. Then there exists a
finite collection of pairwise disjoint measurable sets G, G, ..., G, such that
each of the sets Ei, Es, ..., E,,, Fi, F5, ..., F, is a union of finitely many of
the pairwise disjoint sets G'1, G, ...,G,. Then

f@) =Y ane, (@) and () = 3" byxe, (a),

for all x € X, where a; and b; denote the values of the functions f and g on
Gjfor j =1,2,...,7. Then a; < b; for each j. It follows that

/deu = ;%#(Gj) < ;bm(@) = /ng%

as required. |

12



Definition Let (X, A, ) be a measure space, let E' be a measurable subset
of X, and let s: X — [0, +00) be a non-negative measurable simple function
on X. The integral [ g Sdu of s over E is defined by the formula

/Sduz/&xf;du,
E X

where yg denotes the characteristic function of £ and s - xg is the product
of the functions s and xg (so that (s xg)(z) = s(z)xe(z) for all x € X).

Proposition 8.15 Let (X, A, 1) be a measure space, let s: X — [0,400) be
a non-negative measurable simple function on X, and let v(E) = fE sdu for
all measurable sets E. Then v is a measure defined on the o-algebra A of
measurable subsets of X.

Proof The function s is a non-negative measurable simple function on X,
and therefore there exist non-negative real numbers ¢y, co, ..., ¢, and mea-

surable sets Fy, Fb, ..., F,, such that s(z) = Y ¢jxp,(z) for all z € X. Let
j=1

E be a measurable set in X. Then s(x)xg(r) = ) ¢jxpne(r) forall r € X,
j=1

and therefore

y(E):/sdu:/&XEd,u:chu(FjﬂE).
E X ey

Let &€ be a countable collection of pairwise disjoint measurable sets. It follows
from the countable additivity of the measure p that

v <UEG€ E) = icj,u (UEeg(Fj N E)) = icj ZM(FJ NE)= Z v(E).

j=1 j=1 Eec€ EeE

Thus the function v is countably additive, and is therefore a measure defined
on A, as required. |

Corollary 8.16 Let (X, A, ) be a measure space, let s: X — [0,+00) be a
non-negative measurable simple function on X, and let Ey, Es, E3,... be an
infinite sequence of measurable subsets of X, where E; C Ej11 for all positive

integers j. Then
tim [ fan= [ fau
It J g, E

400
where E = |J E;.

Jj=1

13



Proof Let v(F) = [, sdu for all measurable sets F.. Then v is a measure
on X. It follows that

+oo
v <LJ1 Ej> = jEIJPoo v(E;)
=

(Lemma 7.20). The result follows. |

We shall extend the definition of the integral to non-negative measurable
functions that are not necessarily simple. In developing the properties of this
integral, we shall need the result that a non-negative measurable function on
a measure set is the limit of a non-decreasing sequence of measurable simple
functions. We now proceed to prove this result.

Proposition 8.17 Let (X, A, 1) be a measure space, and let f: X — [0, +00]
be a non-negative measurable function on X. Then there exists an infinite
sequence S1, S, S3, ... of non-negative measurable simple functions with the
following properties:

(i) 0 <sj(x) <sjyi(x) forall j € N and x € X;
(ii) jginoo sj(x) = f(z) for allz € X.
Proof For each positive integer j let
Fy={zeX: f() = j},

and for each integer k satisfying 1 < k < 275, let
k—1 k

Then the sets F; and L), are measurable sets. Let

275

5j(2) = jxr, (2) + )~ xa, ()

k=1

for all j € N and o € X. Then s; is a measurable simple function on X
which takes the value 277(k — 1) when 277(k — 1) < f(x) < 277k for some
integer k between 1 and 27j, and takes the value j when f(z) > j. One
can readily verify that 0 < s;(z) < sj4q(z) for all j € Nand z € X. If
f(z) < +o0 and j > f(x) then 0 < f(z) — s;(x) < 277. It follows that if
f(z) < 400 then jli)inoo sj(z) = f(z). If f(x) = 400 then s;(xz) = j for all
positive integers j, and therefore lim s;(x) = f(z) in this case as well. The

j—-+oo
result is thus established. |}
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8.3 Integrals of Non-Negative Measurable Functions

Definition Let (X, .4, 1) be a measure space, and let f: X — [0, 4+00] be a
measurable function on X taking values in the set [0, +00] of non-negative
extended real numbers. The integral | « fdpof fover X is defined to be the
supremum of the integrals | x Sdp as s ranges over all non-negative measur-
able simple functions on X that satisfy s(z) < f(x) for all z € X.

Let (X, A, i) be a measure space, and let f: X — [0, +00] be a measurable
function on X taking values in the set [0, +00] of non-negative extended real
numbers. It follows from the above definition that [, fdu = C for some non-
negative extended real number C' if and only if the following two conditions
are satisfied:

(i) [y sdp < C for all non-negative measurable simple functions s on X
that satisfy s(x) < f(z) for all z € X.

(ii) given any non-negative real number c¢ satisfying ¢ < C, there exists
some non-negative measurable simple function s on X such that s(x) <
f(z) for all z € X and [, sdu > c.

It follows directly from Lemma 8.14 that the definition of the integral for
non-negative measurable functions is consistent with that previously given
for measurable simple functions.

Lemma 8.18 Let (X, A, 1) be a measure space, and let f: X — [0, +0o0] and
g: X — [0, 400] be measurable functions on X with values in the set [0, +00]
of non-negative extended real numbers. Suppose that f(x) < g(z) for all

r € X. Then
/fws/gw
X X

Proof This follows immediately from the definition of the integral, since any
non-negative measurable simple function s on X satisfying s(z) < f(x) for
all z € X will also satisfy s(x) < g(z) forall z € X. |}

The Monotone Convergence Theorem

We now prove an important theorem which states that the integral of the
limit of a non-decreasing sequence of measurable functions is equal to the
limit of the integrals of those functions. A number of other important results
follow as consequences of this basic theorem.

15



Theorem 8.19 Let (X, A, 1) be a measure space, let f1, fa, f3,... be an infi-
nite sequence of measurable functions on X with values in the set [0, +o0] of
non-negative extended real numbers, and let f: X — [0,+00| be defined such

that f(z) = Ahljrn fi(x) for all x € X. Suppose that 0 < f;(x) < fii1(x) for
j—+oo
allj e N and x € X. Then

tim [ pda= [ fan
J=Foo Jx X

Proof It follows from Corollary 8.9 that the limit function f is measurable.
Moreover [y fjdu < [ fdp, and therefore jli)grnoo Jx fidu < [ fdu.

Let s be a non-negative measurable simple function on X which satisfies
s(z) < f(z) for all z € X, and let ¢ be a real number satisfying 0 < ¢ < 1.
If f(xz) > 0 then f(x) > cs(x) and therefore there exists some positive
integer j such that f;(x) > cs(x). If f(z) = 0 then s(x) = 0, and therefore

+o0o
fi(x) > cs(x) for all positive integers j. It follows that |J E; = X, where

=1

={r e X: fjx) > cs(x)}.

C/ Sdﬂé/ fdeS/fdeS,lim /fjdﬂ-
E, E; X J=tee Jx

Also E; C Eji; for all positive integers j. It therefore follows from Corol-
lary 8.16 that

/sdu— lim c/ sdp < lim /f]d,u
X j—+o0 E; Jj—-+oo

Moreover this inequality holds for all real numbers ¢ satisfying 0 < ¢ < 1,
and therefore

/ sdp < l1m fJ dp.
b's

j*)

This inequality holds for all non-negative measurable simple functions s sat-

isfying s(x) < f(z) for all x € X. It now follows from the definition of the

integral of a measurable function that [, fdu < 'hI_P [ [; dp, and therefore
j—+oo

Jx fdp= jEinoo Jx [; dp, as required. i

Proposition 8.20 Let (X, A, 1) be a measure space, and let f: X — [0, +00]
and g: X — [0, +00| be non-negative measurable functions on X. Then

/X(f+g)du=/xfdu+/xgdu-

16



Proof It follows from Proposition 8.17 that there exist infinite sequences
S1,89,83,... and t1,ts,t3,... of non-negative measurable simple functions
such that 0 < sj(z) < sjy(z) and 0 < t;(z) < tjpq(z) for all j € N
and z € X, jgg—noo sj(x) = f(z) and jginoo tj(x) = g(x). Then jginm(sj(x) +

ti(x)) = f(z) + g(x). It therefore follows from Proposition 8.13 and the
Monotone Convergence Theorem (Theorem 8.19) that

[ +gdn = jim (%+¢»du=iml(/pwmr+/tﬂm)
X J=too Jx J—=too \ Jx X

= lim sidu+ lim t:d
j—too [y A j——+oo X] a

= /fdu+/gdu,
X X

Proposition 8.21 Let (X, A, 1) be a measure space, and let fi, fo, f3,... be
an infinite sequence of non-negative measurable functions on X. Then

/)((ji;fj) dﬂzg/xfjd#-

Proof It follows from Proposition 8.20 that

/X (éfﬂ') dﬂzé/xfjdu

for all positive integers N. It then follows from the Monotone Convergence
Theorem (Theorem 8.19) that

/X (iﬁ) du = Jim | (ﬁ:f]) du:i/){fjdm

as required. |

as required. |}

Lemma 8.22 (Fatou’s Lemma)  Let (X, A,u) be a measure space, let
f1, fo, f3, ... be an infinite sequence of non-negative measurable functions on
X, and let f.(z) = lierinf fi(z) for all x € X. Then

j 0o

/ﬁwémm/ﬂw
X Jmtoo Jx

17



Proof Let g;(z) = inf{fi(z) : k > j} for all j € N and z € X. Then
the functions g1, ¢s,gs,... are measurable (Proposition 8.7), and f.(z) =
lim;_,  gj(z) for all z € X. Also 0 < g;(x) < gj41(x) for all j € N and
x € X. It follows from the Monotone Convergence Theorem (Theorem 8.19)
that

/f d,u— hm gjdu.

Now g¢;(z) < fi(z) for all z € X and for all positive integers j and k satisfying
j < k. It follows that

/gj dp < / frdp  whenever j < k,
X X

/gjduﬁinf{/ fkdﬂ:ij}-
X X
It follows that

/f*dpzllirfl gjd,u< hm mf{/ fedu: k>j}—hm1nf/fjdu,
X =

j—+oo

and therefore

as required. |}

8.4 Integration of Functions with Positive and Nega-
tive Values

Definition Let (X, A, u) be a measure space, and let f: X — [—o0,+00]
be a measurable function on X. The function f is said to be integrable if
Jx [flde < +o0.

Let (X, A, 1) be a measure space, and let f: X — [—00, +00] be a measur-
able function on X. Then f gives rise to non-negative measurable functions
f+ and f_ on X, where fi(z) = max(f(z),0) and f_(z) = max(—f(z),0)
for all z € X. Moreover f(z) = fi(x)— f_(z) and | f(z)| = f+(z)+ f_(x) for
all 2 € X. Now [ fydp < [ |fldp, [ f-dp < [ |fldpand [y |fldp =
Jx f+du+ [ f-dp. Tt follows that [, |f|du < +oc if and only if [ fi du <
400 and [y f-dp < +oo.

Definition Let (X, A, ;1) be a measure space, and let f: X — [—00,400] be
an integrable function on X. The integral [ « fdpof fon X is defined by

the identity
/fdu /f+du /f-du,

where f,(x) = max(f(z),0) and f_(x) = max(—f(x),0) for all x € X.

18



Lemma 8.23 Let (X, A, 1) be a measure space, let f: X — [—o0,+00] be
an integrable function on X, and let u: X — [0, +00] and v: X — [0, +00] be
non-negative integrable functions on X such that f(x) = u(z) — v(x) for all

x € X. Then
/fdu /udu—/vdu.
X

Proof Let f(x) = max(f(z),0) and f_(z) = max(—f(x),0) for all x € X.
Then f(z) = fi(x) — f-(z) = u(z) — v(z) for all + € X, and therefore
f+(x) +v(z) = f-(z) + u(z) for all z € X. It follows from Proposition 8.20

that
/Xf+du+/xvdu=/xf_du+/xudu.
[ tau= [ gean= [ pan= [ win- [ van
|

Lemma 8.24 Let (X, A, ) be a measure space, and let f: X — [—o0, +00]
and g: X — [—00,400] be integrable functions on X. Then

/){(erg)d/uL:/dequ/ngu,
/chdu:c/xfdu

But then

as required.

and

for all real numbers c.

Proof Let
f+(z) = max(f(z),0), [-(z)=max(—f(z),0)
g+(x) = max(f(x),0), g-(r)=max(—f(z),0)
u(z) = fr(z) + g+(z) and v(z)=f_(z)+g-(z)
d

for all x € X. Then the functions u and v are integrable, and f(z) + g(z) =
u(z) — v(z) for all x € X. It follows from Lemma 8.23 that

/X(f+g)du = /Xudu—/xvdu
= /Xf+du+/Xg+du—/Xf—du—/Xg—dM
— [ rau+ [ gdn

19
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The identity [, cf du = ¢ [ fdu follows directly from the definition of the
integral, on considering separately the cases when ¢ > 0, c=0and ¢ < 0. |}

Integrals of Complex-Valued Functions

We can define the integral of a complex-valued function by splitting the
integrand into its real and imaginary parts.

Definition Let (X, .4, 1) be a measure space, let f: X — C be a function on
X with values in the field C of complex numbers, and u: X — R and v: X —
IR be the real-valued functions that determine the real and imaginary parts
of the function f, so that f(z) = u(z) + iv(z) for all z € X, where i = /—1.
The function f is said to be measurable if the functions v and v are both
measurable; and the function f is said to be integrable if the functions u and
v are both integrable. If the function f is integrable, then the integral of f
over X is defined by the formula

/fd,u:/udu—i-i/vdu.
X X D'

Lemma 8.25 Let (X, A,u) be a measure space, and let f: X — C and
g: X — C be integrable functions on X with values in the field C of com-

plex numbers. Then
/(f+g)du=/ fdu+/ gdp,
X b's X

/chdu:c/xfdu

Proof The identity [, (f 4+ g)du = [, fdu+ [y gdu follows directly on
decomposing the functions f and ¢ into their real and imaginary parts.

Let f(z) = u(x) + iv(z) where u: X — R and v: X — R are integrable
real-valued functions on X. Also let ¢ = a + ib, where a and b are real
numbers. Then

and

for all complex numbers c.

cf(x) = au(z) — bu(x) + i(av(x) + bu(x)),

for all x € X. It follows from Lemma 8.24 that

/chdu = /X(au—bv)d,u%—i/X(av—l—bu)d,u
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_ a/Xud,u—b/deu—Fi(a/xvdu—i—b/xudu)
— (a+ib) (/Xud,ujti/de,u)
- C/deu

as required. |

Proposition 8.26 Let (X, A, ) be a measure space, let f: X — C be a
measurable function on X with values in the field C of complex numbers, and
let | f| be the real-valued function on X defined such that |f|(x) = |f(z)| for
all x € X. Then the function |f| is measurable. Moreover the measurable
function f is integrable if and only if [, |f|dp < +oo, in which case

/deu‘s/xumu.

Proof Let f(z) = u(z) + iv(x) for all x € X, where u and v are real-valued
functions on X. Then the functions v and v are measurable. Now

{reX:|f|(x) <r}={re X ulx)+v(zx) <r’}

for all real numbers r. Moreover the function that sends points z of X
to u(z)? + v(z)? is a measurable function on X, as sums and products of
measurable functions are measurable (Proposition 8.3 and Corollary 8.5).
Therefore {x € X : |f|(x) < r} is a measurable set for all positive real
numbers r. This shows that |f| is a measurable function on X.

Now [u(z)] < [f(2)], [v(z)] < |f(z)] and [f(z)] < |u(z)] + [v(z)| for all
x € X, and therefore

Jdis [Asdn [ lans [ 1s1de
X X X X
[stdn< [ aldns [ polan
X X X

Thus if [ |f|dp < +oo then u and v are integrable functions on X, and thus
f is an integrable function on X. Conversely, if f is an integrable function on
X then [, |uldp < 400 and [y |v]dp < 400, and therefore [, |f|du < 4o0.
Thus the measurable function f is integrable if and only if [ [f]du < +oo.

Now suppose that the function f is integrable. There exists a complex
number w satisfying |w| = 1 for which w [, fdp is a positive real number.

and
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Let wf(z) = ui(x) + ivy(z) for all x € X, where u; and v; are real-valued
functions on X. Then the functions u; and v; are measurable functions on
X, and uy(x) < |f(x)] for all z € X. Also w [, fdu = [, uidu because
w [ « f dp is a non-negative real number. It follows that

/deu'—w/deu—/Xuldué/leldu,

as required. |

8.5 Lebesgue’s Dominated Convergence Theorem

Theorem 8.27 Let (X, A, u) be a measure space, let fi, fa, f3,... be an in-

finite sequence of measurable complex-valued functions on X, and let [ be

a measurable complex-valued function on X, where f(x) = 'hlll fi(z) for
j—+oo

all © € X. Suppose that there exists a non-negative integrable function
g: X — [0, +00] such that |fj(x)| < g(x) for all j € N and x € X. Then the
function f is integrable,

fim_ [ 1= fldn =0

j—+oo

lim /f]-d,u:/fdu.
Jj—too Jx X

Proof The function |f]| satisfies |f|(x) < g(z) for all z € X, and there-
fore fX |f|dp < fng,u < 4o00. It follows from Proposition 8.26 that the
function f is integrable on X.

Now |f;j(z) — f(x)] < 2¢(z) for all j € N and 2 € X. Moreover
jEToo |fi(x) — f(x)] =0 for all x € X, and therefore

and

lim (29(z) —[f;(x) = f(z)]) = 29(x)

j—too

for all z € X. It follows from Fatou’s Lemma (Lemma 8.22) that

2 [gaw = [ im g1~ )an

Jj—-+o0

< liminf/X(Zg—|fj—f’)dM

j—+o0

= 2/gdu—1imsup/ |f5 = fldu,
X J—too JX
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and therefore
limsup/ |fi — fldp <0.
X

j—+oo

But [, |f; — fldu > 0 for all positive integers j, as the integrand is non-
negative everywhere on X. It follows that

tim [ 1 = fldp = timsup [ 1f; = fldu =0
Jj—+o0 X X

oo

Now, on applying Proposition 8.26 and Lemma 8.25, we find that

uéﬁdw—éjd4=(Auy—ﬂm4g[Qﬁ_fmw

for all positive integers j. It follows that

Lﬁ@—éf@%&

i [ pde= [ fan
J—Foo Jx X

lim
j—too

and therefore

as required. |}

Corollary 8.28 Let (X, A, ) be a measure space, let f: X — C be a func-
tion on X, let u be a positive real number, and, for each real number h
satisfying 0 < h < u, let fr,: X — C be a measurable function on X, where
the functions f and f;, take values in the field of complexr numbers. Suppose
that flLlir(l) fn(x) = f(z) for all x € X. Suppose also that there exists a non-

negative integrable function g: X — [0,4+00] on X such that |fn(z)| < g(z)
for allx € X and h € (0,u). Then the function f is integrable,

ti [ 17~ fldu =0
and
lim/ frndu :/ fdpu.
h—0 Jx X
Proof Let F(h) = [ fndp for all h € (0,u), and let [ = [, fdpu. It follows

from Lebesgue’s Dominated Convergence Theorem that the function f is
integrable, and lliin F(aj) =1 for all infinite sequences ay, as, as, ... of real
j—+oo
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numbers in (0, u) for which 'ligl a; = 0. A standard result of analysis then
j—+oo

ensures that lim F'(h) = [, and thus

h—0
lim/fhdu:/fd,u.
h—0 X X

Indeed, suppose it were the case that lim F'(h) did not exist, or were

h—0

not equal to the value [. Then there would exist a positive real number g
with the property that, given any positive real number ¢ there would exist
some h € (0,u) satisfying 0 < h < § for which |F(h) — 1] > &. It follows
that that there would exist an infinite sequence aq, as, as, ... of elements of
(0,u) for which 0 < a; < 1/j and |F(a;) — | > €¢, and thus the sequence
F(ay), F(az), F(as), ... would not converge to the limit /.

Similar reasoning shows that

tin [ 1~ fldu=0,
as required. |

The theory of integration provided by the theory of Lebesgue is both
more general and more powerful than that of the Riemann integral. Con-
sider bounded real-valued functions defined on a bounded interval in the real
line. Any such interval may be regarded as a measure space, the measure
being one-dimensional Lebesgue measure. On examining the definition of the
Riemann integral, one can establish that those bounded real-valued function
on the interval with well-defined Riemann integrals are also integrable with
respect to Lebesgue measure, and moreover the value of the Lebesgue inte-
gral coincides with that of the Riemann integral. In particular the Lebesgue
integrals of standard functions are those that can be computed by the usual
techniques of Calculus. Indeed one can easily see that the standard proof of
the Fundamental Theorem of Calculus is valid when the theory of integration
is that of Lebesgue and the measure is Lebesgue measure on the real line.

Corollary 8.29 Let I be an interval in the real line R, let J be an open
interval in R, and let f: 1 x J — C be a continuously differentiable function
on I x J with values in the field C of complex numbers. Suppose that there
exists some non-negative integrable function g: I — [0, +00] such that

‘%xy’y)‘ < g(x)
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forallz el andy € J. Then

d ~ [Of(z,y)
d—y/lf(x,y)d:v/l o dx.

Proof We apply the theory of the Lebesgue integral, where the relevant
measure is Lebesgue measure on the real line. Continuous functions are
measurable. Moreover it follows directly from the Mean Value Theorem that

f r,y +h) — f z,
eyt )= fe)] < g
whenever x € [ and y,y + h € J. It now follows from Corollary 8.28 that

d _ flx,y+h) = fz,y)
d_y/lf<x>y)dx - h—>0/ dx
_ /hm flay+h) —flr.y)

h—0 h

of (z,y)
/I 7(% dx,

o> | —

as required. |

We now give an example to demonstrate that it is not always possible
to interchanges integrals and limits, when conditions such as those in the
statement of Lebesgue’s Dominated Convergence Theorem are not satisfied.

Example Let fi, fo, f3,... be the sequence of continuous functions on the
interval [0, 1] defined by f,(z) = n(z" — 2*"). Now

! n n 1
I J(z)dr = 1i -~ =z
nirfoo/() Jalw)dr = lim (n+l 2n—|—1) 2

On the other hand, we shall show that lir+n fo(x) = 0 for all z € [0,1].

Thus one cannot interchange limits and integrals in this case.

Suppose that 0 < z < 1. We claim that nz™ — 0 as n — +oo. To verify
this, choose u satisfying < u < 1. Then 0 < (n + 1)u™™ < nu™ for all n
satisfying n > u/(1 — u). Therefore there exists some constant B with the
property that 0 < nu"™ < B for all n. But then 0 < nz™ < B(z/u)" for all n,
and (z/u)™ — 0 as n — +o00. Therefore nz™ — 0 as n — +o0, as claimed.
It follows that

Jip o) = (e ) (i 0-07)) =0

for all = satisfying 0 < x < 1. Also f,(1) = 0 for all n. We conclude that
lim f,(x) =0 for all x € [0, 1], which is what we set out to show.

n—-+oo
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8.6 Comparison with the Riemann integral

The theory of integration developed by Lebesgue is both more general and
more powerful than that developed earlier in the nineteenth century by math-
ematicians such as Cauchy and Riemann. In order to compare the two the-
ories of integration, we must first review the basic principles of the earlier
theory of integration, that gives rise to the concept of the Riemann integral
of a bounded function on an interval in the real line.

A partition P of an interval [a, b] is a set {z¢, x1, %9, ..., x,} of real num-
bers satisfying a = xg <11 < a9 < -+ < 21 < x, = 0.

Given any bounded real-valued function f on [a, b], the lower sum L(P, f)
and the upper sum U(P, f) of f for the partition P of [a,b] are defined by

E mz z_le E M _le

where m; = inf{f(z) : ;-1 <2z < x;} and M; = sup{f(z) : ;-1 <z < x;}.
Clearly L(P, f) < U(P, f). Moreover > (x; — x;-1) = b — a, and therefore

i=1
for any real numbers m and M satisfying m < f(z) < M for all z € [a,b].

Definition Let f be a bounded real-valued function on the interval [a, b,
where a < b. The upper Riemann integral U fabf(:c) dx and the lower Rie-
mann integral L fab f(z) dx of the function f on [a,b] are defined by

b
Z/{/ f(z)de = inf{U(P, f): P is a partition of [a, b},

E/b f(z)dx = sup{L(P, f): P is a partition of [a,b]}

(ie., U f; f(x)dz is the infimum of the values of U(P, f) and £ ff f(x)dx is
the supremum of the values of L(P, f) as P ranges over all possible partitions
of the interval [a, b]). If

Z/l/abf(x)dx:/:/abf(:c)d:c

then the function f is said to be Riemann-integrable on [a,b], and the Rie-
mann integral of f on [a,b] is defined to be the common value of U f; f(z)dx

and Efabf(:v) dr
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In developing the theory of the Riemann integral, one makes use of the
notion of refinements of partitions. Let P and R be partitions of [a,b],
given by P = {xg,z1,...,2,} and R = {ug,u1,...,u,}. We say that the
partition R is a refinement of P if P C R, so that, for each x; in P, there is
some u; in R with x; = u;.

Let R be a refinement of some partition P of [a,b]. It is not difficult to
show that Then L(R, f) > L(P, f) and U(R, f) < U(P, f) for any bounded
function f: [a,b] — R.

Given any two partitions P and @ of [a,b] there exists a partition R of
[a,b] which is a refinement of both P and ). For example, we can take
R = PUQ. Such a partition is said to be a common refinement of the
partitions P and Q).

Let P and @ be partitions of [a, b], and let R be a common refinement of
P and Q. Then L(P, f) < L(R, f) < U(R, f) < U(Q, f). Thus, on taking
the supremum of the left hand side of the inequality L(P, f) < U(Q, f)
as P ranges over all possible partitions of the interval [a,b], we see that
Efab f(z)dx < U(Q, f) for all partitions @ of [a,b]. But then, taking the
infimum of the right hand side of this inequality as () ranges over all possible
partitions of [a, b], we see that Efabf(x) dx < Z/{fabf(x) dx

We now show that, if a bounded measurable function on a bounded in-
terval is Riemann-integrable, then the value of the Riemann integral coin-
cides with the value obtained on integrating the function with respect to
Lebesgue measure on the real line, in accordance with the theory developed
by Lebesgue.

Let f:[a,b] be a bounded measurable function on a closed bounded in-
terval [a,b], and let P be a partition of [a,b]. Then the values of lower sum
L(P, f) and upper sum U(P, f) are given by the formulae

Emzz'rzl EM le

where m; = inf{f(z) : ;1 <z < x;} and M; = sup{f(z) : ;-1 < x < x;}.
Let s:[a,b] — R be the function defined such that s(a) = my, s(b) = m,,
s(x) = m; when z; ; < x < x; for some integer i between 1 and n, and
s(x;) = max(m;, m;y1) for i = 1,2,...,n — 1. Similarly let ¢:[a,b] — R
be the function defined such that t(a) = M, T'(b) = M, t(x) = M; when
x;_1 < x < x; for some integer i between 1 and n, and t(x;) = min(M;, M;,1)
fori=1,2,...,n— 1.

We regard the interval [a,b] as a measure space, where the measurable
sets are the Lebesgue-measurable subsets of [a, b], and the measure on |a, b]
is Lebesgue measure p. Then the functions s and ¢ are measurable simple
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functions on [a, b]. Moreover the integral of the functions s and ¢ over the one-
point set {¢;} is zero for i = 1,2, ...,n, and therefore the Lebesgue integrals
of the functions s and ¢ satisfy

[ osan = > [ sau- Zmz v~ ai1) = L(P. )
[a,b] i=1 v (Ti—1,24)
[ v = [ - ZM —5i) = U(P,f).
[a,b] i=1 7 (®i—1,71)

But s(z) < f(z) < t(x) for all = € [a,b], and therefore

/ sdp < fdué/ tdp,
) ] [a.b)

where f[a,b] f du denotes the integral of the the function f over the interval
[a, b], taken with respect to Lebesgue measure on [a, b] in accordance with the
theory of Lebesgue. Thus L(P, f) < f[a,b] fdu < U(P, f) for all partitions
P of [a,b]. Tt follows from the definitions of the lower and upper Riemann
integrals that

E/abf(:c)dxg [mb]fd,ugl/{/abf(x)d:v

Thus, if the function f is Riemann-integrable, the common value of its lower
and upper Riemann integrals on the interval [a,b] must coincide with the
value of the Lebesgue integral. Thus every measurable Riemann-integrable
function on [a, b] is also Lebesgue-integrable, and the two theories of integra-
tion give the same value for the integral of such a function over a bounded
interval in the real line.

One can also show that any bounded Riemann-integrable function on a
bounded interval is guaranteed to be measurable on [a,b]. Moreover it can
also be shown that a bounded measurable real-valued function on [a,b] is
Riemann-integrable if and only if there exists a subset E of [a, b] such that E
has Lebesgue measure zero and the restriction of f to [a, b] \ E is continuous.
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